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Abstract— The binocular eye tracking control problem is
considered as a constrained dynamics on a pair of SO(3), the
special orthogonal group in three dimensions, from the point of
view of a nonlinear multi input multi output (MIMO) system.
We consider a pair of eyes and assume that the orientation of
every eye satisfies a biologically motivated constraint originally
proposed by Listing and Donders. We also assume that the gaze
directions of the two eyes pass through a point in the visual
space. This would be called coplanarity constraint, essentially
because gaze directions of the two eyes would be restricted
to lie in a plane. A coupled MIMO dynamical system is thus
obtained for the eye-pair simultaneously gazing at a point. The
inputs to the MIMO system are the external torque triplet,
one for each eye. The output vector contains coordinates of
the target direction vectors and includes variables that are to
be driven to zero in order to satisfy the Donders’ and Co-
planarity constraints. The resulting square dynamical system
is obtained for the binocular eye-system, leading to an analysis
of the feedback linearizing control problem for binocular visual
tracking.

I. INTRODUCTION

We propose to control the pointing directions of a system
of two visual sensors (human eyes modeled as a sphere), see
Fig. 1, with the goal of tracking a point target moving along
a known trajectory in the visual space. Each of the sensors
are allowed to rotate, but not translate, controlled by a set
of muscle generated torque inputs. The problem of ‘pointing
control’ has previously been studied for a single human eye
and human head (see [1] and [2]). The control problem
has been addressed using the Lagrangian and Hamiltonian
mechanics approach by [3], see [4] for geometry of the eye
rotation. In the last two decades, Geometry and control of
human eye and head movements have also been introduced in
[51, [6], [7], and [8] (see also recent articles by [9], [10]. Most
recently, the control problem using ‘geometric mechanics’
has been extended to the binocular case involving two eyes
tracking a point target following an unknown trajectory,
see [11]).

The pointing control problem has also been studied using
nonlinear systems theory introduced by [12], where after
a suitable change of coordinate and feedback, the input
output dynamics can be rendered linear and decoupled. For a
single eye and head pointing control, this approach has been
introduced in [13], [14], [15]. The approach using nonlinear
system theory is the subject matter of this paper wherein we
describe one simulation result for two eyes tracking a known

1Bijoy K. Ghosh is with the Department of Mathematics and
Statistics, Texas Tech University, Lubbock, TX 79409, USA.
bijoy.ghosh@ttu.edu

2Bhagya Athukorallage is with Department of Mathematics, Williams
College, Williamtown, MA 01267, USA ba9@williams.edu

trajectory in the visual space while maintaining Donders’ and
coplanarity constraints.

In the last decade, the problem of ‘pointing control’ has
been extended to binocular control; see [16], [17], [18], [19],
[20], [21], using geometric mechanics and optimal control
and [22], [23], using nonlinear systems theory and feedback
linearization. In this paper, our basic approach is to set up the
pointing control problem as a MIMO dynamical system (see
[13], [14], and [22]), suitably transform the state variables,
and choose a state feedback (as proposed by [12]) to render
the dynamical system locally linear. It is well known that
in order to find such a linearizing feedback, the dynamical
system has to have a certain set of relative degrees, which
is equivalent to asking that an associated decoupling matrix
maintains full rank.

We model visual sensors by a rotating sphere and control
one, or, in the binocular case, two such sensors. Assuming
that the orientation matrices of the sensors nominally satisfy
a constraint originally proposed by Donders (see [24], for
the head movement problem) and go by the name Don-
ders’ Law. The control objective of this paper is to use
linearizing feedback to direct the gaze-pointing vector from
a pre-specified initial to a final point while maintaining the
Donders’ constraint. Additionally, the control objective is
to ensure that the pointing directions of the sensors are
pairwise coplanar (Co-planarity constraint), implying that
all sensors are simultaneously gazing at some point in R?. A
preliminary discussion on binocular vision has already been
introduced in [22].

Results from [13] have shown that for points in a suitably
restricted subset 7—[1/; of SO(3), that satisfy the Donders’
constraint, one can locally linearize the eye or head rotation
dynamics by a static state feedback (i.e. the relative degree
constraint is satisfied locally at every point on the Donders’
surface). The question, we raised in [22] and [21] is to esti-
mate the size of the local neighborhood N'. For monocular
sensing, the size of A is estimated by computing distance
between the ‘Donders’ surface’ and a ‘Monocular Singu-
larity Surface’, where the associated Decoupling matrix is
singular, and consequently loses its relative degree. Earlier,
the size of A/ estimation was carried out using Novelia
and O’Reilly [25], [26] parameterization of SO(3). This
computation was repeated, using the well known Tait-Bryan
parameterization (see [8]) in [14]. The binocular sensing
problem was introduced in [21], where it was shown that the
associated singularity surface factors into three parts. The
first two are the monocular singularity surfaces that were
present in monocular sensing, one for each sensor. The third
part is a ‘Mixed Singularity Surface’, that is independent
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Fig. 1: Binocular sensor array: the centers of the left and the
right eyes are located respectively at (0,0,0) and (0, b,0).
Note that the center of the axes is assumed to coincide with
the left eye, upward-pointing axis is the positive z—axis
while the forward-pointing axis is the positive z—axis. The
y—axis joins the center of the two eyes and the direction
from left to right is chosen positive. Curly arrows (in blue)
indicate the positive (clockwise, viewed from the axis center)
rotation about each axis. The blue dot is the target, and the
two red arrows are the eye-gaze directions.

of the orientations of the sensors, but depend only on the
gaze directions.

In this paper, we extend our work in [14], [21], [22]
and construct a tracking controller that follows a certain
known trajectory while imposing coplanarity and Donders’
constraints. The controller is computed using a linearized
dynamics, and the control to the nonlinear binocular eye
system is recovered.

II. EYE ORIENTATION AND THE QUATERNION
CONNECTION

In the following, we sketch some of the main ideas
from [13], [21], and [22]. Let R be a point in SO(3) with
column vectors denoted by R;,7 = 1,2, 3. The columns of R
can be associated with a frame attached to the visual sensor
and would therefore correspond to a specific orientation. Let
us denote by {7;}; j—1,2,3 the components of the rotation
matrix R. R3 would be called gaze pointing direction. We
consider the sensor orientation in the right-handed system,
denoted by symbol z-y-z, in IR?, where R3 corresponds to
the z-coordinate, R; the z-coordinate and finally R, the y-
coordinate. As described in [13], the sensor orientation is
confined to a subset of SO(3) given by

H:={R € SO(3)|trace(R) > 0 and r33 > 0}. (1)

Associated with a rotation matrix R, there is a unit
quaternion ¢ = [0 @1 ¢2 g¢3]7 € S3. This quaternion
connection is well known in the literature (see [27]). Let us
begin with the space of quaternions denoted by Q, see [28]
and write each ¢ € Q as qof + q1f+ q25+ q312. Space of
unit quaternions will be identified with the unit sphere S3,
and can be written as

H\ - - - 0 —
q = cos (%) 1+ sin (g) n1i+ sin (%) naj + sin (g) nsk, (2)

where ¢ € [0, 27] is an angle variable and 77 = (n1,n2,n3)
is a unit axis vector in R3. We denote by rot, the standard
map from S3 into SO(3) which maps the quaternion ¢ to an

orthogonal matrix that rotates a vector in R? around the axis
of rotation 7 by a counterclockwise angle ¢ (see Fig. 2). It
is easy to verify (see (3) in [7]) that

rot(q) =

2(q192 — qoq3)
B+B-d-4

2(q2q3 + qoq1)

@B+ai—G—d
2(q192 + q0g3)
2(q193 — qog2)

2(q193 + qog2) 3)

2(g293 — goq1)
@+a—ad -
The orthogonal matrix (3) can be associated with the orien-
tation of a rotating rigid body as follows: Each column of (3)
is a mutually orthogonal unit vector. We can associate the
three column vectors to three body coordinates that describe
the orientation. The rotating rigid body, viz. the human eye,
has a specific ‘gaze direction,” a vector whose direction is
what we propose to control. We use the convention that the
gaze direction is given by the third column of the rotation
matrix (3). We therefore have the following projection map,
projecting the orientation matrix (3) to a gaze direction vector

proj: SO(3) — S?,

where

2(q193 + qoq2)

2(q293 — qoq1) : “4)
% +a3—ai — a6

rot(q) —

Typically our interest is to control the gaze vector (4)
so that it is pointing towards a suitable point target (see
Fig. 1). In the literature on binocular eye movement control,
a general Donders’ constraint is also of interest, see [29]
where torsional movements allow fusion of images from the
two eyes.

Next we introduce a quadratic Donders’ constraint. Don-
ders’ constraint in a quadratic polynomial form was origi-
nally introduced in [30], [31] and describes a quadratic sur-
face using quaternion parameters qo, q1, g2, q3- In this paper
we consider a simplified form of the quadratic Donders’
surface given by

9093 = hp(q1,q2), )

where we define the polynomial hp as

hp(qi,q2) = CnQ% + c12q1 2 + C22q§- 6)

The simplified Donders’ surface (5) contains Listing’s
plane and the surfaces generated from Fick’s and Helmholtz’s
gimbals, as a special case. Our motivation to consider this
simplification is that the relative degree computations in
section III-A is well defined entirely over a suitably chosen
open set V.

ITI. FEEDBACK LINEARIZATION
A. A Dynamical System for visual sensor array Rotation
We start this section by describing a subset H,; of SO(3).
Let v be as described in [13] (Eq. 14, pp. 291), we define
Hy = {ReM|ris+r3 <sin’¢}.

Intuitively, H,; contains all orientation matrices in H whose
gaze direction vectors are in the allowed region prescribed



by Theorem 1 in [13]. We now describe a rotating rigid body
dynamics on H; and show that such a dynamics is feedback
linearizable by a static state feedback in the neighborhood
of the Donders’ surface. The rigid body dynamics and the
output vector are described in the following subsection.

B. A rigid body dynamics with Donders’ constraint
Let us consider the following rigid body dynamics [32],
[33] of the human head in the ‘inertial frame’
R(t) = — R(t)a(t), R € Hy, (7)
Ju(t) =0 Jw+T, (8)
where J = diag {J, Jo, J3} is the moment of inertia matrix,
J; > 0,i=1,2,3; T € R® are externally applied control

torques; and w = [wy,ws,ws]? € R? is the angular velocity
vector'. We define

0 ws —W?2
w=|-ws 0 o w |. ©))
w2 —W1 0

The Donders’ constraint (5) can be written as

ng = D(n1, na), (10)

where n1, ny and ns have been defined (see [13]) in terms
of 7;; and are components of the axis of rotation. An output
function

y = h(R) = [h1, ha, ha]"

= [ra3, 713, D(n1,n2) —ns]" € R®.

(1)

is now introduced. Let us now define a proper subset ’Hg as
follows

HE = {ReH;|nz =D(ni,n)}. (12)

The subset ’H,? contains all orientation matrices in 7-[1[,
that satisfies Donders’ constraint (10). For notational con-
venience, we define =P = HL x R3, and define NV to be a

small enough open neighborhood of =¥ inside =.

C. Preliminary remarks from nonlinear MIMO control

We start with a standard definition of a Decoupling matrix.
Definition 3.1 (Vector Relative Degree see [12]): The
MIMO system defined by (28a), (28b) has a vector relative
degree [ri,ro,73] at a point x° € N if there exists a
neighborhood U of z° and there exists a set of positive
integers ry, 12, r3 such that, for all z € U, and for all 7, j

’I“j*Q
Lg, Ly hj(z) =0
and the Decoupling matrix
Lg, L} 'y Lo, L} 'y
N(z) := : : € R¥?
Lg, L'? " hs Lg, L'? ™ hs
13)

has full rank.

IThc underlying state space of the dynamical system (7), (8) is E = HJ) X ]R3, a 6 dimensional manifold.

We note from [13] that the dynamical system (7), (8) and
(11) has a vector relative degree [2,2,2] at every point on
N and the Decoupling matrix (13) is a 3 x 3 matrix of rank
3 everywhere on N.

D. Main theorem

Theorem 3.1: ([13]) On a small neighborhood of every
point on N, there exist a static feedback law u* :=
a(x) + b(x)v such that the rigid body dynamics (7), (8)
with output (11) is feedback equivalent to the following
controllable linear systems

(14)

§=uvs, (15)
where v € R? is the new control input vector and new output
variables are defined by
] T

,.ZJZ‘:’U,L' fori:1,2,

T
[Zl z9 f = h = [7“13 T23 D(nl,ng) — ng] (16)
It is easy to see that L, h; = 0 for 4,57 = 1,2,3. The
Decoupling matrix N in (13) is given by

—7‘22J1_1 7”21J2_1 0
N(z) = |—rioJit rndyt 0 (17)
Lg Lyhs Lg,Lghs Lg,Lshs

We claim [13] that Ly, Lshs(R)|yp < 0 so that
P
detN(z) # 0 on H[. It follows that the output h has

uniformly, the relative degree [2,2,2] on H2 and we would
have the following local diffeomorphism and feedback law

[21, 22, 23, 24, &1, &2| = [h1,ha,Lyh1, Lyho, hs, Lyhs]

(18)

where z3 = 71,24 = Zo, and &3 = 51,2 and
a(x) == N~'x) [L3hy, L3h, L3h3)" and  (19)
b(x) = N '(z).  (20)

(see statement of Theorem 3.1). This would render the rigid
body dynamics in (7), (8) locally feedback equivalent to the
linear system in (14), (15), on =D,

The linearization method adopted in this paper from [13]
has been proposed in [34], [35] in order to decompose the
system dynamics into a tangential part and a part transverse

to the Donders’ submanifold (5).

IV. BINOCULAR SENSOR SYSTEM

As was originally introduced in [21], we consider a pair
of rigid spheres that model the binocular sensors. We assume
that the frames attached to the two sensors are aligned
precisely as described in Section II. The vector separating
the centers of the two sensors, lie on the xy-plane and make
an angle [ with respect to the y-axis. The separating vector
is given by (sin 3, cos 3, 0)T. The equation of motion for
each of the two sensors are written in the inertial coordinate
as was done in (7), (8). For : = 1,2 we write

Ri(t) = — R'(t)@'(t), R € My,
JOt) =o' JPwt +uf

2L
(22)

2Note that &1 = & asin (16).



where J' = diag {J{, J3,Ji} is the moment of inertia
matrix, J; > 0, j = 1,2,3; u* € R? are externally applied
control torques; and w® = [wi, wi, wi]T € R? is the angular
velocity vector®. We define

0 Wy —wh
Wt = —ugé O_ wi |,
wsy —wi 0

as in (7) and consider the output function
2

where f and ¢ are smooth vector fields N' — R!2, and
all h; are smooth scalar functions N' — R. Moreover,
from the local feedback linearization theorem the dynamical
system (21) and (22) with output given in (23), one gets the
controllable linear systems with the new control input vector
v € RS:

() =
Gi(t)

for:=1,2,3
for j =4,5,6,

Ui

(29)

Uj

y = [ri3: 725, D(n3,n7) — n3, 775, Arg, D(ng, n7) — n3]" € Roypere [21, 22, (1, 23, (o, (3] T =

(23)

where A1g = risris — 3,71, when 8 = 0. Note in general,
that the constraint A5 = 0 imposes the restriction that the
third columns of the rotation matrices are coplanar with
respect to the fixed vector (sinj3,cos3,0)7. Writing the
dynamical system of the ‘Binocular System’ as a 6—input
6—output system defined on N x N, the decoupling matrix
takes the form
Py 0

Npino(z) = l:P21 P22] )

where each P;; matrix has the dimension 3 x 3, and are
described as follows (ignoring the moment of inertia terms)

(24)

*7"%2 7’%1 0
Py = *7”%2 7’%1 0 ) (25)
Lg}thé Lg%th},) Lgéthé
0 0 0
Py = [(scos B+ (esinff (rcos B+ (gsin 0Of,
0 0 0
(26)
_7“%2 7”%1 0
Py = |Cicos B+ (asinf8 (3cos B+ (4sinf3 0
Lgfohg) ngthg ngthg
27
where
G = 7"}37":%2 - 7%27%37 G = 7"%27"31>3 - 7“%37%27

12 2 1 .21 2 1
(3 =T33711 — 31713, G4 = T31793 — 51733,
12 2 1 1.2 1.2
(5 = 712733 — T'13732, C6 = 32733 — T'3aT33,
12 1.2 .21 1.2
C7 =T31773 — 711733, (8 = 33721 — T'31733-

In the binocular system, the feedback law,
u* = a(z) + b(x)v, is given by

a(x) = N]Eilno(x)[l/?fhh L?hg, L?chg,, L?ehzh L?chg), L?ghg}
and b(z) := Np} (). Further, the dynamical system (21)

and (22) can be written as a control-affine nonlinear 6-input
6-output system defined on N as follows

6
& = f(z)+ E gi(x)ui, (28a)
i=1
Yi = hl(aﬁ), izl,...,6, (28b)
3For each 4, the underlying state space of the dynamical system (21), (22) is 2 = ’H,@ X ]R3. a 6 dimensional

manifold.

b

[7’%37 T%Bv 'D(TL%, n}l) - TL%, T'%37 A127 D(n%, n%) - n%]T We
consider a reference signal tracking control law that follow
the trajectory 7j(t) in R3.

Remark 1: The components of the output vector that
follow 7j(t) are ris, 735, and r},. Note that the remaining
components of the gaze vectors, namely, 735, 735, and 73,
are embedded in the Donders’ and coplanarity constraints.

The construction of the control signal as follows:

vi(t) = i(t) = kio(z1(t) —m(t)) — ki (Z1() —m(t)))
va(t) = ija(t) — kao(z2(t) — n2(t)) — ka1 (22(t) — 12(1)))
v3(t) = s(t) — kso(z3(t) — ns(t)) — ka1 (23(¢) — n3(t)))
v(t) = —kaoli(t) — karGi(t)

vs(t) = —ksola(t) — ks1Ga(t)

v(t) = —keols(t) — kerCs(t), (30)
where each component in {n(t),n2(t),ns(t))} is a twice

continuously differentiable functions in R3. The variables
¢1(t) and (5(¢) corresponds to the Donder’s constraint of
binocular sensors, and lastly, (2(¢) uses to impose the
coplanarity constraint. The control gains k;; are selected
so that the origin of the linearized system (29) and (30)
is asymptotically stable. We next perform a simulation on
our reference signal tracking controller, which has not been
reported in the literature before.

V. TRACKING CONTROL SIMULATION RESULTS

In this simulation, we consider a pair of visual sensors that
individually satisfy Listing’s constraint that can be obtained
by setting c11 = c12 = c32 = 0 in (6). To overcome a
numerical difficulty, we express the rotation matrix (3) in
terms of the axis-angle parametrization as described in [7].
Further, in order to impose Listing’s constraint, g3 = 0,
we set o = 0, constraining the axis of rotation to lie on
the plane z = 0. Note that with this new parameterization,

7 the state vector x in (28a) abstractly denotes the state

variable (¢!, al, 01 wi, wi,wi, 2, a?, 0% w? w3 w3) of the

dynamical system. The gaze vectors of the two sensors (refer
to Fig. 1), is assumed to converge at a point that follow the
path (p cos(wt), psin(wt), zg) in the visual space.

For the dynamical system described by (29) and the
new tracking control (30) are solved using the ODE solver
ODE?23t. The fixed parameters p, w, and 2 are 1, 0.27, and
3, respectively. The initial values for the angle parameters
are calculated so that a target point lies in the trajectory
(pcos(wt), psin(wt), z9) and the gaze vectors of the two
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Fig. 2: Axis-angle parametrization under Listing’s constraint
g3 = 0 as in [10]. The Listing’s plane is described by z = 0.
Angle 0 is the angle subtended between the positive axis
of rotation on the Listing’s plane and the positive z-axis.
Angle ¢ is the anticlockwise rotation about the positive axis
of rotation.

visual sensors satisfy the co-planarity condition with the
initial target point. The parameters selected for the control
gains are k;o = 100 and k;; = 20,¢=1,2,--- ,6. We also
assume that the moment of inertia matrix for both sensors is
equal to Is.

The simulation results given in Figs. 3 - 4 correspond
to the time interval [0, 2]. Fig. 3 shows the behavior of the
states ¢, 6, « and angular velocities for both visual sensors.
A comparison of the reference signals tracking by output
components ris, ra;, and r?; are given in Fig. 4 (Left).
The remaining three output components, which correspond to
Co-planarity and Listing’s constraints, are plotted in Figs. 4
(Center and Right). It is interesting to note that one would
like to satisfy o« = 0 over the entire time interval as
both sensors should satisfy the Listing’s constraint, all the
time. However, our simulation results show that the angle
o of Sensor 2 initially deviates from zero (see Fig. 3), and
hence, leaves the Listing’s plane (see Fig. 4 (Right)). As a
result the corresponding tracking control signal for Sensor
2, vg(t), asymptotically forces to track the reference signal
y = 0 indicating that Listing’s constraint has been eventually
imposed. In addition, initially we see a large angular velocity
value about the x—axis (w;) for both the sensors. Further,
Figs. 4 (Center and Right) display that the Coplanarity (A1)
and Lisiting’s constraints approach the target lines y = 0
asymptotically.

VI. CONCLUSION

In the last two decades, two essentially independent con-
trol strategies have been introduced to control a binary visual
system, with the task of targeting a moving point object.
The first one initiated by [5], [6] uses geometric mechanics
and culminated in tracking known trajectories see [36] (see
[11] for recent results on tracking unknown trajectories). The
second strategy, that of exact feedback linearization [12]
was initiated by [13] and subsequently resulted in papers
such as [21] and [22]. In the last two papers, the structure
of the ’singularity surfaces’ resulting from the associated
decoupling matrix have been discussed. This paper extends
the feedback linearization strategy to the problem of tracking

a known trajectory, while also maintaining asymptotically,
the physiological constraints arising in human eye dynamics,
viz. Donders’ and Coplanarity.

The extension of the feedback linearization approach to
binocular eye tracking of an unknown trajectory will be
considered in future research.
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