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Abstract— The Lyapunov method is applied to the synthe-
sis of the state observer of semilinear positive systems with
conformable fractional derivative of the state vector and vector
nonlinearity satisfying the local Lipschitz condition. The design
conditions are presented in the form of a set of linear matrix
inequalities that reflect the parametric constraints defined by
the structure of Metzler matrices and the limiting consequences
of diagonal stabilization in positive system synthesis tasks. It is
shown that when solving this problem through the feasibility of
the proposed set of linear matrix inequalities, the observer error
is positive and stable. Finally, the correctness of the obtained
theoretical results is verified by a numerical example.

I. INTRODUCTION

The class of existing positive models has proven useful in
modeling many systems with non-negative states and outputs,
[1], [2], despite limitations requiring innovative theoretical
approaches to solving the positivity problem, [3], [4]. Since
the standard forms of describing the dynamics of these
systems are related to the system matrices of the Metzler
structure, the theory of Metzler matrices, [5], [6], forms a
platform for their analysis. Within these constraints, most
general linear system design techniques cannot be applied
to the design of linear systems with dynamics defined by
the Metzler matrix structure. Under these conditions, the
Lyapunov method appears suitable for the analysis and
synthesis of positive systems, as it allows one to easily
include in the solution the constraints resulting from the
positivity of the system, [7], [8].

To simplify some interpretations regarding fractional deri-
vatives, a conformable fractional derivative is proposed in
[9] which appears to meet the characteristics of the standard
derivative. As a result, this concept has been incorporated
into many studies, where, for example, [10] proposes a gener-
alization of conformable fractional derivative. Scientists have
recently focused more on conformable fractional derivatives
in applications in stability analysis of conformable fractional
systems, [11], non-fragile H,, observers for conformable
fractional systems, [12], sensor fault reconstruction, [13]
and consensus in linear conformable fractional multiagent
systems [14]. To the author’s knowledge, there are very
few publications dealing with the design of observers for
positive systems with conformable fractional derivative, [15],
because to investigate the existence of positive solutions it is
desirable to take into account a suitable representation of the
parametric constraints, [16]. Application of the conformable
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fractional derivatives in physics are presented in [17], con-
formal prediction in biological systems is analyzed in [18].

To achieve a further extension of the assignment allowing
to take into account the nonlinear function in the conformable
fractional positive model of the system, its additive represen-
tation is assumed, known as Lipschitz-type nonlinearity [19].
Such a concept of observer design with respect to the existing
nonlinearity allows the linear part of the description of the
system dynamics to be extended by a nonlinear Lipschitz
segment. This idea does not require significant modifications
to the solution for the case of Metzler observer dynamics of a
system with conformable fractional structure when it comes
to representing this influence on the observer design strategy,
which effectively represents the effect of the positivity of
nonlinearity.

Based on this implementation concept, diagonal posi-
tive definite matrix variables and related diagonal matrix
parametric constraints are introduced to achieve the design
objectives. The design assumes the existence of a Lips-
chitz nonlinear function, which conditions the solution on
a defined value of the Lipschitz constant in relation to a
conformable fractional derivation in the positive model of
the system.

The paper is structured as follows. Basic properties related
to conformable fractional derivatives are presented in Section
II. Section III presents basic procedures for observer design
for a class of semilinear systems with conformable fractional
derivatives and completes the conditions for the solvability
of the observer design problem. The methodology for param-
eterizing the structure of Metzler matrices, the LMI for their
representation, and the consequences of diagonal stabiliza-
tion in the observer design task for semilinear conformable
fractional positive systems is presented in Section IV. The
results of the numerical design are presented in Section V,
basic issues and some remarks regarding the synthesis of
the state observer for this type of systems are discussed in
Section VI.

Throughout the article, T, X T denote the transpose of
the vector @, and the matrix X, diag[-] denotes a (block)
diagonal matrix. For a square symmetric matrix X < 0
means that X is a negative definite matrix, I,, denotes an
identity matrix of order n, X !, p(X) denote the inverse
and spectrum of eigenvalues of a square matrix X, is [
is an n-dimensional vector of the form I = [1---1]T.
The indicator R (R.) denotes the set of (nonnegative) real
numbers, R™*™ (R}*") denotes the set of n x n (non-
negative) real matrices and R"’" denotes the set of n x n
matrices with strictly Metzler structure.



II. CONFORMABLE FRACTIONAL DERIVATIVES

In the following text, the given real function ¥ (t, ) > 1,
a € (0,1] is understood as a fractional conformable function,
defined with the relation to the Gateaux differential of
f(t+ep(t,a)) at ¢ in the direction () [20].

Definition 1: Let 1(t,a) =1, a € (0,1] be a fractional
conformable function then the general conformable fractional
derivative at the point ¢ > 0 of a given function f(¢) :
(0,00) = R is defined as, [10]

e—0+ £

ft)

e))

if the limit exists.

Definition 2: The conformable fractional derivative of or-
der o« € (0,1] at the point ¢ > 0 of a given function
f(#) :(0,00) = R is given as, [9],

o _ oo fEEetT) — f()

D (f)(t) = 51—1>%1+ € @

assuming that the right-hand side of this expression exists as
a finite number.

Remark 1: Tt is evident that if 1 (¢, a) = '~ then Dy ()

coincides with (2). Considering 9 (t, o) = te‘et * —t, [21]
then,
o o flteset ) = f(t)
DE(f)(1) = el—lgl-r € )

Since according to [21] ¥(t,a) = et!=% + o(c?), this
conformable fractional derivative has the same form as (2)
if 0(¢?) is omitted and these definitions can be considered
as the same type of definition.

If 0 < a <1 and the functions f, g are « differentiable
at the point ¢ > 0, then the conformable fractional derivative
(2) satisfies for all scalars a,b € R and f, g in the domain
of D the following properties, [22],

D*(af + bg) = aD*(f) +bD"(9g)
D*(fg) = fD*(g) + gD"(f)

For a = 1 the conformable fractional derivative coincides
with the classical first derivative df (t)/dt, [23], that is each
function f(¢) : (0,00) — R has a conformable fractional
derivative if and only if it has a classical first derivative.

Definition 3: Given a function f(t) : (0,00) — R satis-
fying (2), then the conformable fractional Laplace transform
of the f(t) at a point ¢ > 0 of order o, 0 < @ < 1, is, [24],

F“(s):/om e F(H)o Lt 5)

provided the integral exists.
Given a conformable fractional linear system, [25],

D*(q)(t) = Aq(t) + Bul(t) (6)

where q(0) = g, € R™ is an initial state, D*() is the
conformable fractional derivative operator (2), g(t) € R™,
u(t) e R", A € R™*", B € R"*", ¢t € (0, 7] then, applying
the inverse conformable fractional Laplace transform, one
can get the solution of system (6) in this way, [26],

“4)

¢
q,(t) = eA%‘*O‘qO +/ eAé(tﬂ*Sa)Bu(s)so‘*lds 7
0

III. SEMILINEAR CONFORMABLE FRACTIONAL
STRUCTURES

The system (5) in the semilinear conformable fractional
structure is given by the relations
D*(q)(t) = Aq(t) + Bu(t) + f(q(t))
y(t) = Cq(t)
where D® () is the conformable fractional derivative oper-
ator, q(t) € R", u(t) € R", A € R"*", B € R,
C € R™™ and f(q(t)) € R™ is bounded and Lipschitz

continuous.
The system

D*(q.)(t)

®)

= Aq.(t) + Bu(t) + f(q.(1))+

+J(y(t) —y.(1)) ©)
y.(t) = Cq.(t)

is a conformable fractional observer of the system (8), where

q.(t) € R", y,(t) € R™ and f(q.(t)) € R™ are the

observed vectors, .

Assumption 1: [27], [28] Let h(s) : X — R™ be a vector
function defined on X C R™ and 5 € X. The function h(s)
is said to satisfy locally Lipschitz condition at s if there exist
a neighborhood S of s and 1 > 0 such that

[h(z) —

In this sense it is assumed that there exists a known
positive scalar n € Ry for the known nonlinear terms
flq(t)) € R™, f(q.(t)) € R™ to satisfy the Lipschitz

h(y)| <nllz -yl forallz,y €S (10

condition
1£(a(t)) — flg.(O)I <nllgt) —q.®)  AD
Defining the vector errors
eq(t) = q(t) — q.(t)
e,(t) = y(t) — y. (1) = Ce, (1 (2
and using (8) and (9) it yields
D*(eq)(t) =D (q)(t) = D*(q.) (*)
=Aq,(t) + Bu(t) + f(q.(t))—
—Aqe(t) + Bu(t) + f(q.()+ (13)
+J(y(t) — y.(t))
=(A - JC)ey(t) + fq(t) — fla.(t))
which implies
D(eq)(t) = Acey(t) + fa(t) — fg.(t)) (14
where
A.=A-JC (15)
Lemma 1: [29] (Petersen’s Lemma) Let X € R"*P|Y ¢

RP*n, Z = ZT € R"*" then

Z+XY+YTXT <0 (16)
if and only if there exist real A > 0 such that
Z+XXXT"+ 2 YTy <o 17)



Theorem 1: If for the observer dynamics (15) and for a
known positive scalar € R from (11) there exists a
symmetric positive definite matrix P € R™*™ and a matrix
S € R™*™ such that the following set of LMIs

P=pP"+0 (18)
T T oT
PA+A'P-SC-C'S"+1, nP] _ (19)
nP —I,

is feasible, then e,(t) — O if t — oo and the observer gain
matrix can be obtained as

J=P'S (20)
Proof: Considering the Lyapunov function
v(eq(t)) = e (t)Pey(t) > 0 1)

where P € R™*" is a symmetric positive definite matrix,
then the conformable fractional derivative of V(e4(t)) is,
when using Lemma 1,

D*(v(eq(t)))

=D"(e"y(t)) Pey(t) + e, (t)PD* (ey(t))

= (Acey(t) + f(q(t) — F(q.(1)" Pey(t)+

+e, () P(Acey(t) + fa(t) — fg.(t) =
(t)(PA + Al P)e,(t)+

+eff(t) (F(g®)) — f(g.()+ (22)

+(f(a(t) = £g.(1))" Pey(t)

<ey ()(PA. + Al P)ey(t)+

+A7 e, ()PPeq( )+
+A(f(g(t) — Flg. )T (f(a®) — flg.(1)

<0

and, with respect to (11),

D* (U(eq(t)))

<e, (t)(PA.+ Al P)ey(t)+

+ A‘leqT(t)PPeq (t) + AnQeg(t)eq(t) @3
<0
Setting A\n? = 1 then A~! = 12 and (23) gives
D (v(ey(t)))
<e)(t)(PA.+ AlP+1I,+17*Pe,(t) (24
<0

and (24) implies, using only one tuning scalar variable n > 0,
PA, +ATP +1,+17°P><0 (25)

Applying the properties of Schur’s complement to (25)
thus gives

P(A-JC)+(A-JC)*P+1, nP
nP oI, <0 (26)
and with
S=PJ 27
(26) implies (19) and (27) gives (20). This concludes the
proof. [ |

IV. SEMILINEAR CONFORMABLE FRACTIONAL POSITIVE
STRUCTURES

The relations (8) evolves the semilinear conformable frac-
tional positive structure if A € M™%" is strictly Metzler,
B € R}, C € R are nonnegative, q(t) € R,
y(t) € RT, f(q(t)) € R are positive and u(t) € R".

Definition 4: [30] A square matrix A € IM" %" is strictly
Metzler if all its diagonal elements are negative and all its
off-diagonal elements are positive.

Proposition 1: [31] An autonomous conformable frac-
tional positive system

D*(q)(t) = Aq(t) (28)

where g(t) € R’ and A € M™%" is strictly Metzler and
Hurwitz, is positive and asymptotlcally stable if there exist
a diagonal positive definite matrix W € R™*"™ such that

WA+ATW <0, W =0 (29)

The positivity of (28) means that g(0) > 0 implies that
q(t) > 0 for all ¢ > 0, the diagonally W forces diagonal
stabilizability, [32].

Definition 5: [33] A matrix L € R™*™ is a permutation
matrix if exactly one item in each column and row is equal
to 1 and all other elements are equal to 0.

If the circulant structure of L € R™*™ is

T_ |0 I, T
L L OT]’ L'L=1,
the following proposition yields.

Proposition 2: The defined relations from Definition 4 to
the strictly positive Metzler matrix A € M™%" form n?
parametric constraints

AZ{ahl}Z,l:l? ap <0, QApl h£l > 0V hl e <l,n> (31)

(30)

and if the strictly Metzler matrix A is represented in this
rhombic form constructed by circular shifts of its columns

—ail
az1 —az2
azi1 az2 —ass

Ao = | G G2 anz - —ann (32)
ai2 @13 - A1n
agsz - - a2n
L an—l',n_
then (32) imply the diagonal matrices Ag(v+h,v) € R}*"
Ao (vth,v)=diag [a14h,1 Gnn—h 01,n—h+1 * Chyn] (33)
which redefine (31) by the following LMI set
Ao(v,v) <0, h=0
o(v:v) s

A@(V—l-h,l/) =0, h=1,...,
Thus, respecting the diagonal matrices Ag (v + h,v) and

n—1

using powers of the matrix L for h = [,--- ,n — 1, the
strictly Metzler matrix A is parameterized as, [34]
n—1
A=> L"Ae(v+hv) (39)

h=0



Since the task is a solution for the estimator dynamics, it
is necessary to generalize the principle of diagonal param-
eterization for the matrix A, € R™’" using the principle
presented in [35].

Lemma 2: Let A € R™7" be a strictly Metzler matrix,
C € RI™" be nonnegative and J € R*™ be strictly
positive. Using the set (34) of constraint diagonal matrices
Ao(v+ h,v) € RT*", h=0,...,n — 1, and constructing
diagonal matrices for i = 1,...,m, C; € Rixn, J; €
RY™, T = L"J,L" ]Rf_X” in relation to the following
row and column representations

ci
c=|:|, J= [Jz . .j"J 36)
Cin
such that
J; = diag [JJ = diag []11 : Jm] (37)

C; = diag [¢]'| = diag [ci1- - - cin|

then the matrix A, € IM”™}" defining the observer dynamics
is parameterized as

eszh A@quhz/
h=0

Z JinC:)

Note that (38) also introduces Metzler parametric con-
straints for the observer dynamics defined by the matrix A..

(38)

Considering the latter formulations, the following design
conditions are obtained.

Theorem 2: If for the dynamics of the observer (15),
where A € R™" is strictly a Metzler matrix, C € R"*" is
a nonnegative matrix, J € R’*"™ is a strictly positive matrix,
and for a known positive scalar n € Ry compactly defined in
(11) there exist positive definite diagonal matrices P, S; €
R™*™ such that for ¢ = 1,...,m and all h € [1,n — 1] the
following set of LMIs is feasible

P=0, S;-0 (39)
) 8:Ci <0 (40)
i=1
PL"A(v+ h,v)L"" — Z S,L"C,L"" =0 41
i=1
PA+A™P+1,-Y (S,l'C;+C;ll"S;) *
i=1 <0 (42)

nP -1,

then e, (t) — 0 if t — oo and the observer gain matrix can
be obtained as

Ji=P'8;, j,=Jil, J=[j1- 3. 43
Here * denotes a symmetric item in a symmetric matrix
and the n-dimensional vector I € R" is defined as

M=[11---1] (44)

Proof: Starting from (27), then obviously one can get
fori=1,...,m

S, =PJ; (45)

and with J;, = L"TJ,L", (45) and (38) then (26) can be
rewritten as

PA+ AP+ 1,-Y (S;UTC; +Cill*s; nP Z0
=1

77P _In
(46)
which implies (42).

By premultiplying the left side by P and then multiplying
the right side by L"T, we can then get from (38) for any
hell,n—1]

PL"A(v + h,v)L" =Y PJ,L"C,L"" -0

i=1

(47)

which implies with respect to (45) the inequality (41).
If we set b = 0 and multiply the left side of the inequality
(38) by the matrix P, we get
PA(v,v) —

> PJ,Ci <0 (48)

i=1
which implies with respect to (45) the inequality (40). This
concludes the proof. ]

Remark 2: The LMI (40) reflects the structural constraints
for the elements on the main diagonal of a strictly Metzler
matrix A, € IM"7", the LMI set (41) reflects the structural
constraints for the off-diagonal elements of a strictly Metzler
matrix A, € IM"%" and (42) guarantees that A, € M™%"
is Hurwitz.

V. ILLUSTRATIVE EXAMPLE

The semilinear conformable fractional structure (8) is
constructed on the matrix parameters

-4 15 0
A=| 1-5 1|, B=|1|, C=][100]
1 2-3 0

p(A) = {~1.5451 —6.3610 = 0.3352i }

Fla®) = [e®g) 0 0]

where ||g2(t)]] < 0.3, ||g3(t)]] < 0.28 while the state vector
g(t) is nonnegative.
The Jacobian matrix is given by, [36],

0 00.28 0.3
Jf:[‘m}zo%iqg Jim=10 0 0
q(t) 00 0] 00 0

and, with relation to (10), a Lipschitz constant can be taken
as [37]

49

<||Ttmll, = 0.4104, ||.J7,
0 <[ Tgmll, [ fml oo

2

=n=0.58




To adapt for diagonal stability, one can obtain auxiliary
parameters

L= Bz(l)] M=[1111]
Ag(v,v) = diag [-4 —5 —3]
Ao(v+1,v) =diag[1 2 5], Ae(v+2,v) = diag [111]
C, =diag [1 0 0]

It can be verified that according to (35)

A=L"Ag(v,v) + L' Ao (v+1,v) + L* Ao (v+2,v)
[—4 0 0] 005 010
= 0-5 0|{+|100|+(001
| 0 0-3] 020 100
[—4 1 5]
= 1-5 1
1 2-3]

The set of design LMIs (39)-(42) is feasible in general and
solving them in MATLAB environment using the standard
SeDuMi package, [38], then for fixed n = 0.58 there we
have

P = diag [0.2126 0.4754 0.6469] > 0

S1 = diag [0.8321 0.2778 0.3813] > 0

As it is prescribed by (43), synthesizing J from these data
then
3.9138
0.5844( >0
0.5895

J=

and (15) implies strictly Metzler and Hurwitz matrix A,
where

~7.9138 1 5 —1.7855
A.=| 041565 1|, p(A.) =< —5.9302
0.4105 2-3 —8.1981

It is clear that the observer dynamics are set up such
that the vector error of the state estimate converges to zero
exponentially with time and it is obvious that for such
a spectrum of eigenvalues, numerical simulation can be
omitted. The potential problem of modifying the eigenvalues
of the observer dynamics can be addressed by adding a
quadratic constraint to the Lyapunov function, [39], [40].

This numerical example shows that the design problem
can be reduced to an equivalent LMI set with a convex
solution. Moreover, since A, is a strictly Metzler structure,
(9) implies a positive estimated vector g.(t) for a given
conformable fractional positive structure. It is evident that the
desired parametric properties are achieved using the proposed
constraint representation.

VI. CONCLUSIONS

This paper presents a methodology for solving the ob-
server design problem for semilinear conformable fractional
positive systems. The proposed set of LMIs reflects the
Lipschitz condition on the nonlinearity of the system, the
constraints arising from the Metzler matrix structure of the
system dynamics, and the diagonal stabilizability conse-
quences in the observer design task. The focus on structures
with conformable fractional derivatives adds a certain degree
of simplicity and intuitiveness to the presented methodology
and its range of applications, making it a valuable tool
in modeling and analysis of various engineering fields. It
is evident that the synthesized observer for conformable
fractional positive structures converges positively for ¢ > 0
if the matrix inequality constraints are satisfied.

The applicability of the proposed method is of course
bound to the class of positive systems, where the matrix A
must be strictly Metzler and the Lyapunov matrix P must
be a diagonal positive definite matrix, while the advantages
of conformal fractional differentiation may be limited for
positive systems with complex memory. From this point of
view an interesting practical class of positive systems based
on dynamics in the form of ostensible Metzler matrices is
represented by models for aircrafts, [41]. Since these tools
offer effective research potential for demonstrating valid
models for the analysis and synthesis of ostensible Metzler
systems, these systems represent a potential area of practical
application.
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