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Abstract—Planning trajectories for wheeled unmanned
ground vehicles (UGVs) in unstructured environments remains
a significant challenge, particularly due to the discrete nature of
most map representations. Traditional grid-based exploration
algorithms, while widely used, frequently neglect critical fac-
tors such as dynamics and terrain traversability. Alternative
methods, rooted in optimal control, are typically designed
for structured environments and rely on collision constraints
involving analytically defined or convexified shapes—limiting
their applicability in real-world, cluttered scenarios. This work
introduces a novel approach of the trajectory planning problem
for unstructured environments. By leveraging cubic B-spline
approximations of the map, we enable seamless integration into
optimization solvers, combining flexibility with computational
efficiency. The problem is framed within the SCvx algo-
rithm, guaranteeing polynomial-time convergence and robust
performance. A rigorous analysis of approximation errors is
conducted to ensure the practical safety of the generated tra-
jectories, with a focus on adherence to traversability constraints.
The proposed approach is validated through comprehensive nu-
merical simulations, demonstrating its effectiveness in complex,
real-world conditions.

[. INTRODUCTION

Trajectory planning for wheeled unmanned ground vehi-
cles (UGVs) is one of the key challenges in autonomous
robot navigation [1], especially in unstructured environments.
Recent advances in optimization techniques and sensor fu-
sion have significantly improved the performance and accu-
racy of trajectory planning algorithms, making them more
effective in such complex conditions [2]. Additionally, the
challenge of navigating complex and dynamic environments
with cluttered and moving obstacles has garnered more
attention, resulting in the development of novel methods [3],
[4]. However, unstructured environments inherently increase
the path planning difficulty, for example, where a UGV must
adapt its speed to the ground surface profile while avoiding
locally non-traversable zones and obstacles. Structured envi-
ronments are often considered, leading to better performance
and more reliable outcomes, especially when assuming a flat
ground hypothesis. The representation of obstacles and the
specific characteristics of the configuration space, such as
traversability, must be reliably modeled.

In robotic navigation, the initial phase typically involves
acquiring map data through perception. This data is then
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discretized and represented in a grid structure for further
processing [5]. Other forms of map representation, such as
topological maps and metric maps, also exist [6]. A variety of
planning algorithms, including A*, Dijkstra’s algorithm, and
Rapidly-exploring Random Trees (RRT), employ heuristics
or optimization techniques [7], [8] to determine paths in
map-based environments. These planners are efficient for
relatively simple environments, but their computational and
memory requirements grow significantly in larger or more
complex environments. In addition, the inclusion of con-
straints on system states, control inputs, and the environment
adds complexity and reduces efficiency. An alternative solu-
tion is to formulate the problem as an optimization problem,
which offers greater flexibility and allows for easier inclu-
sion of various constraints. For example, Model Predictive
Control (MPC) methods [9] can efficiently handle dynamic
constraints such as velocity limits or non-holonomic restric-
tions. Additionally, methods such as sequential quadratic
programming (SQP) [10], direct collocation, or successive
convexification (SCvx) [11] can be employed to minimize
objectives like energy consumption or travel time, while still
respecting constraints imposed by the environment and the
control system. The challenge lies in effectively modeling the
various constraints, particularly in the context of unstructured
environments.

Some works propose preprocessing the map of unstruc-
tured environments to define safe and convex zones for
trajectory optimization. This can reduce the complexity of the
optimization problem, ensuring more efficient and safer path
planning. Han er al. [12] propose a method for decomposing
unstructured environments by constructing free-space corri-
dors using convex polygons. This approach ensures collision-
free navigation and enhances safety along the path. However,
the computational cost can be significant, especially in
large or complex environments. Additionally, incorporating
dynamic constraints, such as area-dependent speed limits
caused by terrain irregularities, requires further modeling or
preprocessing. To the best of our knowledge, this aspect has
not been thoroughly investigated. Existing studies primarily
focus on representing unstructured obstacles in the environ-
ment, while terrain irregularities remain largely unaddressed.
The notable exception is [13], which considers a complex
3D model of a UGV and models terrain roughness as a
cost to minimize during trajectory planning. The composite
formulation of the framework, which combines an integrated
potential field function, Voronoi-based preplanning, and a
nonlinear optimal control model solved via Interior Point
Optimizer (IPOPT) tool, inevitably increases the compu-



tational and implementation complexity. In contrast, the
approach proposed in this paper utilizes a unified framework,
coupled with an effective and straightforward formulation of
the path planning problem. Additionally, convex optimization
solvers are leveraged, providing significant efficiency in
terms of computational cost.

This paper introduces a novel approach to trajectory plan-
ning in unstructured environments by formulating an optimal
control problem (OCP) that addresses obstacle avoidance
and velocity constraints while leveraging terrain traversabil-
ity. The system constraints are modeled through a cubic
B-spline approximation of the unstructured environment’s
traversability map, which enhances both the formulation and
computational efficiency of the optimization problem. B-
splines offer high numerical stability and can easily adapt
to dynamic changes and irregularities, making them ideal
for real-time trajectory optimization. Furthermore, B-spline
approximation errors can be bounded and accounted for in
constraints of OCP. The OCP is formulated using the SCvx
algorithm, ensuring computational efficiency and leveraging
the benefits of the convexification paradigm. Furthermore,
recent advancements enable the leveraging of online em-
bedded computations through code generation [14]. The
constraints are formulated to align with the algorithm’s
structure, ensuring efficient implementation and effective
optimization. While the proposed approach has not been
extensively explored, numerical simulations are provided to
demonstrate its effectiveness.

The paper is organized as follows. Section II explores
the key concepts of B-spline approximation. Section III
presents the method for generating unstructured environ-
ments traversability map used in the numerical simula-
tions. Section IV states the problem formulation. Section V
presents and discusses the results. Section VII concludes.

II. PRELIMINARIES ON B-SPLINES

The Bivariate B-spline [15] approximation is given by:
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where B; ,(x) and B; ,(y) are n-th order B-splines defined
over the nodal grids {z;} and {y;}, and ¢;; are the control
points associated with these grid points. The coefficients c¢;;
are determined by solving a system of linear equations based
on the function values at selected points. The n-th order B-
splines are recursively defined as follows:
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These B-splines can be computed using the Boor-Cox
recursion formula, starting from the first-order B-splines
defined as:

17 T <z < Li+1,
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otherwise.

The function S(z,y) provides a smooth and computation-
ally efficient approximation in two dimensions. The partial
derivatives with respect to x and y are computed as follows:
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The first derivative of an n-th order B-spline is given by:

B, (x) = Bin-1(z) Bi+1,n71(m).
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For cubic B-splines (n = 3), the resulting function
S(z,y) is globally C%-continuous. In this work, we adopt
a matrix-based formulation rather than the recursive Boor-
Cox approach. This choice is particularly well-suited for
structured grids, where the uniform knot spacing allows for
a constant coefficient matrix. As a result, the evaluation of
the B-spline surface becomes computationally efficient and
avoids the overhead of recursive calculations. For cubic B-
splines, the basis function matrix representation is as follows:
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where ¢ is the parameter, and Py, Py, P>, P5 are the control
points.

III. GENERATION OF TRAVERSABILITY MAP

In order to perform trajectory planning, a map generation
workflow is designed to represent random traversability of
unstructured environments. To this end, without loss of
generality, Perlin noise [16] is used to generate a terrain-
based traversability map (TM) that is both unstructured
and coherent. This noise function guarantees smooth vari-
ations while maintaining randomness, making it particularly
effective for simulating natural landscapes. The generated
map can be customized using two key parameters—octaves
and seed. The octaves parameter determines the level of
detail in the map by specifying how many layers of noise
are combined. Higher octave values result in finer, more
detailed features. The seed parameter introduces variability,
enabling the generation of a different map each time, even
with identical octave values. Once generated, the map is
normalized to the range [0, 1], implicitly encoding various
terrain features such as slopes and holes. Figure 1 illustrates
several examples of normalized maps generated using Perlin
noise.

In real-world applications, traversability maps are typically
generated using geometric-based approaches [17]. These
maps rely on digital elevation models (DEMs), which are
constructed from high-resolution LIDAR measurements. The
process involves two key steps: first, ground segmentation
is performed to distinguish the terrain surface, and second,
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obstacles are identified and segmented based on their height
relative to the ground reference. To ensure the relevance
of our method for practical deployment, we emulate this
elevation mapping process using Perlin noise, which effec-
tively replicates the variability and complexity observed in
real LiDAR-derived terrain data as in [18]. This simulation
strategy bridges the gap between theoretical development and
real-system implementation, validating the applicability of
our approach in unstructured environments.

IV. TRAJECTORY PLANNING PROBLEM

Let P(z,y) : R> — R denote a terrain irregularities score
of an unstructured environment.

Remark 1. Here, the term unstructured environment pri-
marily refers to irregular variations in terrain elevation.
Features such as holes, slopes, and bumps characterize
such environments. More broadly, the spatial distribution of
obstacles can also be considered part of an unstructured
environment. In summary, the terrain irregularities score map
can be derived from various assessments, depending on user
considerations and system capabilities.

A continuous mapping of the terrain irregularities allows
for the construction of an associated traversability score map.

Assumption 1. There exists an operator T such that:
T: P(z,y) — T(z,y),

where T(x,y) represents the traversability score map de-
rived from P(x,y). The operator T is continuous, ensuring
smooth transitions between different traversability regions.

Remark 2. The traversability map (TM) is obtained by
processing the terrain irregularities map, which is initially
generated from discrete sensor measurements and prepro-
cessing algorithms.

We consider the case where the traversability map has
already been obtained. Without loss of generality, we focus
on maps derived from elevation assessments, primarily using
Perlin noise, as presented in the previous section.

Since the traversability map 7'(z;,y;) is inherently dis-
crete, using it directly in optimization problems can be
challenging. To address this issue, we apply a cubic bi-
variate B-spline approximation, denoted T(x,y), to obtain
a smooth, continuous representation of the TM by applying
Equation (4) for n = 3. This approximation preserves the
essential features of the original discrete map while en-
abling the smoothness required for subsequent calculations,
such as dynamic optimization. Consequently, cubic B-splines
provide a highly suitable method for approximating the
traversability map. Since the knot positions are fixed in the
chosen formulation (section II), the resulting B-spline surface
T(x,y) constitutes only an approximation of the discrete
traversability map T'(z;, y; ). Nevertheless, the approximation
error can be bounded under suitable conditions, making
T(gc,y) reliable for integration into subsequent analyses,
including optimization and trajectory planning.

Assumption 2. The traversability map T(x,y) is sufficiently
smooth locally such that the following error bound holds:

\T(;E,y)—f(x,yﬂ < C-h?- max \DzT(amy)\7 @)
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where h represents the grid step size, C is a constant
depending on the spline construction and mesh regularity,
T (z,y) is the cubic B-spline approximation, and D? denotes
second order partial derivatives.

a) Physical Interpretation and Assumption Validity:
The local smoothness of the TM extracted from an elevation
terrain map is considered valid in the presence of gradual
positive and negative slopes. It is assumed that discontinuities
are either nonexistent or sufficiently small to be negligible.
In addition, the construction of a traversability map also de-
pends on the system under study. For certain systems, terrain
irregularities or some discontinuities may be perceived as
non-impacting, thus extending the validity domain of this
assumption.

Trajectory planning based on traversability specifications
is subsequently carried out under the system’s dynamic con-
straints, which can be classified into the following categories:

o Non-Traversable Area (NTA): Regions that cannot be
traversed.

o Constrained Traversable Area (CTA): Regions that
are traversable but subject to dynamic restrictions.

o Traversable Area (TA): Regions without any restric-
tions on the system’s dynamics.

Hence, the dynamic constraints associated with the
traversability specifications can be formally defined. In this
study, the following constraints are taken into account.

For the NTA, a threshold value 7; is defined and is given
by:

T(x, y) <11 )



Its value is determined by the user, it can be extracted
from the robot dynamics or from operation constraints. This
constraint can be seen as a collision avoidance constraint.
For example, if a robot cannot go over an obstacle higher
than 30cm then 7 = 0, 3. For both TA and CTA, a threshold
value 7 is defined, which leads to the following constraint
on the maximum velocity:

max_speed

1+ K max (T(z,y) — 7'0,0)

€))

Umax =

where vax denotes the system’s maximum admissible lin-
ear speed, max_speed represents the system’s unconstrained
maximum velocity, K is a constant velocity gain, and 7 is
the threshold associated with the TA and CTA specifications.
For example, a robot can go over obstacles at full speed
when obstacles are not higher than 10cm so in this case
70 = 0.1. When T'(z,y) is below 7o, no speed restriction
is applied. We choose to incorporate the velocity constraint
in this problem using the proposed formulation, which in-
cludes a user-defined threshold 7. This parameter provides
a specific dynamic behavior for the maximum velocity, while
remaining adaptable by the user.

Example 1. Consider the kinematic model of a Dubin’s car:

T uy cos(6)

¥l = |u1sin(0)

é Uug

where x and y are the position coordinates of the vehicle in
the plane, and 0 is the orientation angle. The control inputs
are given by uy, which represents the linear velocity, and us,
which is the angular velocity. More elaborate dynamics may
be considered such as [19] which are variations of Dubin’s
model. Indeed many four-wheel ground robots are based on
differential kinematic model.

The optimal control problem for trajectory generation is
formulated as:
N-1
min Z (U%k + by, + T, yk))
U,X ’
k=0
S.t. Xgy1 = f(Xk, uk),

0< U, <ok

max?

k=0,1,...,N—1
|u2,k'| < Wmax
T(xg,yx) < 71, VEk

XN = Xend

(10)

X0 = Xstarts
uig=ugo=0 uyy=uyny=0

Lmin < Tk < Tmax; Ymin < Yk < Ymax; vk

where the dynamics of the robot is given by discrete-time
non-linear function f, the state vector is given by:

T
_ F _ ULk
Xk = |Yk |, U= sk
Qk ’

and xp and xp represent the initial and final positions,
respectively.

Algorithm 1 SCvx Algorithm

Input : Initial trajectory (x(*),u(")), tolerance €,
Output: Optimized trajectory (x(1D u(+1))

Data: Initialize trust region radius (1) > 0
Repeat
Linearize the dynamics around the current trajectory
(x(, u) to obtain matrices AS), BS), C,gl), Dg),
and El(;)
Update the convex sub-problem parameters using the
linearized dynamics
Solve the convex sub-problem to obtain the optimal
solution (x(+1) u(i+1)
if improvement in cost function then
Accept the solution and update the trust region
‘ radius 7(*+1)
end
else
Reduce the trust region radius ") and recom-
pute

end
EndRepeat cost reduction < €;,7;
return Optimized trajectory (x("+1) u(+1))

Remark 3. Note that a fixed-time problem with a specified
end time ty is being considered.

A. SCvx Algorithm

The SCvx algorithm is a sequential convex programming
(SCP) method designed to solve a sequence of locally convex
approximations of an optimization problem. At each SCvx
iteration, the original non-convex problem is convexified by
linearizing the non-convexities. The resulting convex sub-
problem is then discretized with respect to time, typically
using a first-order hold (FOH) interpolation method. How-
ever, the linearization introduces artifacts such as artificial
infeasibility and unboundedness. To address these issues,
the linearized equations are augmented by adding a virtual
control term, modelled by matrix E in Algorithm 1, and a
trust region, as described in [20], [21]. At each iteration,
the convex sub-problem is solved using an second order
cone programming (SOCP) solver. The obtained solution is
then used to update the SCvx algorithm parameters. The
stopping criterion is based on the difference between the
current iteration’s trajectory solution and the previous one,
with a small difference indicating that further improvements
are unlikely. Algorithm 1 summarizes the SCvx structure.

For further details on the SCvx algorithm, we refer the
reader to [21]. For the purpose of this work, we focus on
two key aspects of the algorithm: the outer loop, where the
non-convexities are linearized at each iteration, and the inner
loop, where the convex sub-problem is solved using an SOCP
solver.



B. Constraints Linearization

In its current form, the problem in (10) is not convex
with respect to the constraints and requires linearization. The
focus is placed on the linearization of the dynamic constraints
in (8) and (9). The linearization of the other constraints is
well-documented in the literature, and interested readers can
refer to [21] for further details. To address this, the first-
order Taylor expansion is applied. This is made easy thanks
to the good derivation property of B-Spline, see Equation (5).
Thus, the constraint defined in Equation (8) is transformed
as follows:

oT
T(zr,yx) = T(x3, y3.) + 5= (@7, vp) (2 — 2))+

~ Oz
oT
aﬁy@iﬂﬁ)(@/k —yy)<mi+a (11
where (.)P denotes the values obtained from the previous
iteration (¢ — 1), « is a positive relaxation variable.
The constraint (9) can be rewritten by exploiting only the
values from the previous iteration:

max_speed

1+ K max (T(ch,yi) - TQ,O) .

0< Uy < (12)

Hence, the right-hand side term now depends only on known
parameters, and the nonconvexity with respect to z; and yx
has been relaxed.

C. Error Bound and Step Size Constraint

To ensure that the constraints are physically respected,
it is essential to guarantee that the map approximation is
sufficiently accurate, while also correcting any potential
biases that could lead to violations of these constraints.

Proposition 1. Let T(x;,y;) be the original discrete
traversability map, approximated by a cubic B-spline T(x, y)
at the control points (z;,y;). If the maximum error at the
control points is

Emax = max |T(xzayj) - T(xiayj”v

Ti,Yj

then the error over the entire domain [a,b] X [c, d] satisfies

max ] |T($,y) - T(J?,y)| < Emax-

(z,y)€la,b] x[c,d
Proof. By Assumption 2, T(z,y) is C? and its cubic B-
spline approximation T'(z,) is smooth with local support.
The B-spline basis forms a convex partition of unity, so no
new extrema are introduced between control points. Hence
the maximum error over the domain is bounded by the
maximum error at the control points, Eyax. O

Corollary 1. Using the bound provided by Assumption 2,
the grid step size h must satisfy

C-h*.

max

D2T z,Y)| € Emax
(z,y)€la,b] X [c,d] | ( )|

to guarantee that the error over the entire domain does not
exceed Epax.

Proof. By Proposition above and the C? bound
from Assumption 2, the error is bounded by
C h? max(, ) |D*T(x,y)|. To ensure this does not
exceed Eyax, the inequality above must hold. O

D. Approximation-Based Safety Constraints

Finally, to ensure safe physical collision avoidance and
respect the traversability specifications, the equations (11)
and (12) are adapted as follows.

oT
T yw)pr = Tk ) + G0 (ko vl (o — )+

oT
(Ty(wﬁ,yi)(yk —yp)<m—e+a, (13)

0 <y < maxspeed a4
1 + K max (T(Jci, yp) +e— TO,O)
with the new condition:
= mi Ema:z:
€ m}in (15)

The parameter € ensures that the constraints are physically
respected, allowing for a margin of error, which may result
in global over-estimation of ’f(:z:7 y). This parameter should
be chosen to be as small as possible by decreasing the
discretization step h.

V. NUMERICAL SIMULATIONS

In this section, the simulation results obtained for the
considered example are presented. The simulation parameters
used are Xguq = [—4,—7,0]", Xena = [4,5,0]T, N = 40,
Wiax = /3, max_speed = 20/3.6, Tmin = Ymin = —7-5,
Tmax = Ymax = (.0, h =0.2, K =5, 10 = 0.2, ;, = 0.9,
and € = 0.05. We considered different value of final time
ty =[8,9,10,11]s. The SCvx convex sub-problem is solved
using ECOS solver [22], with convergence achieved after
15 iterations for ty = 8s (Ubuntu 20.04.6 LTS, Intel®
Core™ 1i9-9900K CPU @ 3.6 GHz). Figure 2 shows the
planned trajectory for the Dubin’s car dynamics on a map
generated with octave = 4 and seed = 10.

All the constraints are satisfied at the & discretization
points. For each final time tf, the algorithm successfully
minimized the traversability score and the controls along
the trajectories. In addition, all the constraints are satisfied.
Because of the nonlinear nature of the problem the obtained
solutions are only locally optimal. Hence, starting from
different initial trajectories may provide different solutions.

Figure 3 presents the velocity evolution subject to the
traversability velocity constraints. As observed, the CTA
specification is respected at the discretization points. Further-
more, u; is equal to the maximal value as the optimizer found
a trajectory allowing the maximal value. Figure 4 presents
the path cost along the optimal trajectory.

For the entire trajectory, the cost remains below the
threshold value 7;. Figure 5 presents the angular velocity
evolution along the optimal trajectory.
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VI. DICUSSION

By exploiting the SCvx paradigm and reusing the previous
iteration values at each convexification step, some problem
variables can be treated as parameters, thereby reducing the
numerical complexity. Using cubic B-spline interpolation,
we were able to formulate dynamic environment constraints
on the system state and control variables more naturally.
While the approximation error can be bounded under certain
assumptions, its value is incorporated into the problem
constraints to ensure practical feasibility of the obtained
solutions. Hence, as presented, we are able to obtain locally
optimal solutions to the original complex control problem.

a) Limitations: Due to the nonlinear nature of the
problem, local minima exist within the solution set. Within
the SCvx paradigm, feasibility can still be achieved even
when starting from an infeasible initial trajectory that passes
through these minima; however, it is not guaranteed. The
algorithmic framework can be further enhanced to ensure
solution feasibility. Oguri et al. [23] proposed the SCvx*
algorithm, highlighting its strong global convergence to a
feasible local optimum. The feasibility is ensured using an
augmented Lagrangian approach. By combining this method
with the ideas discussed before, the robustness of the algo-
rithm can be further improved.

Moreover, inter-sample constraint violations may occur in
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the proposed approach. While this aspect is not explored
in this paper for the sake of brevity, readers can refer to
[24] for further details. Kamath ef al. [25] proposed a time-
interval dilation procedure to address this issue. This more
advanced SCvx variant can be employed instead of the
simpler version used in the proposed approach, and its impact
will be examined in future work.

Finally, since the problem formulation assumes a smooth
traversability map, the overall feasibility may appear limited.
Nonetheless, this limitation can be mitigated by using local
approximations of the map based on continuous piecewise
segments, which provide a more flexible representation of
complex terrains.

b) Extended capabilities: In its current form, the opti-
mal control problem can be easily extended by introducing
additional constraints. In particular, inequality constraints
can be added to represent physical obstacles. In the context
of robotic perception, these obstacles can be derived, for
instance, from semantic map segmentation. For example,
the approach proposed in [26] can be used to approximate
the ground surface for the construction of the traversability
map (TM). Subsequently, semantic segmentation can identify
non-traversable obstacles, which are then incorporated into
the framework. This approach highlights the versatility of the
proposed formulation, demonstrating its ability to accommo-
date a variety of constraints within a unified framework.

Furthermore, as the local subproblem to be solved is a
Second-Order Cone Program (SOCP), the approach remains
computationally efficient and well-suited for embedded sys-
tems. Finally, by adapting the SCvx algorithm, it is possible
to reduce the formulation to a Linear Program (LP), which



opens promising opportunities for verified computations [27].

VII. CONCLUSION

The current work focuses on trajectory planning in un-
structured environments using discrete maps. The proposed
formulation is straightforward, promoting ease of imple-
mentation and integration while enhancing modularity. A
smooth cubic B-spline approximation efficiently provides
a continuous representation of the discrete map. Obstacle
avoidance and velocity constraints are incorporated based
on traversability specifications. The problem is formulated
within the SCvx framework and solved using a SOCP solver,
leveraging sequential convex programming. Approximation
errors are accounted for to ensure practical safety. The results
demonstrate the effectiveness of the proposed approach.
Future directions aim at further improving the robustness
of the proposed framework, which already demonstrates
efficiency and accessible implementation process, making it
well-suited for embedded systems.
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