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Abstract—Quadrotor Unmanned Aerial Vehicles (QUAVs) have
become increasingly important in the recent years due to their
potential in several industrial and social applications. Control
design for this kind of nonlinear systems is a challenging task due
to their under-actuated nature, where the position and attitude
subsystems are highly coupled, and the fact that attitude states
evolve on a non-Euclidean manifold. In this paper, a general
solution is proposed to fully reject matched and mismatched
perturbations under some usual assumptions, and the result is
adapted for the fixed-time control of QUAVs. The scheme is
shown to be singularity free, both for the sliding mode surface
and for the orientation control term. The theory is tested through
numerical simulations.

Index Terms—Quadrotor Unmanned Aerial Vehicles, fixed-
time stability, disturbance rejection, position tracking.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs), particularly quadrators,
have become increasingly important in the recent years due to
their potential in several industrial and social applications [1].
Quadrotors have a very simple mechanical structure with four
rotors allowing them to perform hovering along with Vertical
Take-Off and Landing (VTOL) maneuvers, although they are
under-actuated and highly nonlinear systems [2].

Proportional-Integral-Derivative (PID) controllers have been
successfully applied to quadrotors; however, for applications
that require aggressive maneuvers or in the presence of
external disturbances, these controllers exhibit large steady
state errors [3]. Several control techniques have been ex-
plored to design trajectory tracking control laws for UAVs,
including backstepping [4], passivity-based control [5] and
other nonlinear approaches [6]. Furthermore, as quadrotors are
used to material transportation, researchers have developed
adaptive control algorithms to handle varying payloads [7].
By using reduced attitude, a nonlinear control algorithm is
proposed in [8], where the authors validate the controller
performance through both numerical simulations and exper-
imental tests on a low-cost quadrotor platform. Finite-time
control is reported in [9], although its application is limited
to the attitude subsystem. Shi et al. [10] developed an al-
most global finite-time position and attitude control law for
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UAVs, leveraging the homogeneity framework to prove finite-
time stability of the closed-loop system. Additionally, Sliding
Mode Control (SMC) has been extensively used to achieve
finite-time stability while simultaneously rejecting external
disturbances [11]. To mitigate the chattering phenomena, a
novel robust adaptive controller based on the super-twisting
algorithm was developed in [12]. Nevertheless, that particular
controller was designed based on the simplified model of
the quadrotor dynamics, potentially limiting its performance
in complex flight regimes. A saturated finite-time controller
for quadrotors is reported in [13], although its application is
limited to hovering maneuvers.

In finite-time controllers, the settling time required for the
states to reach the equilibrium point depends on the initial
conditions of the system. On the other hand, fixed-time stabil-
ity introduced by Polyakov in the seminal work [14] ensures
that the convergence time is bounded by a constant indepen-
dent of the initial conditions. Fixed-time control algorithms
utilizing state-dependent exponent coefficients for scalar and
second-order systems subject to matched perturbations are
presented in [15]. Furthermore, a recent singularity-free fixed-
time controller based on SMC for robot manipulators was
introduced in [16]. The previous works assume fully actuated
systems. Wang et al. [17] developed a fixed-time rejection
control strategy for quadrotors. To compensate for the external
disturbance, the authors introduce an Extended State Observer
(ESO) that achieve fixed-time convergence of the estimation
errors. An output trajectory tracking controllers with input
constraints based on fixed-time observer is proposed in [18].

Designing fixed-time control algorithms for QUAVs is a
challenging task due to the under-actuated nature of the
system, where the position and attitude subsystems are highly
coupled, and the fact that attitude states evolve on a non-
Euclidean manifold. In this paper, a solution is introduced
for trajectory tracking of QUAVs. The attitude controller is
designed based on the unit quaternion and hence is singularity
free. Furthermore, the scheme is able to reject both matched
and mismatched perturbations under some usual assumptions,
e. g. they are bounded. The methodology is mainly based on
the work in [19]–[21], and it effectively avoids any disconti-
nuity at the origin, which yields to a bounded control output
without the inclusion of a saturation function. Numerical sim-
ulations are consistent with the developed theory and show the



effectiveness and feasibility of the proposed control strategy.
The rest of the paper is organized as follows. Mathematical

preliminaries regarding fixed-time stability and the general
problem formulation are presented in Section II. The control
strategy for QUAVs is introduced in Section III. Simulation
results are reported in Section IV. The paper ends in Section V,
which presents some concluding remarks.

II. GENERAL RESULTS

This section compiles some results about fixed-time
stability and it introduces a new theorem.

A. Preliminaries

Lemma 2.1: [20] Consider the system

ẋ = −ksign(x) |x|λtanh(x
2)

+ d(t) x(t0) = x0 (1)

with x(t) ∈ R, λ > 0, d(t) ∈ R an external perturbation such
that |d(t)| < δ for a given δ > 0. If

λ >
θ

tanh(1)
θ > 1 (2)

k >
δ

µ
> δ with µ = s

λtanh(s2m)
m < 1 , (3)

and sm ≈ 0.5829 the solution of d
dx |x|

λtanh(x2)
∣∣∣
x=sm

= 0,
then the system is globally fixed-time stable and the settling-
time satisfies

T (x0) ≤ 1

(k − δ)(θ − 1)
+

1

(k µ− δ)
. (4)

4

Lemma 2.2: [20], [21] Define

τ(x, λ) = sign(x)
tanh(|x| 12 )

tanh(1)
|x|

1
2

(
1−2 tanh(x2)

tanh(1)

)
|x|λtanh(x

2)

(5)

and consider the system

ẋ(t) = −k τ(x(t), λ) + d(t) x(t0) = x0 , (6)

with x(t) ∈ R, and d(t) ∈ R an external perturbation such
that |d(t)| < δ for a given δ > 0 and for all t ≥ t0. If

λ ≥
1
2θ + 1

tanh(1)
, θ > 1 (7)

k > δ
2

µ
, (8)

with µ < 1 given in (3), then x(t), ẋ(t) remain bounded
for all t ≥ t0, the system state satisfies |x(t)| ≤ 1 in
a maximal fixed-time given by T1 ≤ 2

(k−δ)(θ−1) , and it
becomes ultimately bounded by |x(t)| ≤ a for an arbitrary
small positive ultimate bound satisfying a ≤ 2δ

kµ < 1, with
a maximal settling-time given by T2 ≤ 2|ln(a)|

kµ . Moreover
the derivative of τ(x(t), λ), which depends on ẋ(t) explicitly
(i. e. d

dtτ(x(t), λ) = τ̇(x(t), ẋ(t), λ)), exists at x(t) = 0 for

ẋ(t) 6= 0 and it satisfies τ̇(0, 0, λ) = 0. Alternatively, the
system is fixed-time stable with a maximal fixed-time given
by

Tmax ≤
2

(k − δ)(θ − 1)
+
g∞
2kµ

, (9)

if from t ≥ t0 + T1 it holds d(t) = 0, where g∞ is a finite
value given by

g(i) =
(

2
1

2i+1 − 1
) 2i+1

2
i

2i+1

and g∞ = lim
n→∞

n∑
i=1

g(i) . (10)

4

Lemma 2.3: [21] Consider the function φλ(x) : R → R
given by

φλ(x) =
τ(x, λ)

2x
+
|x|(

λtanh(1)−1
tanh(1) )tanh(x2)

2tanh(1)cosh2(|x| 12 )
(11)

+
τ(x, λ)(λ tanh(1)− 1)

{
2x2ln(|x|) + tanh(x2)cosh2(x2)

}
x tanh(1)cosh2(x2)

.

Then, with a proper choice of λ, it can always be guaranteed
that

a) φλ(x) is singularity-free;
b) φλ(x) > 0 for all x ∈ R. 4

B. Fixed-time control for second order uncertain systems

Consider now the uncertain nonlinear second-order system

ẋ1 = x2 + d1 (12)
ẋ2 = f(x) + g(x)u+ d2 , (13)

with x = [x1 x2]T ∈ R2 the state, u ∈ R the control input,
f(x) and g(x) continuous functions such that f(0) = 0 and
g(x) 6= 0 for all x ∈ R2, d1 a mismatched disturbance such
that |d1(t)| < δ1 and d2 a matched disturbance such that
|d2(t)| < δ2 for all t ≥ t0. Furthermore, it is assumed that
d1 is differentiable and |ḋ1(t)| < δ̄1 for all t ≥ t0.

Define the following sliding variable with a state-dependent
exponent coefficient

s(t) = ẋ1(t) + β(t) τ(x1(t), λx1) (14)

β(t) = (βM − βm)
(

1− e−λ(t−t0)
)

+ βm , (15)

where λ > 0, τ(x1, λx1) is given as in (5), and

βM > βm > 0 (16)

λx1 ≥
1
2θx1 + 1

tanh(1)
, θx1 > 1 . (17)

By computing the derivative of (12) and substituting into (13)
one gets

ẍ1 = f(x) + g(x)u+ ḋ1 + d2 . (18)

Then, since |a|b = exp(b ln(|a|)), by direct calculation the
derivative of s can be shown to satisfy:

ṡ = f(x) + g(x)u+ ḋ1 + d2 + β(t)φλ(x1)ẋ1 + β̇τ . (19)



The following control law is based on that given in [21]

u(x) = −g−1(x) [f(x) + kssign(s)h(s) (20)

+β(t)φλ(x1)(ẋ1 + ks1sign(s)) + β̇τ
]

h(s) = |s|λstanh(s
2) , (21)

with ks1, ks, λs ∈ R positive gains satisfying

λs >
θs

tanh(1)
, θs > 1 (22)

ks1 > 0 and ks >
δs
µs
, (23)

with 0 < µs < 1 defined as in (3) and δs in (27).

Theorem 2.1: Consider system (12)-(13) in closed-loop
with the control law (20). Then, a set of gains can always
be found such that the following holds true:

a) The sliding variable s(t) remains bounded for all t ≥ t0,
and it becomes zero in a fixed-time t0 + Ts given by

t0 + Ts ≤ t0 + Tsmax (24)

≤ t0 +
1

(ks − δs)(θs − 1)
+

1

(ksµs − δs)
.

b) The states x1(t), x2(t) remain bounded for all t ≥ t0,
and the state x1(t) becomes zero, i.e. x1(t) ≡ 0, in a
fixed-time no larger than

t0 + Te ≤ t0 + Tsmax + Te1 +
g∞

2βeµx1
, (25)

with 0 < µx1 < 1 as in (3), g∞ in (10), βs = β(t0 +Ts),
βe = β(t+ Ts + Te1), and Te1 = 2

βs(θx1−1) .

Proof: The steps of the proof are:

a) Substitute the control law (20) in (19) to get

ṡ = −kssign(s)|s|λstanh(s
2) + ḋ1 + d2 (26)

−ks1sign(s)β(t)φλ(x1) ,

where (21) has been used. Since according to Lemma 2.3
φλ(x1) > 0, the term −ks1β(t)φλ(x1)sign(s) always helps
to yield s to the origin, so that in fact Lemma 2.1 can be
directly employed to get Tsmax in (24) by defining

|ḋ1 + d2| ≤ δ̄1 + δ2 = δs . (27)

Note that since V̇ ≤ 0 for all t ≥ t0, then s ∈ L∞.

b) The dynamics for x1 satisfies from (14)

ẋ1 = −β(t) τ(x1(t), λx1) + s(t) . (28)

It can be seen that this dynamics owns basically the form
given in (6) because it has been shown that s(t) is bounded
for all time t ≥ t0, i.e. |s(t)| ≤ bs for bs = |s(t0)|. However,
Lemma 2.2 should not be used directly because this would
force to have the condition βm > bs

2
µ according to (8), which

would make β(t) dependent on the initial condition of s(t).

Instead, to prove only boundedness assume for simplicity’s
sake that |x1| ≥ 1 (because |x1| < 1 is obviously bounded),
and choose V (x1) = x21, whose derivative along (28) satisfies
as worst possible situation

V̇ ≤ −2βm|τ(x1, λx1)||x1|+ 2|x1|bs (29)
= −2|x1|(βm|τ(x1, λx1)| − bs) ,

for all t ≥ t0. Assume that βm|τ(x1, λx1)|−bs < 0, so that |x1|
is growing, and take into account that in view of definition (5)
the function |τ(x1, λx1)| is continuous, injective with respect
to |x1| and increasing for |x1| ≥ 1. This means that there
must exist a finite time tx ≥ t0 for which it is satisfied that
βm|τ(x1(tx), λx1)| − bs = 0, so that V̇ ≡ 0, which implies
that |x1| can no longer increase its value. On the contrary, if
βm|τ(x1, λx1)| − bs > 0 then V̇ < 0 and |x1| is decreasing
until once again one gets in a finite time βm|τ(x1(tx), λx1)|−
bs = 0. Both situations imply that x1 ∈ L∞, which implicitly
means that τ(x1, λx1) remains bounded for all t ≥ t0.

From (28), the boundedness of x1 implies that ẋ1 remains
bounded as well for all t ≥ t0, which in turn from (12) means
that x2 is bounded because d1 is bounded by assumption.
Then, since f(x) and g(x) are continuous by assumption,
they are bounded for a bounded x, while h(s) is bounded by
definition (21), which means from (20) that u(x) is bounded
as well because φλ(x1) is bounded for a bounded x1 and β̇
is bounded by design. Finally, from (13) the boundedness of
u implies that of ẋ2 because d2 is bounded by assumption.

Now, to show that x1 becomes zero in fixed-time, recall that
from t ≥ t0 + Ts the relationship (28) can be substituted by

ẋ1 = −β(t) τ(x1(t), λx1) , (30)

which has basically the form given in (6) with d(t) ≡ 0
by considering that β(t) ≥ βm. Therefore, Lemma 2.2
and the Comparison Lemma can be employed to get (25)
by taking into account that β(t) ≥ βs = β(t + Ts) for
all t ≥ t0 + Ts and β(t) ≥ βe = β(t + Ts + Te1) for
all t ≥ t0 + Ts + Te1, where Te1 stands for the time
when |x1| ≡ 1 is satisfied. Note that care should be taken
in employing Lemma 2.2, since the time t0 corresponds
to the time t0+Tsmax in this case. This concludes the proof. �

Remark 2.1: Usually, the derivative ẋ1 is not available, but
rather x1 and x2. This does not represent a drawback since
an exact differentiator can be used for implementation [22]. 4

III. CONTROL OF QUAVS

A. System model

The configuration of a QUAV is defined by the location of
the center of mass and the attitude with respect to an inertial
frame Σ0. Therefore, the configuration manifold is the special
Euclidean group SE(3), which is the semidirect product of
R3 and the special orthogonal group SO(3) = {0Rb ∈
R3×3 | 0RT

b
0Rb = I,det 0Rb = 1}, where the subindex b



stands for the body-fixed frame Σb. The translation equations
of motion of the QUAV can be written as [2]

ṗ = v + d1 (31)

v̇ =
f

m
0Rb e3 − g e3 + d2 , (32)

where p ∈ R3 is the location of the center of mass in the
inertial frame, v ∈ R3 is the velocity of the center of mass
in the inertial frame, m ∈ R is the total robot mass, g =
9.81m/s2 is the gravity of Earth, 0Rb e3 ∈ R3 denotes the
direction of the total thrust with respect to the inertia frame,
whose magnitude is given by f ∈ R, d1,d2 ∈ R3 are external
disturbances and e1, e2, e3 ∈ R3 are unitary vectors in the x,
y, and z directions respectively1.

The orientation dynamic equations are given by
0Ṙb = = 0Rb S

(
bω
)

(33)
bω̇ = M−1τ +M−1S

(
M bω

)
bω + d3 , (34)

where bω ∈ R3 is the angular velocity expressed in the body-
fixed frame Σb, M ∈ R3×3 is the symmetric inertia matrix,
τ ∈ R3 is the input torque, and d3 ∈ R3 is an external
disturbance. The total thrust f and the input torque τ are
related to the angular velocities of the four rotors and in
this work it is assumed that they can be freely chosen for
simplicity.

B. Control design

Given a bounded desired pose pd ∈ R3 for the QUAV,
with at least bounded desired velocity vd = ṗd ∈ R3, the
corresponding errors for position and velocity are

ep = p− pd and ev = v − vd , (35)

respectively. System (31)-(32) owns basically the same struc-
ture as (12)-(13), but in vector form. However, the one single
input of system (31)-(32) is the total thrust f , which makes it
under-actuated. It order to solve this problem, recall that the
rotation matrix 0Rb represents the orientation of the body
frame fixed at the center of the QUAV and which can be
expressed as

0Rb =
[
xb yb zb

]
, (36)

where xb,yb, zb ∈ R3 are unitary orthogonal directional
vectors forming a dexterous coordinate system. Therefore, the
product 0Rb e3 in (32) satisfies 0Rb e3 = zb. A strategy
design consists in using zb as an auxiliary control input by
choosing its desired value zbd ∈ R3 properly. In this way,
zbd is given in terms of a desired input signal u ∈ R3, i. e.
zbd ∈ R3 must satisfy

zbd =
1

‖u‖
u , (37)

1The equations v = ṗ and 0Ṙb = 0Rb S(
bω) represent kinematic

relationships and, therefore, there should not contain mismatched perturba-
tions. However, since Theorem 2.1 states a general result, for the sake of
completeness a mismatched disturbance is introduced artificially for the linear
velocity as shown in (31).

where it can always be guaranteed that ‖u‖ 6= 0 as long as
the desired trajectory is properly defined according to physical
constrains. By taking (37) into account, (32) can be rewritten
as

v̇ =
f

m
0Rb

0RT
d

0Rd e3 − g e3 + d2 (38)

=
f

m
0Rb

0RT
d zbd − g e3 + d2

=
f

m‖u‖
0Rb

0RT
d u− g e3 + d2 .

Note that 0Rb = 0Rd implies that 0Rb
0RT

d = I , i.e. the
identity matrix. Finally, by setting f = m‖u‖ one gets

v̇ = 0Rb
0RT

d u− g e3 + d2 .

A logical choice for u would be u = 0Rd
0RT

b u0, with u0 ∈
R3 an auxiliary input vector. However, this would create an
algebraic loop in the calculation of u. Instead, it will be chosen

u = 0Rdf
0RT

b u0 , (39)

where 0Rdf ∈ R3×3 is the filtered desired attitude computed
by using the delayed input uf ∈ R3 given by

u̇f = −γ(uf − u) or U f(s) =
1

1
γ s+ 1

U(s) , (40)

instead of u, where γ > 0 is the cutoff frequency of the unitary
gain filter. In doing so, one has I = 0Rb

0RT
d
0Rdf

0RT
b .

By choosing γ large enough then for low frequencies (with
respect to the cutoff frequency γ) it is uf ≈ u because
the filter gain is unitary, which in turn implies that one gets
I ≈ 0Rb

0RT
d
0Rd

0RT
b = I because 0Rdf ≈ 0Rd. xbd and

ybd, along with the desired angular velocity ωd ∈ R3, are
obtained according to the method proposed in [23]. Finally,
one gets the equivalent dynamics

v̇ = Iu0 − g e3 + d2 . (41)

This will allow the design of the control law u0 directly by
using Theorem 2.1, since system (31) and (41) can now be
rewritten in terms of tracking errors as

ėp = ṗ− ṗd = v − vd + d1 = ev + d1 (42)
ėv = v̇ − v̇d = Iu0 − g e3 + d2 − v̇d . (43)

The error system (42)-(43) represents three decoupled subsys-
tems of the form (12)-(13), which allows to apply directly the
results of Section III. From (14) and (20), the components of
the auxiliary control u0 takes the following form

u0i = eTi u0 =eTi ge3 − ksisign(eTi s)h(eTi s)− β̇τ(eTi ep)

− βφλ(eTi ep)
(
eTi ėp + ks1sign(eTi s)

)
(44)

where u0i is the i-th element of u0, eTi s = eTi ėp +
β(t)τ(eTi ep, λx1) with i = 1, 2, 3. However, it remains to
guarantee that zb = zbd. Therefore, the next step is to design



Fig. 1. Block diagram of the position and attitude control laws

a tracking controller for subsystem (33)-(34). To this goal,
consider the attitude and angular velocity errors defined as

Re = 0RT
d

0Rb = dR0
0Rb (45)

eω = bω −RT
e ωd . (46)

In addition, consider the unit quaternion Q
(
dηb,

dεb
)

associ-
ated to the rotation matrix Re ∈ SO(3), where dηb ∈ R is
the scalar part and dεb ∈ R3 is the vector part. The following
identities hold [24]

0Ṙd = 0RdS (ωd) (47)
dη̇b = −1

2
dεTb eω (48)

dε̇b =
1

2

(
dηb I + S

(
dεb
))
eω , (49)

where ωd ∈ R3 is the desired angular velocity expressed in
the desired frame Σd. Based on this, define

sω = eω + kε
dεb , (50)

where kε is a positive scalar constant. Define

τ = M
(
RT

e ω̇d − S
(
bω
)
RT

e ωd −K0τ 0 (51)

− 1

2
kε
(
dηb I + S

(
dεb
))
eω

)
− S

(
M bω

)
bω ,

where K0 ∈ R3×3 is a diagonal positive definite matrix and
τ 0 ∈ R3 is an auxiliary control input whose elements are

τ0i = eTi τ 0 = τ(eTi sω, λ), i = 1, 2, 3. (52)

By substituting (51) in (34) delivers the following dynamics

ṡω = −K0τ 0 + d3 . (53)

This relationship represents three decoupled dynamic equa-
tions for sω which own the form given by (6), so that the
result of Lemma 2.2 can be used directly. Once sω ≡ 0
is satisfied it can be shown that eω = 0 and 0Rb = 0Rd

asymptotically [24]. A block diagram of the control strategy
is depicted in Figure 1.

Fig. 2. Time evolution of the position and velocity tracking errors. a) Position
error ep(t)m. b) Velocity error ev(t)m/s

IV. SIMULATION RESULTS

Assume that the system outputs x1 = p and x2 = v are
free of noise, while ėp is obtained by using a differentiator
similar to that given in [22] (omitted here for lack of space).
To assess the performance of the proposed control strategy, a
simulation study is conducted, where the aerial robot param-
eters m = 4.34Kg and M = diag(0.0820, 0.0845, 0.1377)
Kg·m2 reported in [25] are used. The control parameters
for the position control are set as λx1 = 3, λs = 3,
ks1 = 0.1 and Ks = diag(1.5, 1.5, 1.5), while the attitude
control gains are chosen as λω = 3, ke = 15, γ = 15
and K0 = diag(67.5, 45, 45). The desired position trajectory
is given by pd(t) = diag{0.4 sin(2πt

3 ) , 0.6 sin( 2πt
6 ) , 0.4(1 −

exp(−0.75t))}m, which represents a lemniscate curve in the
(x-y) plane. The initial condition of the robot is selected as
p(0) =

[
0.4 0.55 0

]T
m, v(0) = 0, Q = (1,0) and

ω(0) = 0. Also, the following time-varying disturbances
are included: d1 = 0.1diag{sin(t) , cos(0.5t) ,− sin(1.5t)}
m/s, d2 = diag{0.1 + 0.2 cos(t − 2) ,−0.2 + sin(t) , 0.15(1 −
exp(−t)) cos(2t)}N, d3 = diag{0.1+0.3 sin(t/6) ,−0.3 ,−0.15+
0.3 sin(t/6)}Nm. The time evolution of the position error ep(t)
and velocity error ev(t) are shown in Figure 2. The figure
shows that the aerial robot achieves trajectory tracking in less
than 3s even in the presence of non-vanishing time-varying
disturbances. The time evolution of the attitude and angular
velocity errors are shown in Figures 3 and 4, respectively.
Note that ev does not vanish completely because of the
presence of d1, but its magnitude tends to be −d1 [19].
The attitude control gains were selected such that the attitude
subsystem responds faster than the position subsystem. The
numerical results demonstrate the trajectory tracking capability
and robustness of the proposed control framework.



Fig. 3. Time evolution of the attitude error Q(t). a) Scalar part ηb(t). b)
Vector part εb(t).

Fig. 4. Time evolution of the angular velocity error ωe(t)rad/s

V. CONCLUSIONS

This contribution introduces a sliding mode fixed-time con-
troller for trajectory position tracking of Quadrotor Unmanned
Aerial Vehicles (QUAVs). The approach is based on using the
desired orientation as an input for the under actuated position
system. For the fixed-time stabilization, a new theorem is
introduced which proposes a control law able to reject matched
and mismatched perturbations for a class of nonlinear systems,
and then it is shown how this result can be employed for
the QUAVs. The approach is tested satisfactory by means
of a simulation. As future work it remains to carry out an
experimental study.
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