Analysis of Hydraulic Delays in Cascade Reservoir Systems: A
State-Space Control Approach

Filipa N. Nogueira! and Luis Tiago Paiva?

Abstract— This work analyses the effect of hy-
draulic delays on water level regulation in cascade
reservoir systems. A previously proposed state-space
control strategy is extended by incorporating delay
in the flow propagation between reservoirs. The delay
is interpreted as an additional perturbation, and a
bound on the tracking error is derived.

Simulation results under different delay values and
disturbance uncertainty show that the delay leads
to performance degradation while preserving closed-
loop stability.

I. INTRODUCTION

The operation of controlled water systems requires
maintaining reservoir levels within predefined limits
while coping with uncertain inflows. In applications such
as flood mitigation and drainage management, deviations
from the desired water levels may lead to severe opera-
tional and safety issues. As a result, the design of reliable
control strategies for reservoir systems remains a relevant
and challenging topic.

Numerous control strategies have been proposed in the
literature for water level regulation in reservoir systems.
An adaptive control approach is considered in [1]. Model
predictive control (MPC) methods have also been widely
applied, as in [2], [3], due to their ability to handle con-
straints in a systematic way. However, MPC approaches
are typically computationally demanding and highly de-
pendent on the accuracy of weather forecasts. Classical
control approaches have also been explored, including
proportional integral derivative (PID) controllers [4], [5].
Despite their simplicity, PID-based methods may lead to
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oscillatory behaviour and require careful tuning of the
integral action, which can be time-consuming in practice.

In [6], a control strategy based on a state-space formu-
lation was proposed for water level regulation in cascade
reservoir systems. The approach combines a simple struc-
ture with low computational requirements, while allow-
ing reference changes and adjustable convergence rates.
The results obtained showed effective performance under
disturbance uncertainty, making it a suitable candidate
for real-time applications.

However, in practical implementations, the interaction
between reservoirs is not instantaneous. The transport
of water between upstream and downstream units in-
troduces hydraulic delays, which depend on physical
characteristics such as channel length and flow condi-
tions. These delays may affect the closed-loop dynamics,
particularly in cascade configurations, where downstream
reservoirs rely on upstream actions.

The main objective of this work is to analyse the im-
pact of hydraulic delays on the control strategy proposed
in [6]. The delay is introduced in the flow propagation
between reservoirs and interpreted as an additional per-
turbation acting on the downstream dynamics. Based
on this formulation, a bound on the tracking error is
derived, providing a quantitative measure of the effect
of the delay.

The proposed analysis is supported by simulation
studies under different operating conditions, including
varying delay values and different levels of disturbance
uncertainty. For clarity, the study is conducted on a two-
reservoir cascade system, which captures the essential
behaviour while allowing a straightforward interpretation
of the results.

The remainder of the paper is organised as follows.
Section 2 presents the system model, Section 3 describes
the control strategy, Section 4 analyses the effect of
hydraulic delays, and Section 5 presents the simulation
results. Finally, conclusions are drawn in Section 6.

II. SYSTEM MODEL

In this work, we consider a cascade system composed of
two interconnected reservoirs. The water level of reservoir
1 at discrete time k is denoted by h;(k), for i = 1,2, and
is measured with respect to a reference datum.

The control input Q. (k) represents the pumping or
discharge flow, while Qgq(k) denotes the disturbance
inflow associated with rainfall-runoff effects.



The system dynamics are obtained from a discretized
mass balance equation and are given by

hi(k +1) = hi(k) — B1Qc,1(k) + B1Qa,1(k), (1)
ho(k + 1) = hao(k) + B2Qc,1 (k) — B2Qc2(k) + B2Qa2(k),
(2)

where
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with A, ; denoting the storage area of reservoir ¢ and 7T
the sampling time.

This model assumes that the outflow from the up-
stream reservoir instantaneously affects the downstream
reservoir.

For simplicity, the analysis in this paper is presented
for a system with two reservoirs. The extension to larger
cascade systems follows similar reasoning but is omitted
for clarity.

III. CONTROL STRATEGY

The control objective is to regulate the water levels
of both reservoirs towards predefined reference values hj
and h3.

The control strategy follows the approach proposed in
[6].

In practice, the disturbance inflow Qg (k) is not ex-
actly known. Therefore, an estimate Q\dﬂ-(k) is used in
the control law.

The control inputs are defined as

 Qaa(k)-
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The quantities Q77 denote the maximum admissible
control flows, reflecting physical limitations of the actu-
ators.
__Assuming perfect disturbance estimation, i.e.,
Qai(k) = Qg,:(k), it has been shown in [?] that the
closed-loop system converges to the desired reference
levels h}, even in the presence of input constraints.

More precisely, the tracking error e;(k) = h;(k) — h}
satisfies

ei(k+1) =aei(k), i=12, (5)

with 0 < a < 1, ensuring exponential convergence.

IV. MoDEL EXTENSION WITH HYDRAULIC DELAY

In practical cascade reservoir systems, the flow prop-
agation between consecutive reservoirs is not instanta-
neous. Therefore, the outflow from an upstream reservoir
may affect the downstream reservoir only after a finite
travel time.

A discrete-time delay 7 € N is introduced in the
hydraulic connection between the reservoirs.

A. Delayed Model

The dynamics of the first reservoir remain unchanged:
hi(k+1) = hi(k) — BiQc,1(k) + B1Qa1 (k).  (6)

For the second reservoir, the upstream flow is delayed:
ha(k+1) = hQ(k)-l-BQQc,l(k—T)—BQQC,Q(/f)—FBQQdQ(éﬁ?))-

When 7 = 0, the original delay-free model is recovered.

B. Delay-Induced Perturbation
Let h3(k + 1) denote the delay-free evolution:

h9(k + 1) = ha(k) + B2Qe,1 (k) — BaQc2(k) + Bsz,z(éf)-
8

The delayed model gives:

hy(k+1) = ho(k)+B2Qc1(k—T)—B2Qc2(k)+B2Qa 2 (k).
(9)
The difference induced by the delay is therefore

re(k) = hy(k+1)=hy(k+1) = Bz (Qea(k — 7) — Qe (k) -
(10)
C. Bound on the Delay Effect

Assume that the variation of the upstream control
input is bounded. That is, there exists a constant AQ > 0
such that

‘Qal(j) - Qc,l(j - 1)' S AQa (11)

To analyse the effect of the delay, consider the differ-
ence between the current and delayed control input:

Qe (k) — Qei(k — 7). (12)
This difference can be expressed as a telescopic sum:
1

Vj € N.

T

Qe (k)—Qea(k—T) =

m=0

(13)
Taking absolute values and applying the triangle in-
equality yields

Qe (k) = Qe (k —7)|
T—1
<D 1Qealk —m) = Qea(k —m —1)|.

m=0

(14)

Using the bounded variation assumption, each term in
the sum is upper bounded by A@Q. Since the sum contains
T terms, it follows that

Qe (k) — Qen(k— 1) < TAQ. (15)

[Qc’l(lﬂ — m) — Qc,l(k —m — ].)] .



Recalling that the delay-induced perturbation is given
by

TT(k) = By (Qc,l(k - T) - Qc,l(k)) 3 (16)

we obtain

Ir-(k)| < B2TAQ. (17)

Remark: This result shows that the effect of the hy-
draulic delay depends on both the delay length 7 and
the rate of variation of the control input. In particular,
if the control signal evolves smoothly (i.e., small AQ),
then the delay-induced perturbation remains small even
for moderate values of 7.

D. Effect on the Tracking Error

Let the tracking error of the second reservoir be defined
as

ea(k) = ha(k) — hj. (18)

In the delay-free case, the closed-loop dynamics satisfy

ea(k +1) = aea(k). (19)

In the presence of hydraulic delay, the additional term
r-(k) appears in the system dynamics. Therefore, the
error evolves as

e2(k+ 1) = aea(k) + 7. (k), (20)

which shows that the delay acts as an additive perturba-
tion.

Using the bound obtained in the previous subsection,
we have

Irr (k)| < BaTAQ, (21)
and therefore
‘62(1@ + 1)| < O[|€2(/€)| + BoTAQ. (22)
By iterating this inequality, it follows that
k=1
lea(k)| < oF[ea(0)] + BorAQ D o (23)
§=0
Since 0 < a < 1, the geometric sum satisfies
k-1 .
. 1-aF
J— 4
Yo =tz en
7=0
and therefore
ByTA
ea(b)] < aMles(0)] + 22221 o). (25)
Consequently,
BoTA
limsup |ea (k)| < LQ (26)
k—o0 -«

E. Discussion

The hydraulic delay introduces a bounded perturba-
tion that depends on the delay 7 and on the variation of
the upstream control input.

As a consequence, exact asymptotic convergence is
no longer guaranteed. However, the water levels remain
within a neighbourhood of the desired reference value,
whose size increases with the delay and with the control
variability.

V. SIMULATION RESULTS

In this section, several simulation scenarios are consid-
ered in order to assess the performance of the proposed
control strategy under different operating conditions.

A cascade system composed of two reservoirs is anal-
ysed, subject to disturbance inflows associated with
rainfall-runoff processes. The actual disturbance Qg is
obtained by adding Gaussian white noise to each com-
ponent of )y, with zero mean and standard deviation
o = 0.5. This perturbation is introduced to emulate the
uncertainty typically present in rainfall-runoff forecasts
when the controller is applied in a predictive water
management framework.

The reference water level for the first reservoir is set
to hf = —0.40m (MSL) during the first 5 hours, and is
then changed to A = —0.44m (MSL). The reference for
the second reservoir is kept constant at hj = —0.30m
(MSL).

The maximum admissible control flows are Q'™ =
100m?/s and Q5* = 70m?/s, while the minimum
control flow is fixed at 0m?/s for both reservoirs.

The storage areas are given by A, 1 = 7.3 x 10 m? and
Ago =T7x10°m?. The control sampling period is set to
T.=900s.

Once these parameters are fixed, the behaviour of the
closed-loop system depends only on the tuning parameter
a € (0,1), which determines the convergence rate to the
reference levels. In this work, a = 0.1 is considered.

As a starting point, the performance of the proposed
control strategy is evaluated in the delay-free case, i.e.,
7 = 0. This scenario corresponds to the nominal con-
ditions considered in the original formulation of the
controller and is used as a reference for comparison with
the delayed cases analysed later. The objective is to verify
the ability of the controller to track the desired water
levels in the presence of disturbance uncertainty.

The results for the delay-free case, shown in Figures
1 and 2, demonstrate that the proposed control strategy
ensures accurate tracking of the desired reference levels
for both reservoirs.

For Reservoir 1, the water level initially follows the
reference hi = —0.40m. At t = 5 h, a change in the refer-
ence to hf = —0.44m is introduced. The controller reacts
immediately by increasing the control input Q. 1, which
reaches its maximum admissible value for a short period.
This transient behaviour enables a rapid adjustment of



the water level, leading to a fast convergence to the new
reference with no significant steady-state deviation.

For Reservoir 2, the reference is kept constant at hl =
—0.30m. The water level remains close to the desired
value throughout the simulation, despite the presence of
rainfall-runoff disturbances and the mismatch between
the real disturbance Q4 and its estimate Q4. The control
input Q. adapts to both the disturbance inflow and
the upstream dynamics, reflecting the cascade structure
of the system.

Overall, the results confirm the expected closed-loop
behaviour in the absence of delay, showing that the con-
troller is able to compensate for disturbance uncertainty
and ensure satisfactory tracking performance. This case
provides a reference for assessing the impact of hydraulic
delays in the following simulations.

!

Fig. 1. Reservoir 1 response in the delay-free case (7 = 0). Water
level h1, control input Q.,1 and disturbance inflow.

Fig. 2. Reservoir 2 response in the delay-free case (7 = 0). Water
level hg, control input Q.2 and disturbance inflow.

The results obtained for 7 = 1 (see Figures 3 and 4)
show the impact of a small hydraulic delay on the closed-
loop performance.

For Reservoir 1, the behaviour remains essentially
unchanged when compared with the delay-free case.
Since the delay affects only the flow propagation between
reservoirs, the dynamics of the upstream reservoir are
not directly influenced. As a result, the water level

follows the reference trajectory with similar transient
characteristics, including the response to the reference
change at t =5 h.

For Reservoir 2, the effect of the delay becomes no-
ticeable. The response of the water level to variations
in the upstream control input is no longer immediate,
leading to a slight deviation from the reference value
during transient periods. This effect is particularly visible
following the reference change in Reservoir 1 and during
periods of increased disturbance inflow.

The control input Q.2 exhibits a delayed reaction to
changes in @)1, reflecting the propagation delay intro-
duced in the system. Despite this, the controller is still
able to regulate the water level and maintain it close to
the desired reference.

Overall, the results illustrate that a small delay intro-
duces a degradation in performance, mainly affecting the
downstream reservoir, while preserving the overall stabil-
ity and tracking capability of the closed-loop system.

Fig. 3. Reservoir 1 response with hydraulic delay 7 = 1 and
reference change at t =5 h (a = 0.1).

Fig. 4. Reservoir 2 response with hydraulic delay 7 = 1 and
constant reference level (o = 0.1).

The results obtained for different values of the hy-
draulic delay 7 (see Figures 5, 6, and 7) illustrate the
impact of the delay on the closed-loop behaviour of the
system.



From the water level evolution, it can be observed that
the dynamics of Reservoir 1 are not significantly affected
by the delay. The response remains practically identical
for all considered values of 7, as the delay is introduced
only in the flow propagation towards the downstream
reservoir. The water level follows the reference trajectory
with similar transient behaviour, including the response
to the reference change at t =5 h.

In contrast, the behaviour of Reservoir 2 is clearly
influenced by the delay. As 7 increases, the response
becomes slower and larger deviations from the reference
are observed during transient periods. This effect is
particularly noticeable following the reference change in
Reservoir 1, where the delayed propagation of the control
action leads to a lagged response in the downstream
reservoir.

The control inputs reflect this behaviour. The control
signal ();,1 remains essentially unchanged for all delay
values, while ). 2 exhibits increasing variability as the
delay grows. In particular, higher values of 7 lead to more
pronounced oscillations and delayed control actions, as
the controller reacts to outdated information.

The disturbance profiles remain identical for all simu-
lations, ensuring that the observed differences in perfor-
mance are solely due to the effect of the hydraulic delay.

Overall, the results show that increasing the delay
degrades the closed-loop performance in the downstream
reservoir without compromising stability, while the up-
stream reservoir remains largely unaffected.

i

Fig. 5.  Control of the water level of the reservoirs considering
different values of the hydraulic delay 7 € {0,1,2,4} and a change
in the reference level during the control period (h} = —0.40 m from
the beginning until £ = 5 hours, and h] = —0.44 m from ¢ = 5 hours
onwards, while b3 = —0.30 m (MSL) is kept constant), for o = 0.1.
The evolution of the water levels h1 and hg is illustrated in the top
and bottom graphs, respectively. The dashed black line represents
the desired reference values, while the coloured lines correspond to
the different delay values.

The results obtained for 7 = 4 under increased distur-
bance uncertainty (Gaussian white noise with zero mean
and standard deviation o = 10) highlight the robustness
of the proposed control strategy under more demanding
operating conditions (see Figures 8 and 9).

For Reservoir 1, the overall behaviour remains similar

Fig. 6. Control inputs Q1 and Q.2 for different values of the
hydraulic delay 7 € {0, 1, 2,4}, for « = 0.1. The control flow applied
to Reservoir 1 is shown in the top graph, while the control flow
applied to Reservoir 2 is shown in the bottom graph. The different
coloured lines represent the control actions corresponding to each
delay value.

Reservoir

Fig. 7. Rainfall-runoff disturbance inflows for the two reservoirs.
The disturbance inflow Qg1 and its estimate Qg4 ; are shown in

the top graph for Reservoir 1, while Qg2 and Qg2 are shown
in the bottom graph for Reservoir 2. The real disturbance is
represented by the solid red line, whereas the estimated disturbance
is represented by the dashed blue line.

to the previous cases. The water level follows the refer-
ence trajectory and responds to the reference change at
t = 5 h, although small fluctuations around the reference
are now visible due to the increased disturbance uncer-
tainty. The control input Q. reflects this behaviour,
exhibiting higher variability as it compensates for the
noisy disturbance signal.

For Reservoir 2, the combined effect of the hydraulic
delay and the increased disturbance uncertainty be-
comes more pronounced. The water level shows larger
deviations from the reference and increased oscillatory
behaviour, particularly during periods of higher distur-
bance inflow. The delayed propagation of the upstream
control action, together with the inaccurate disturbance
estimation, leads to a more irregular response.

The control input Q.2 also exhibits significant vari-
ability, with more frequent and abrupt changes when
compared to the previous scenarios. This reflects the in-
creased difficulty in regulating the downstream reservoir



under both delayed information and high disturbance
uncertainty.

Overall, these results show that the performance
degradation observed for larger delays is further am-
plified when the disturbance estimation becomes less
accurate. Nevertheless, the system remains stable and
the controller is able to maintain the water levels within
a bounded region around the desired reference values.

Reservoir 1

Fig. 8. Control of the water level of Reservoir 1 assuming a
hydraulic delay 7 = 4 and a change in the reference level during the
control period (hf = —0.40 m from the beginning until ¢ = 5 hours,
and h} = —0.44m from ¢t = 5 hours onwards), for o = 0.1. The
evolution of the water level is illustrated in the top graph, where
the dashed black line corresponds to the desired reference value.
The pump control flow Q1 is represented in the second graph. In
the bottom graph, the rainfall-runoff inflow Q4 1 is shown in solid
red line, while the estimated disturbance Qg4 1 is shown in dashed
blue line. The disturbance is affected by increased Gaussian white
noise with standard deviation o = 10.

Reservoir2

Watreve (mvsL)

Fig. 9.  Control of the water level of Reservoir 2 assuming a
hydraulic delay 7 = 4 and a constant reference level h = —0.30m
(MSL), for a = 0.1. The evolution of the water level is illustrated
in the top graph, where the dashed black line corresponds to the
desired reference value. The pump control flow Q. 2 is represented
in the second graph. In the bottom graph, the rainfall-runoff inflow
Q\d’g is shown in solid red line, while the estimated disturbance
Q4,2 is shown in dashed blue line. The disturbance is affected by
increased Gaussian white noise with standard deviation o = 10.

VI. CONCLUSION

In this work, the effect of hydraulic delays in a cascade
system of reservoirs was analysed within a state-space

control framework. For simplicity, the study focused
on a two-reservoir configuration, which allows a clear
interpretation of the delay impact while preserving the
essential dynamics of the system.

A delayed model was introduced to account for the
transport time between reservoirs, and its effect was
characterised as an additive perturbation in the closed-
loop dynamics. A bound on the induced error was
derived, showing that the deviation from the desired
reference depends on both the delay magnitude and the
variation of the control input.

The simulation results confirm the theoretical analysis.
In the absence of delay, the controller ensures accu-
rate tracking of the reference levels despite disturbance
uncertainty. When a delay is introduced, the perfor-
mance degradation becomes evident, particularly in the
downstream reservoir, while the upstream reservoir re-
mains largely unaffected. Increasing delay values lead to
slower responses and larger deviations from the reference,
although stability is preserved. Additional simulations
with increased disturbance uncertainty illustrate the be-
haviour of the closed-loop system under more demanding
conditions, showing that the system remains stable and
the water levels are kept within a bounded region around
the desired references.

Overall, the proposed approach provides a simple and
effective way to analyse and handle hydraulic delays
in cascade reservoir systems. Future work will focus
on extending the methodology to larger networks and
on improving the compensation of delay effects under
limited disturbance information.
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