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Abstract— This paper investigates H., and H> control syn-
thesis for discrete-time linear parameter-varying systems sub-
ject to bounded rates of parameter variation. In practical
engineering applications, scheduling parameters are typically
constrained not only in magnitude but also in their rates of
change due to physical limitations. Neglecting these rate bounds
can result in overly conservative controller designs. To address
this issue, a novel control design method is proposed that em-
ploys parameter-dependent Lyapunov functions together with
nonlinear gain-scheduling control laws. The proposed approach
explicitly incorporates parameter rate bounds into the design
conditions. Numerical examples are provided to demonstrate
the effectiveness of the method.

I. INTRODUCTION

Linear parameter-varying (LPV) systems provide a pow-
erful framework for modeling and control of nonlinear and
time-varying systems by representing such systems as linear
dynamics that depend on measurable, time-varying parame-
ters. Over the past decades, LPV control has been extensively
studied due to its capability to bridge the gap between
linear control techniques and nonlinear system behavior. As
a result, LPV methods have found widespread applications
in areas such as aerospace, robotics, process control, and
automotive systems, see, e.g., [1], [2].

In many practical applications, scheduling parameters are
bounded not only in magnitude but also in their rates of
variation due to physical or operational constraints. Ignoring
such rate information can lead to conservative designs and
degraded performance. As a result, LPV control methods
that explicitly account for bounded parameter variation rates
have received increasing attention. For instance, Amato et
al. [3] proposed a gain-scheduled approach for discrete-time
LPV systems that incorporates rate bounds via a polytopic
representation and difference inequalities, yielding improved
performance over rate-independent designs. However, the
approach significantly increases the number of linear matrix
inequality (LMI) constraints and decision variables, and thus
the computational complexity.

To overcome this limitation, Oliveira and Peres [4] intro-
duced a novel modeling framework for discrete-time LPV
systems with bounded parameter variation rates. By embed-
ding the correlation between the scheduling parameters and
their rates of variation into an augmented space, the resulting
polytopic representation maintains a fixed number of ver-
tices, independent of the rate bounds. This approach enables
effective exploitation of rate information while preserving the
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computational tractability of the LMI conditions. The method
has since become a cornerstone in the control design of LPV
systems with bounded parameter variations.

In parallel with the development of stability and stabi-
lization conditions, performance-oriented control design for
LPV systems — particularly H,, and Hs — has also re-
ceived considerable attention. Although numerous results are
available for LPV systems that neglect parameter variation
rates, the incorporation of rate-bounded information into H,
and H, controller synthesis for discrete-time LPV systems
remains relatively limited, especially when seeking to reduce
conservatism without increasing computational complexity

Motivated by the above observations, the objective of
this paper is to propose a design methodology for H., and
Hy controllers for discrete-time LPV systems with bounded
parameter variations. The main contributions of this paper
are summarized as follows:

o We propose a class of nonlinearly parameterized state-
feedback control laws for H,, and Hy control design.
o To the best of our knowledge, this is the first method
that enables the design of continuous state-dependent
H,, and Hs control laws for LPV systems while
explicitly accounting for bounded parameter variations.

The remainder of the paper is organized as follows. Sec-
tion II presents the problem formulation and preliminaries.
Sections III and IV are dedicated to the H., and H
controller design methodologies, respectively. Two numerical
examples, including comparisons with existing methods from
the literature, are presented in Section V. Finally, conclusions
are drawn in Section VI.

Notation: Let R denote the set of real numbers, and let
R™*™ represent the space of all real matrices of dimension
n X m. For a positive integer L, define 1, L :=1,2,..., L.
A matrix P is said to be positive definite if P > 0. The
notation S™ stands for the set of symmetric positive definite
matrices in R™”*"”. In a symmetric block matrix, the symbol
(*) indicates the transposed symmetric entries. Moreover, 0
and [ denote the zero matrix and the identity matrix with
compatible dimensions, respectively.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Problem Formulation
We consider the following LPV system

z(k+1) = A(k)z(k) + By (k)w(k) + B(k)u(k)

y(k) = C(k)x(k) + D(k)u(k) (1)



where * € R" is the measured state, y € R"
is the performance output, v € R" is the con-
trol input, w € R™ 1is the disturbance. The matrices
[A(k) By (k) B(k) C(k) D(k)] € Q with

Q= CO([Al Bwl Bl Cl Dﬂ yoeoy [AL BwL BL CL DL])

2
where A; € R XNa B, € R7e XM Byi € R X Nw
B; € R%=*" (C;, € RWw*" D, € R">™ are constant
matrices, Vi € 1,L, L is the number of subsystems, and
Co(-) denotes the convex hull operator. It is well known [5]
that the condition [A(k) B, (k) B(k) C(k) D(k)] € Q holds
if and only if 3p;(k),Vi € 1, L such that

L L
A(k) = " pi(k)Ai, By(k) = pi(k)Bu
=1 i=1
L L
B(k) = Zm(k)Bh C(k) = Zpi(k)ci 3)

L
D(k) =" pi(k)D;
i=1

where p(k) = [p1(k) p2(k) ...pr(k)]T satisfies

i=1

L
p(k) e Xy = {pGRL|ZPi:17 Pi>0} “)

The vector p(k) may represent time-varying lumped param-
eters or state space components.
LPV hypothesis: p(k) is available in each time instant k.
The rate of parameter variation A;(k) = p;(k+1) —p;(k)
is bounded and satisfies the following condition:

—b<Ai(k) <bViel, L 4)
where b € R, b € [0, 1] is known.
L
Since > p;(k) = 1, it follows that
i=1

Z Ai(k) =0 (6)

B. Preliminaries

We will use the following lemma to construct a parameter
dependent Lyapunov function.

Lemma 1: [6] Given Q € S™*", G € R™ ™. The
following relation holds

GTQ'G¢=G+GT-Q (7)

In this paper, we will deal several times with the following
double sum positivity problem of the form

L
2" pipiMi; | x>0 ®)
i,j=1
where © € R", p; € ¥p, M;; € R%=*"= Vi e 1,L,Vj €
1, L.

)

Lemma 2: [7] If the following LMI conditions

{ M= 0,¥i e T.L o
2 M+ My +Mj; =0,1<i#j<L

hold, then (8) holds Vz € R"=, Vp € .

In the following, we recall the modeling framework in
[4] that takes into account the bounded rate of parameter
variations. Using Fig. 1, any pair (p;, A;) belongs to the

1 il) Di

— 1+

Fig. 1. Region on the plane A; X p; where A; can assume values as a
function of p; (dark region).

polytope T';, i € 1, L given by

6
riﬁ{agRﬂa_Z,\ihi,)\eEﬁ} (10)

=1

where

00 1-b 1 1 b
[, o] = {0 L b} (an
i.e. I'; is the convex hull of the vertices of the feasible region.
To model the space of (p,A), we take the Cartesian
product of all I'; for 7 € 1, L, and then remove any vertices
that violate (4) and (6). The resulting polytope is denoted by

T, ie.

r {5€R2L|5:Z>\ihi7)\ezm} (12)

i=1

where h; € R2L are given vectors, and the number of vertices
m grows as a function of L. A key feature of this modeling
approach is that both the parameter vector p and its variation
A are jointly embedded in a higher-dimensional space—
referred to as the y-space—of dimension 2L.

When solving a control problem that depends simultane-
ously on both p and A, we first lift p and A to the 7-space.
This step can be achieved using the relationship given in (12)

m = Hy (13)



where H = [hl hm], v € ¥,,. For example, for L =
2, the polytope I is constructed by I'; x I's, vertices h; are
given by

1 1.0 0 1-b b
T e A S S et
b 00 —b —b b
It follows that
p1=71+7v+ (1 —0)v + by
P2 =3+ +bys +(1—b)y 15
Ay = by + by +bys — by
Ay =byr — bys — bys + bye
Thus m
A(k) = A(y) = v4;
= (16)
Ak +1) = A(y) =Y 4,
j=1
where Aj = Ay, Ay = Ay, Ay = Ay, Ay = Ay, A5 =(1—

)Al +bAs. AG =bA; +(1 b)A2 s Al ( )1~41 +bA,,
Ay = Ay, Ay = Ay, Ay = bAy + (1 — b)As, A5 = Ay,
Ag =

III. H., NON-LINEAR GAIN-SCHEDULING CONTROL
DESIGN

In this section, we address the problem of H., control
synthesis for LPV systems subject to bounded parameter
variations.

Consider the following parameter dependent Lyapunov
function candidate

V(k) =

where P(k) = (Z pi(k)P; ), P; € St Vi e 1, L.

It is worth noting that the matrices A(k), B, (k), B(k),
C(k), Dy(k), as well as the Lyapunov matrix P(k) are
functions of p(k). As such they are all subject to the
bounded parameter variation assumption (5). Consequently,
the method [4] can be employed to lift the original parameter
space (p, A) into the ~y-space.

Consider the following nonlinear gain-scheduling state
feedback

(k)T P (k)" a(k) (17)

(18)

where F(k) = XL: pi(k)Fi, G(k) =

=1
, G; € Rlha X,
Our aim in this section is to find the matrix gains F;, G;
such that the closed-loop system

z(k +1) = Az (k) + By (k)w(k)
y(k) = Cea(k)

Epl( )G, with F; €

R XNy

19)

where

is robustly asymptotically stable for all (p(k),A(k)) € T
and has the optimal H., norm bound on the w — y channel.

Recall that m is the number of vertices in the lifted
y—space. For given matrices G,, F;, P, Az, Bi, Bui, Ci,
D;, we denote Gy, F;,P;, Al, By, Bui, CZ, ﬁl, P; as the
coefficients of the matrices G(v), F'(v), P(7), A(7), B(7),
By (7)., D(v), P(v) obtained with change of variable (13)
for G(k),F(k),P(k),A(k),B(k),By(k), C(k), D(k),P(k +
1), respectively.

We have the following theorem.

Theorem 1: Consider the LPV system (1). If there exist
matrices G; € R X" F; ¢ RMX" P, € §"X" 1 L
such that the following LMI conditions hold:

Xjj=0,jel,m (20)
2
ijjJerlJerjiO,lSj#lgm, 21
GjT +G;—P; 0 ko k
0 1 * *
Xy=|A,G+BjF;, B,;, P 0 (22)
C;G,+D;Fy, 0 0 pgI

then the system (1) is robustly asymptotically stable under

the bounded parameter variation (5), (6) with the gain-

scheduling state feedback (18) and has a H., norm bound

on the w — y channel less than [, that is, sup \l\lff,‘ﬂf <B.
weL

Proof: Using Lemma 2, the following 1nequa11ty holds
when (20), (21) are satisfied

Z YinX | =0
gil=1
Or equivalently
[GT+CG() - P(y) 0
0 1

A(V)G()+B()F(7) Buw(y) P(y) 0| =0

L[C(NGM) +DMF() 0 0 pI] .
Using Lemma 1, (23) holds if
GNP ()G () 0 x k]
0 I * *

AGH) +B(M)F() Bu(y) P(r) 0] =0

[C(GA) +DMF(R) 0 0 AI
(24)

Pre- and post-multiplying (24) by diag(G~'(v)7.0,0,0) and

diag( G~1(7),0,0,0), one obtains
P=H(y) 0 *
X R OA R I ) *
A(y) + B()F(v)G™'(v) Buw(y) P(y) 0| =0
CON+DNFMG(y) 0 0 BI
(25)



By converting back from the 7-space to the (p A) space,
(25) is equivalent to the following inequality

P(k)~t 0 * *

0 1 * | 0 26)
Ac.(k) By(k) Pk+1) 0|~
C.(k) 0 BI

Using Shur complement, (26) is satisfied if and only if

P(k)™" 0] [Ac(k) Bu(k)]"
[ 0 I] 1 {Ck(k) 0 ] 27)
[ e A

Pre- and post-multiplying (27) by [x(k)T w(k)?] and its
transpose, one gets

z(k)'P(k)tz(k) —xz(k+ 1)TP(k+1)"tz(k + 1)
+w(k)Tw(k) — y(k) y(k) >0

Clearly, this condition implies that the system is asymptoti-
cally stable. Hence klim x(k) = 0. It follows that
c— 00

> yk)Ty(k) — 2(0)"P(0) " e(0) < ) w(k)Tw(k)
k=0

0

|~

=
Il

Under the zero initial condition, i.e., (0) = 0, one gets

Sy y(k) < B w(k) wk)

k=0 k=0

Hence the H,, norm is less than 5. The proof is complete.
]

It is worth noticing that the problem of designing an H
optimal control law for LPV systems with bounded param-
eter variations was already addressed in [3]. Compared with
[3], the proposed approach offers two main advantages. First,
when the parameter variation rate is small, the modeling
strategy adopted in [3] results in a large number of LMI
conditions, which significantly increases the computational
complexity of the associated algorithms. Second, [3] employs
a discontinuous control law with respect to the state, whereas
the proposed approach ensures continuity by construction.

Using Theorem 1, the problem of designing an H.
optimal gain-scheduling control law for system (1) can be
formulated as

min
Gi,Fi,P;,B f

(28)
s.t. (20),(21),(22)

This is a convex semidefinite program, for which several free
solvers are available.

IV. Hy NON-LINEAR GAIN-SCHEDULING
CONTROL DESIGN

We first introduce the following lemma to support the
method to be developed.

Lemma 3: [8] Consider the following discrete-time LTI
syetem
xz(k+1) = Az(k) + Byw(k) + Bu(k)
u(k) = Kx(k)
z(k) = Cx(k) + Du(k)

(29)

where matrices A, B, B, C, D are of appropriate dimen-
sions.

Let the closed-loop matrices of the system be denoted as
Ay = A+ BK and C,; = C + DK. Suppose that a state-
feedback gain K is designed such that A is asymptotically
stable. Denote by L, the observability Gramian of (A.;, C),
i.e., L, is the solution of the following discrete-time Lya-
punov equation

AT L,Ay— L, +CLC,y =0. (30)
The Hy norm of the closed-loop system is given by
1|2 = Tx(By Lo Bu).- (31)

In the following we provide a way to extend the result in
[8] for the LPV system (1). For this purpose, consider the
non-linear gain scheduling state feedback controller (18), and
the following parameter-dependent Lyapunov functions

Vo(k) = z(k)T P(k)'a(k) (32)

L S
where P(k) = > pi(k)P; |, P, € S"=*"=, Vi € 1, L.

The following result holds.

Theorem 2: Consider LPV system (1). If there exist ma-
trices G; € R"%*"= [, ¢ RWwX"= 7. ¢ RtwXnw P ¢
Snexne Vi € 1, L such that the following LMI conditions
hold:

Y =0, jeLm (33)
2
é?#‘éj *pj * X
Y= 4j€l + -?j-lfl P % (35)
C;Gi+D;F, 0 I
Z, BT
- W =0 36
{Bw Pj:l B (30)
Tr(Z;) <n (37)

then the system (1) is robustly asymptotically stable under
the bounded parameter variations (5), (6) with the gain-
scheduling state feedback (18) and has a H, norm bound
on the w — y channel less than 7.

Proof: Following a similar argument as in the proof of
Theorem 1, it can be shown that inequalities (33)—(35) imply

AT (B)P(k+ 1)Ay(k) — P(k) + CT(k)C.(k) < 0,

Hence the system is asymptotically stable, and P (k) plays
a role of the controllabity gramian for the closed-loop LPV
system.



Note that inequalities (36)—(37) imply
[H[l2 = Tr(By, (k) P(k)Bw) < Tr(Z(k)) <.

The proof is complete. |
Using Theorem 2, the problem of designing an optimal
gain-scheduling control law for system (1) can be formulated

as
min 7,
Gi,F;,P;,m

s.t. (33),(34),(35), (36), (37)

V. NUMERICAL EXAMPLES

(38)

This section illustrates the potential benefit of the new
approaches by simulations of two example systems. We used
the CVX toolbox to solve SDP optimization problems. For
comparison purpose, we denote the our proposed algorithm,
i.e. the H,, control law with parameter bounded variation as
Hinfpvb, without parameter bounded variation as Hinf, the
H, control law with parameter bounded variation as H2pbv,
without parameter bounded variation as H2.

A. Example 1

This example is taken from [9], and is used to investigate
the performance of the H,, controller. For this system, the
proposed H, control approach is compared with the method
in [3] as well as a conventional H,, design that does not
consider bounded parameter variations.

Consider system (1) with

1.0 0 -2 0 0 -1
Ai=al|2 -1 1|,4=a|l -1 0
-1 1 0 0 -2 -1
1 0.1
Bi=By= |0 |,By=Buys=| —0.15
0 0.16

Ci=Cy=[1 0 0],Dy=Dy=1

The parameter « is 0.66, with a bounded rate of variation
b=0.25, ie.,

pi(k + 1) — pi(k)] < 0.25,Vi = 1,2

By solving the optimization problem (28), an upper bound
of the H., norm is obtained as 3 = 0.733, with

Fy = [-0.3691 —0.2784 0.6915]
Fy = [-0.2817 —0.2580 0.5617]

[0.6605  0.3947  —0.6813]
Gy=|04323 03840 —0.3832 (39)
|-0.2124 —0.1058  0.4278 |
[0.5442  0.3452  —0.4034]

Go= | 04819 03909 —0.4711
|-0.5406 —0.3722  0.7446 |

Using the approach proposed in [3], an upper bound of the
H., norm is obtained as 8 = 1.18. Without considering
bounded parameter variations (b = 1), the computed upper
bound of the H,, norm is 3 = 3.85.

For the initial condition z(0) = [2 — 1 O]T, Fig. 2 shows
the state trajectories as functions of time for the proposed

o }»\« «,‘\‘// \/'ﬁ\//\’u . ;\f\/\\]\;w A SN A W

o 20 a0 60 80 100 120 140 160 180 200
time

Fig. 2. State trajectories for Hinfpvb (solid blue), Hinf (solid red), and the
method in [3] (solid yellow) for Example 1.

Fig. 3. Accumulated output energy trajectories for Hinfpvb (solid blue),
Hinf (solid red), and the method in [3] (solid yellow) for Example 1.

H, controller with parameter bounded variation (Hinfpvb,
solid blue), the conventional (without parameter bounded
variation) H., controller (Hinf, solid red), and the method
in [3] (solid purple) under the Gaussian white noise. Fig. 3
shows the corresponding accumulated output energy.

It can be observed that the proposed method exhibits
superior disturbance attenuation capability. It is worth noting
that the number of decision variables is the same for our
approach and the rate-independent methods. As a result,
the proposed method has lower computational complexity
compared with the method in [3].

B. Example 2

The second example is adopted from [10] and is used to
evaluate the performance of the proposed Hs controller.
Consider system (1) with

1.0 —14 1.0 14
A=110 —0.8} A= —0.8}
5.9 3.1 —0.2
Bi=1gg | P2=| g5 | Bur=Buz= [ 0.16 }
10 1
C’1*6(2* 0 0.5]7D1D2|:0:|

We consider the bound rate of variation b = 0.18.

By solving the optimization problem (38), we get n =
0.059. If we do not take into account the bounded rate
of parameter variations information, we get n = 0.113.
Therefore, by fully exploiting the information on the bounded
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Fig. 4. State trajectories for H2pvb (solid blue), H2 (solid red) for
Example 2.

o 10 20 30 40 50 60
time
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Fig. 5. output trajectories for H2pvb (solid blue), H2 (solid red) for
Example 2.

rate of parameter variation, the proposed method achieves a
smaller Hs norm.

Fig. 4 and Fig. 5 show the state and output trajectories
as functions of time for the proposed Hs controller with
parameter bounded variation (H2pvb, solid blue), the conven-
tional(without parameter bounded variation) Hy controller
(H2, solid red), Fig. 6 shows the corresponding input trajec-
tories.

VI. CONCLUSION

This paper has presented a systematic design method-
ology for H,, and H, controllers for discrete-time LPV
systems with bounded parameter variations. By introduc-
ing parameter-dependent Lyapunov functions and employing
nonlinear gain-scheduling control laws, the proposed ap-
proach explicitly incorporates bounds on parameter variation
rates into the controller synthesis process. Theoretical and
simulation results show that the proposed approach outper-
forms state-of-the-art methods.

Future work will focus on extending the proposed frame-
work to output-feedback controller design and to more com-
plex scenarios involving measurement noise and additional
parameter uncertainties.
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