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Abstract—The Expectation–Maximization (EM) algorithm is a
standard tool for estimating linear state-space models, but its
reliance on dense covariance matrices makes it difficult to use
in large dimensions. We show that, for systems with sparse or
banded dynamics and simple noise structures, EM can be run
without ever forming these matrices. The key step is to replace
the usual smoother with randomized Kaczmarz iterations in
information form, reducing the covariance memory cost to O(n)
and yielding a total footprint of O(Nn) for the state trajectory,
versus O(Nn2) for the classical smoother. The overall behavior
of EM is preserved: the likelihood still improves up to a tolerance
set by the iterative solver, and shrinking this tolerance recovers
the classical updates. Experiments on large advection–diffusion
models illustrate the payoff: RK-EM matches standard EM at
moderate sizes and continues to operate at n = 65,536, where
traditional methods run out of memory. When the system is
sparse and reasonably well observed, this matrix-free version
offers a practical alternative to ensemble smoothers, with no
localization or inflation parameters to tune.

Index Terms—Expectation–Maximization, Randomized Kacz-
marz, Large-scale systems.

I. INTRODUCTION

High-dimensional state-space models appear in many mod-
ern applications, including geophysical forecasting, sensor
networks, and electrochemical systems, where the latent
state may contain tens of thousands of variables. The
Expectation–Maximization (EM) algorithm is a natural choice
for maximum-likelihood (ML) estimation in linear dynamical
systems [2], [3], but its usability declines sharply once the state
dimension grows: the Rauch–Tung–Striebel (RTS) smoother
propagates dense n×n covariance matrices, giving an O(n2)
memory cost that quickly becomes the limiting factor.

Several strategies have been proposed to reduce this burden.
Classical EM-based formulations [3], [4] remain statistically
efficient but still rely on full covariance updates. Recent
scalable variants—gradient-based [5] or precision-based sam-
pling [1]—either depend on dense matrix operations or target
different regimes. Subspace methods [6] and prediction-error
techniques [7] scale more comfortably but do not offer EM’s
likelihood guarantees, while Bayesian and kernel approaches
[8], [9] often introduce dense operators of their own. Ensemble
Kalman methods [10] reduce memory by replacing covariance
propagation with ensembles of size Ne≪n, but they rely on
tuning choices such as localization and inflation [11] and do
not directly optimize the likelihood. Randomized Kaczmarz
(RK) methods [12]–[14] are effective for large linear systems
but have not been integrated into EM in a way that preserves
its monotonicity or ML interpretation.

EM remains attractive because it provides stable ML up-
dates for latent-variable models, naturally handles missing
data, and avoids direct optimization of nonconvex likelihoods;
its main limitation in high dimensions is the covariance-based
smoothing step. We address that limitation with a matrix-free
EM algorithm that targets sparse or banded dynamics and di-
agonal or block-diagonal noise. The smoother is reformulated
in the information domain and solved via RK iterations, giving
O(n) peak memory while retaining the ML objective, linear-
memory scaling, and clear convergence guarantees.

Our contributions are:

1) Matrix-free smoothing via randomized Kaczmarz.
We replace the RTS smoother with RK iterations on
information-form equations, eliminating dense covari-
ance storage.

2) Quasi-monotone likelihood ascent. We prove that in-
exact RK solves cause only a tolerance-dependent devi-
ation from classical EM ascent, with constants that are
dimension-independent under localized interactions.

3) Scalability. We contrast RK-EM with localized EnKS-
EM (Table II) and demonstrate scalability to n = 65,536
on linearized advection–diffusion and reaction–diffusion
models where classical EM is infeasible.

The paper proceeds as follows. Section II reviews EM
and RK. Section III introduces the matrix-free formulation.
Section IV presents convergence and complexity results. Sec-
tion V gives practical guidance, Section VI provides experi-
ments, and Section VII concludes.

II. BACKGROUND

We consider the discrete-time linear state-space model

xt+1 = Axt +But + wt, wt ∼ N (0, Q), (1)
yt = Cxt +Dut + et, et ∼ N (0, R), (2)

with xt ∈ Rn, ut ∈ Rm, yt ∈ Rp, and x0 ∼
N (µ0, P0). Given {(ut, yt)}Nt=1, the goal is to estimate θ =
{A,B,C,D,Q,R, µ0, P0} by maximizing the log-likelihood
log p(YN | UN , θ).

The EM algorithm [15] alternates between computing the
expected complete-data log-likelihood

Q(θ, θ(k)) = E
[
log p(YN , XN | θ) | YN , θ(k)

]
, (3)



and updating θ(k+1) = argmaxθ Q(θ, θ(k)). For linear–
Gaussian models, Q depends only on three sufficient statistics
[2]:

S1 =

N∑
t=1

E[xt | YN ], (4)

S2 =

N∑
t=1

E[xtx
⊤
t | YN ], (5)

S3 =

N∑
t=1

E[xtx
⊤
t−1 | YN ], (6)

obtained via a forward Kalman filter and a Rauch–Tung–
Striebel (RTS) smoother [16]. The limitation is that smoothing
requires the dense posterior covariances Pt|N ∈ Rn×n: even
if the full sequence {Pt|N} is not stored, the backward pass
must maintain at least one dense covariance matrix and its
Cholesky factor, yielding an O(n2) memory footprint.

Randomized Kaczmarz (RK) is attractive in this setting
because it requires only row-wise access to the system matrix
and never forms or stores it explicitly. Starting from x(ℓ),
one randomly selects a row a⊤j of Ax = b with probability
proportional to ∥aj∥2 and performs the update

x(ℓ+1) = x(ℓ) +
bj − a⊤j x

(ℓ)

∥aj∥2
aj .

This stores only a handful of vectors (an O(n) footprint) and
converges linearly in expectation,

E
[
∥x(ℓ) − x∗∥2

]
≤ (1− κ−2)ℓ∥x(0) − x∗∥2,

with κ = ∥A∥F /σmin(A) [12]. RK supports warm starts and
admits block, greedy [13], [14], and preconditioned variants.
In this paper we use RK to replace the covariance-based RTS
smoother within the E-step and analyze how its approximation
error propagates through the EM iterations.

III. MATRIX-FREE EM ALGORITHM

Rather than storing full posterior covariances, we perform
smoothing in the information form [17]. The information
matrix Yt|N and information vector ηt|N are computed by the
backward recursion (t = N − 1, . . . , 1):

Yt|N = Yt|t +A⊤Λt+1A, (7)

ηt|N = ηt|t +A⊤Λt+1 ηt+1|N , (8)

Λt+1 := (Q+ Y −1
t+1|N )−1, (9)

where Λt+1v is evaluated matrix-free by an RK solve against
(I +QYt+1|N ), which is sparse under our assumptions. The
recursion is initialized at t = N with YN |N = P−1

N |N and
ηN |N = P−1

N |N x̂N |N , and the filtered information quantities
Yt|t = P−1

t|t , ηt|t = P−1
t|t x̂t|t are produced by the forward

Kalman pass. The smoothed mean is then the unique solution
of

Yt|N x̂t|N = ηt|N . (10)

When A is sparse or banded and Q−1 is diagonal or block-
diagonal, Yt|N inherits this sparsity, so matrix–vector products
Yt|Nx reduce to local stencil operations and RK accesses
only individual rows. These two structural conditions are
precisely what enables per-step memory O(n) rather than
O(n2), avoiding any dense n× n factorization.

The linear system (10), which replaces the classical RTS
smoothing step within the E-step of EM, is solved approxi-
mately using the randomized Kaczmarz (RK) method:

x̂RK
t|N ≈ argmin

x
∥Yt|Nx− ηt|N∥,

and iterations stop once the relative residual ∥r(ℓ)∥/∥ηt|N∥
falls below a tolerance ϵRK, where r(ℓ) = Yt|Nx(ℓ) − ηt|N .

During the backward sweep t = N, . . . , 1, the algorithm
proceeds in analogy with the RTS smoother:

1) solves Yt|Nx = ηt|N via RK (warm-starting from x̂t|t),
2) updates the required sufficient statistics,
3) stores only x̂RK

t|N for use in the M-step.

This requires keeping N state vectors of length n but avoids
storing any dense n× n covariance matrices.

The smoothed state sequence enables the M-step statistics
to be accumulated on the fly. This keeps memory proportional
to n and avoids storing second-order moments in full matrix
form.

The statistic S1 is updated incrementally as S1 ← S1+x̂RK
t|N ,

requiring only one n-vector of storage.
When each xt[i] depends only on a neighborhood N (i) of

size w = O(1), the cross-moment needed for row i of A is

N∑
t=1

x̂RK
t|N [i] x̂RK

t−1|N [N (i)]⊤.

These per-stencil quantities require only O(nw2) memory and
avoid forming the full outer product. If A is dense, S3 is
inherently n× n, so the O(n) savings do not apply.

For diagonal Q, only the diagonal entries of S2 are needed:

[S2]ii ≈
N∑
t=1

(
x̂RK
t|N [i]2 + [Pt|N ]ii

)
.

The diagonal variance [Pt|N ]ii is estimated by probe vectors:

[Pt|N ]ii ≈
1

Ns

Ns∑
s=1

[z̃(s)]2i , z̃(s) ≈ Y −1
t|N ϵ(s), ϵ(s) ∼ N (0, I),

in the spirit of Hutchinson’s stochastic diagonal/trace es-
timator [18], where z̃(s) is the approximate RK solution
satisfying ∥z̃(s) − Y −1

t|N ϵ(s)∥ ≤ ϵRK κspec(Yt|N ) ∥Y −1
t|N ϵ(s)∥,

with κspec(Yt|N ) := σmax(Yt|N )/σmin(Yt|N ). This introduces
a per-entry bias of order O(ϵRK κspec(Yt|N ) [Pt|N ]ii), which
is absorbed into the overall tolerance budget of Theorem 1.
Only O(n) memory is required for these estimates.

The resulting per-component memory breakdown for a
representative configuration is given in Table I.



The M-step, which updates the parameters by maximizing
the expected complete-data log-likelihood, solves the normal
equations

Γ

[
A⊤

B⊤

]
= S⊤

3 , Γ =

N−1∑
t=1

E[z̃tz̃⊤t | YN ], z̃t =

[
xt−1

ut−1

]
, (11)

but forming Γ directly requires O(n2) memory. To preserve
linear scaling, we solve row-wise systems using RK. For each
state index i = 1, . . . , n, we consider the reduced system

Γi

[
ai[N (i)]

bi

]
= s

(loc)
i , (12)

where Γi is the local (w + m) × (w + m) normal matrix
constructed using only neighborhood quantities.

A matrix-free evaluation of Γiv for v ∈ Rw+m is given by

Γiv =

N−1∑
t=1

[
x̂t−1|N [N (i)]

ut−1

](
x̂t−1|N [N (i)]⊤vx + u⊤

t−1vu

)
+

N−1∑
t=1

[
diag(Pt−1|N [N (i),N (i)])vx

0

]
, (13)

which uses only the stored smoothed states and diagonal
variance estimates. The RK method solves (12) with tolerance
ϵM ≈ 10ϵRK, and warm starts are taken from the previous EM
iteration. Since w = O(1), per-row storage remains O(w+m),
yielding total memory O(n).

Assumption 1 (Persistent Excitation). There exists αΓ > 0
such that σmin(Γi) ≥ αΓ for all i = 1, . . . , n and all EM
iterates.

Under Assumption 1, Γi is positive definite and the sys-
tem (12) is consistent, so Proposition 1 applies with κΓ =
σmax(Γi)/αΓ. The off-diagonal entries of Pt−1|N [N (i),N (i)]
appearing in (13) are set to zero when only diagonal variance
estimates are available; by Lemma 1 the resulting bias per
row of A is bounded by O(Cloc w σmax(P∞) e−1/ρ) (from
Lemma 1 applied to off-diagonal entries at graph distance ≥ 1
within the neighbourhood N (i)), which is negligible when ρ
is small.

Similar row-wise updates, obtained as the analog of (11)
for the measurement equation, are carried out for (C,D) and
for the diagonal components of Q and R.

Table I summarizes the memory usage for a typical config-
uration with n = 4096, N = 500, and stencil width w = 5.
All components scale linearly in n when w is fixed, and the
dominant cost becomes storing the state trajectory {x̂t|N}.

For comparison, the classical RTS smoother requires at least
one dense n×n covariance matrix, i.e., 8n2 bytes: about 134
MB at n = 4096 and about 34 GB at n = 65,536 for a single
covariance matrix. Storing the full set of N = 500 smoothing
covariances would already require roughly 67 GB and 17 TB,
respectively, making traditional EM infeasible at such scales.

TABLE I
PEAK MEMORY USAGE FOR n = 4096, N = 500.

Component Memory (MB)
Smoothed states (N × n doubles) 15.6
RK auxiliary vectors 0.16
Local stencil accumulators 0.82
Diagonal variance summaries 0.03
Sparse LU / FFT plans 0.05
Miscellaneous overhead 0.50
Total peak RSS 17 MB

IV. CONVERGENCE THEORY AND COMPLEXITY

This section characterizes how the inexact RK solves used
in the E-step influence the ascent behavior of EM. Throughout,
the RK iterator for Yt|Nx = ηt|N is terminated once the
relative residual reaches a prescribed tolerance.

Assumption 2 (RK Approximation Error). For each t, let x̂∗
t|N

denote the exact information-form smoother solution. Assume
the RK solve returns an estimate x̂RK

t|N satisfying

∥x̂RK
t|N − x̂∗

t|N∥ ≤ δx ∥x̂∗
t|N∥, δx ≤ κspec(Yt|N ) ϵRK, (14)

whenever the RK residual obeys ∥Yt|Nx(ℓ) − ηt|N∥/∥ηt|N∥ ≤
ϵRK.

Assumption 3 (Independent RK randomness across time).
The random row selections used by the RK solver at different
smoothing times t are generated from independent streams,
so that the errors {ξt = x̂RK

t|N − x̂∗
t|N} form a martingale-

difference sequence with respect to the natural filtration.

Remark 1. Assumption 3 is algorithmic: it is enforced trivially
by the implementation (independent pseudo-random streams
per time step). It does not preclude statistical dependence
through the filtered quantities Yt|N , ηt|N , which enter the
conditional mean.

The behavior of the approximation error in large systems
depends strongly on the structure of the covariance operator.
In many high-dimensional yet locally coupled models—where
each component of xt interacts with only a modest number
of neighbors—posterior correlations decay rapidly along the
sparsity graph, keeping the effective dimensionality of the
covariance small even when n is large.

Lemma 1 (Localization on Lattice Dependency Graphs). Let
the smoothing covariance P∞ correspond to a system whose
state-transition matrix induces a sparsity graph isomorphic to
a sublattice of Zd with bounded degree ∆. Suppose P∞ ex-
hibits exponentially decaying off-diagonal correlations along
this graph, i.e.,

|[P∞]ij | ≤ Cloc σmax(P∞) exp
(
− dist(i, j)/ρ

)
, (15)

where dist(·, ·) is the graph distance and ρ > 0 is a local
dependency radius. Then the local effective rank per unit
volume satisfies

r̄loc :=
1

n

Tr(P∞)

σmax(P∞)
≤ 1, max

i

∑
j

|[P∞]ij |
σmax(P∞)

≤ Cd ρ
d, (16)



so that, although Tr(P∞) = Θ(n), each row of P∞ is
effectively supported on O(ρd) sites independent of n.

Proof. Under the exponential-decay assumption, each row
satisfies

∑
j |[P∞]ij | ≤ Cloc σmax(P∞)

∑∞
k=0 Vd(k) e

−k/ρ,
where Vd(k) ≤ cd(k+1)d−1 counts the number of lattice sites
at graph distance k from i. The finite geometric-polynomial
series evaluates to a constant Cd ρ

d depending only on d, Cloc,
and the lattice geometry. Hence every row of P∞ has bounded
ℓ1 mass (normalized by σmax(P∞)) independent of n; this is
the localization property used throughout the paper.

The following structural conditions are sufficient to guaran-
tee such decay.

Assumption 4 (Localized smoothing regime). Consider a
system where:

• the transition matrix A has local sparsity width w =
O(1),

• the process noise is uncorrelated, Q = q2I ,
• the pair (C,A) is ν-step detectable,

i.e.,σmin

(∑ν−1
k=0(A

k)⊤C⊤CAk
)
≥ α > 0 for some

ν = O(w/γ) and α > 0, and
• the dynamics are contractive, sr(A) ≤ 1 − γ for some

γ > 0, where sr(·) denotes spectral radius.
with dependency radius ρ = O(w/γ). We assume that the
smoothing covariance P∞ then satisfies the exponential-decay
bound of Lemma 1 with that ρ; a rigorous derivation from
mixing and detectability is left to future work.

The combination of Assumption 2 and the localization
properties above yields a controlled relaxation of EM mono-
tonicity: the likelihood is allowed a small decrease set by the
RK tolerance. Intuitively, Theorem 1 says that each EM step
behaves like the classical one up to an error proportional to
ϵRK; in the general case this error carries a

√
n prefactor, but

in the localized regime (Assumption 4) the dimension factor
is replaced by the constant ρd, so the guarantee no longer
degrades with n.

Throughout, σ2
x := maxt Tr(Pt|N )/n denotes the average

per-component smoothing variance; under stationarity σ2
x ≤

σmax(P∞), and localization does not reduce σ2
x. Dimension-

independence in the localized regime instead enters through
the stable-rank bound of Lemma 1 (Step 3 of the proof).

Theorem 1 (Quasi-Monotone Likelihood Ascent). Under As-
sumptions 2 and 1, and assuming that the RK errors {ξt}Nt=1

form a martingale-difference sequence with respect to the
filtration Ft generated by the random row selections up to
time t, with probability at least 1− δ,

log p(YN | θ(k+1)) ≥ log p(YN | θ(k)) − C(θ(k)) ϵRK, (17)

where a general bound (up to problem-dependent constants)
is

C(θ(k)) ≤ C0N
√
n ∥A∥2σmax(P∞)

σmin(Q)λ∗ αΓ

√
log(2N/δ),

λ∗ := min
1≤t≤N

λmin(Yt|N ), (18)

If Assumption 4 holds (localized covariance regime), then

C(θ(k)) ≤ C0Nρ d ∥A∥2σmax(P∞)

σmin(Q)λ∗ αΓ

√
log(2N/δ), (19)

where the dependency radius ρ is independent of n. Hence the
bound becomes insensitive to the ambient dimension in locally
coupled regimes.

Proof of Theorem 1. Throughout, Li :=
supθ∈Θ0

∥∇SiQ(θ, θ(k))∥op denotes the operator Lipschitz
constant of Q with respect to the i-th sufficient statistic on a
compact set Θ0 containing the EM iterates; these are finite
under Assumption 1. We write C0 for a generic numerical
constant absorbing Lipschitz factors, ∥A∥2/σmin(Q), the
Azuma–Hoeffding factor, and the bound on λmax(Yt|N ) from
Step 3.

Step 1: Q-function decomposition. The EM identity gives

L(θ(k+1))− L(θ(k)) =
[
Q(θ(k+1), θ(k))−Q(θ(k), θ(k))

]
−DKL

(
p(X|Y, θ(k)) ∥ p(X|Y, θ(k+1))

)
.

Since DKL ≥ 0, it suffices to lower-bound the bracketed
term. Writing Q = QRK + (Q −QRK) and using Lipschitz
continuity, |Q−QRK| ≤

∑
i Li∥S̃i − Si∥F =: ∆Q, so

L(θ(k+1))−L(θ(k)) ≥ [QRK(θ
(k+1), θ(k))−Q(θ(k), θ(k))]−2∆Q,

where the factor 2 accounts for errors at both θ(k+1) and θ(k).
Step 2: Sufficient-statistic concentration. Let ξt := x̂RK

t|N−
x̂∗
t|N , so ∥ξt∥ ≤ δx∥x̂∗

t|N∥ by Assumption 2. Set Φ := S2 =∑
t(Pt|N + x̂t|N x̂⊤

t|N ) and Ψ := S3 =
∑

t(x̂t|N x̂⊤
t−1|N +

Pt,t−1|N ); the cross-covariance Pt,t−1|N is estimated by probe
vectors at the same tolerance as the diagonal variance, and its
contribution is absorbed into C0.

Let Ft denote the σ-algebra generated by all RK row
selections at times 1, . . . , t, and define the centered increments

Zt := (ξtx̂
∗⊤
t|N + x̂∗

t|Nξ⊤t + ξtξ
⊤
t )− E[ · | Ft−1].

Under Assumption 3, {Zt} is a matrix martingale-difference
sequence with ∥Zt∥op ≤ 2δxσ

2
x a.s. and

∑
t E[Z2

t | Ft−1] ⪯
Nδ2xσ

4
x I , where σ2

x := maxt Tr(Pt|N )/n. The matrix Azuma–
Hoeffding inequality [19, Thm. 7.1] then gives, with proba-
bility ≥ 1− δ,∥∥∥∑

t

Zt

∥∥∥
op
≤ 2δxσ

2
x

√
2N log(2n/δ).

Converting to Frobenius norm via ∥ · ∥F ≤
√
r ∥ · ∥op with r

the stable rank of the error matrix yields∥∥∥∑
t

Zt

∥∥∥
F
≤ 2δxσ

2
x

√
2rN log(2n/δ),

where r ≤ n in general and r ≤ Cdρ
d under Lemma 1.

Analogous bounds hold for Ψ and Γ.
Step 3: Combining the bounds. From Step 1 and the

Frobenius bound above, ∆Q ≤ C0Nδx
√
r ∥A∥2σ2

x/σmin(Q).
Assumption 2 gives δx ≤ κspec(Yt|N ) ϵRK, and under the
standard non-degeneracy condition Q ⪰ q2minI (which inherits
a process-noise floor to Pt|N , so λmax(Yt|N ) ≤ 1/pmin



with pmin := mint λmin(Pt|N ) > 0), together with σ2
x ≤

σmax(P∞), absorbing numerical constants into C0 yields (18)
with λ∗ := pmin (taking r = n). Under Assumption 4,
r = Cdρ

d replaces n and gives (19).

Remark 2. The constant C(θ(k)) grows with N and with
the conditioning of the information operator, and improves
markedly when local coupling limits long-range correlations.
As ϵRK→ 0, the inequality collapses to classical EM mono-
tonicity.

RK Iteration Complexity

The number of RK iterations needed to reach a relative
residual ϵ depends on the conditioning of the system matrix.

Proposition 1 (RK Iteration Bound). For Ax = b, define
the Frobenius condition number κ2

F = ∥A∥2F /σ2
min(A), which

satisfies κF ≤
√
nκspec where κspec = σmax(A)/σmin(A).

The RK method requires O
(
κ2
F log(1/ϵ)

)
expected iterations

to achieve relative accuracy ϵ [12]; for a square nonsingular
A this is at most O(nκ2

spec log(1/ϵ)).

Application to Smoothing.: For the information-form
system Yt|Nx = ηt|N the RK convergence rate is governed by
the Frobenius condition number κF (Yt|N ). When Yt|N is s-
sparse per row (as under Assumption 4), each row has ℓ2 norm
bounded by

√
s ∥Yt|N∥op (up to a constant), so ∥Yt|N∥2F ≤

s ∥Yt|N∥2op and κ2
F (Yt|N ) = O(s κ2

spec(Yt|N )) = O(s/γ2)
independently of n. When observations constrain only a small
subset of directions, σmin(Yt|N ) shrinks and RK convergence
slows.

Total Computational Cost

For a system with local sparsity width w = O(1), an EM
iteration requires:

• Forward filtering: O(Nnw2),
• RK-based smoothing: O

(
N κ2 log(1/ϵRK)nw

)
,

• Row-wise M-step updates: O
(
nκ2

Γ log(1/ϵM )Nw2
)
.

In locally coupled regimes where κF (Yt|N ) and κF (Γi)
remain bounded in n, the overall complexity is O(Nn)
with O(Nn) state-trajectory memory and O(n) covariance
memory, compared to O(Nn2) for classical EM. In poorly
observed or strongly correlated regimes, κ may grow with
n, and the cost approaches that of dense EM—while still
preserving linear memory usage.

V. PRACTICAL GUIDANCE

The bound in (18) suggests how to select the RK residual
tolerance ϵRK. To limit the per-iteration likelihood drop to a
user-specified level τ (e.g., 0.01% of the current log-likelihood
magnitude), it suffices to enforce

ϵRK ≤
τ σmin(Q)λmin(Yt|N )

C0N
√
n∥A∥2σmax(P∞)

√
log(2N/δ)

. (20)

In practice we use an adaptive coarse-to-fine schedule: early
EM iterations run with a loose tolerance to move quickly
in parameter space, and ϵRK is tightened by one order of

magnitude whenever a significant likelihood drop is observed.
The M-step tolerance ϵM = 10 ϵRK is typically adequate, since
its contribution to the likelihood error is of higher order.

Two diagnostics are useful:
• Slow RK convergence. If RK exceeds ∼ 104 iter-

ations per solve, Yt|N is likely ill-conditioned. Esti-
mating κ(Yt|N ) by power iteration and applying mild
Tikhonov regularization, Ỹt|N = Yt|N + λI with λ =
10−5∥Yt|N∥op, usually restores stability.

• Unphysical parameters. Unstable estimates (sr(A) >
1 or near-singular Q,R) indicate poor observability or
model mismatch. Soft penalties on log detQ, log detR,
or a projection of A onto the stable set during the M-step
remove such pathologies.

Table II summarizes when RK-EM or localized EnKS-EM
is preferable.

TABLE II
QUALITATIVE COMPARISON OF RK-EM AND LOCALIZED ENKS–EM.

Scenario RK-EM EnKS–EM
Banded A, diagonal Q,R ✓ ✓
Adequate observability
(p/ρd ≳ 1)

✓✓ ✓

Very sparse sensing (p ≪ n) ✓ ✓✓
Maximum-likelihood guaran-
tees desired

✓ –

No tuning of localiza-
tion/inflation

✓ –

Embarrassingly parallel up-
dates

– ✓

High robustness under ill-
conditioning

– ✓

VI. NUMERICAL EXPERIMENTS

We assess RK-EM on large linear state-space models and
compare against classical EM. Rather than matrix estimation
error, we report the normalized H2 error (FRE) of the iden-
tified transfer function G(z) = C(zI − A)−1 on a dense
frequency grid, which measures input–output fidelity more
interpretably in high dimensions. Identifiability is ensured by
structural constraints (banded or sparse A). All experiments
use double precision, ϵRK = 10−4, ϵM = 10−3, on a dual-
socket Intel Xeon E5-2680 v4 with 128 GB RAM.

The primary benchmark is a one-dimensional stochastic
advection–diffusion equation,

∂c

∂t
= α

∂2c

∂x2
− v

∂c

∂x
+ σwξ(x, t),

with periodic boundaries, discretized using central differences
for diffusion and an upwind scheme for advection. This yields
a tridiagonal state-transition matrix with periodic wrap-around
and a set of p = 10 uniformly spaced sensors. At a moderate
dimension (n = 100), RK-EM and classical EM produce
nearly identical likelihoods, and their transfer-function fits
differ by only about half a percent. Table III summarizes the
results averaged over 20 trials; RK-EM reduces memory by



roughly a factor of two while retaining a faithful reconstruction
of G(z).

TABLE III
TRANSFER-FUNCTION ACCURACY FOR n = 100, p = 10, N = 500.

Method LLfinal FRE (%) Mem (MB)
EM −678.2 3.21 3.45
RK (w = 2) −680.5 3.74 1.82

Varying the assumed stencil width wfit confirms a clear
asymmetry: severe under-specification (wfit = 0) raises FRE
to 46%, while mild over-parameterization (wfit = wtrue + 1)
reduces FRE slightly (from 4.10% to 3.74%). Choosing wfit =
wtrue + 1 is safe in practice.

Next, we examine how performance scales as the state
dimension grows from n = 50 to n = 1024. Classical EM
quickly becomes memory-limited, whereas RK-EM increases
linearly and remains well below practical memory thresholds.
The transfer-function error increases only modestly, indicating
that the essential spectral structure is preserved even when the
underlying optimization relies on iterative solves. The results
appear in Table IV.

TABLE IV
SCALING WITH STATE DIMENSION (p = 10, N = 500).

n EM Mem EM FRE RK Mem RK FRE
50 1.2 MB 3.54% 0.8 MB 3.82%
100 3.5 MB 3.21% 1.8 MB 3.74%
256 18.3 MB 3.46% 4.2 MB 3.95%
512 68.1 MB 3.58% 8.1 MB 4.12%
1024 272 MB 3.67% 16.5 MB 4.29%

To test the method on a more challenging operator, we
repeat the study on a Fisher–KPP linearization, which yields a
substantially stiffer system. Even though the condition number
increases by roughly a factor of four, RK-EM remains stable,
requiring additional iterations but introducing only a small
increase in FRE (Table V). This suggests that the method
tolerates moderate ill-conditioning without the help of pre-
conditioners.

TABLE V
ADVECTION–DIFFUSION VS. REACTION–DIFFUSION (n = 1024).

System κ(A) FRE (%) RK iters/step
Advection–diffusion 12.3 4.29 320
Reaction–diffusion 48.7 4.88 480

Finally, we explore the extreme large-scale regime. Clas-
sical EM cannot run beyond a few thousand states due to
its n2 memory footprint. RK-EM remains feasible even at
n = 65,536, where a single dense covariance matrix alone
occupies tens of gigabytes (see Table VI caption), yet recovers
the system’s transfer function with only a small spectral error
(Table VI).

VII. CONCLUSIONS

This paper presented a matrix-free EM algorithm that re-
places the covariance-based smoother with an information-

TABLE VI
LARGE-SCALE TRANSFER-FUNCTION ACCURACY (p = 10, N = 500). EM

MEMORY REPORTS THE SINGLE-COVARIANCE FOOTPRINT; STORING ALL
N SMOOTHING COVARIANCES WOULD MULTIPLY THIS BY N (67 GB AT

n = 4,096; 17 TB AT n = 65,536).

n EM Mem (1 cov.) RK Mem FRE (%)
4,096 0.13 GB 17 MB 2.8%
65,536 34 GB 260 MB 2.5%

form scheme solved by randomized Kaczmarz iterations, re-
ducing memory to linear growth in the state dimension for
models with sparse or banded structure. Theoretical bounds
show that the inexact solves introduce only controllable devi-
ation from classical EM, with standard monotonicity recovered
as tolerances tighten. Numerical experiments confirm that the
algorithm retains EM-level accuracy while remaining feasible
at scales where traditional implementations fail, including
problems with more than 6× 104 states.
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