Optimal Robust State Feedback Control Using Physics-Informed Neural
Networks

Camilo E. Zambrano' and Eduardo Mojica-Nava?

Abstract—This paper presents a unified framework for
optimal and robust state feedback control based on Physics-
Informed Neural Networks. Traditional approaches to nonlin-
ear optimal control, such as Hamilton—Jacobi-Bellman methods
and dissipativity-based robustness analysis, suffer from the
curse of dimensionality and rely on intractable analytical ex-
pressions for value functions or storage functions. To overcome
these limitations, we formulate the robust optimal control
problem as a physics-informed learning task in which the
system dynamics, a Hamilton-Jacobi-Isaacs equation, and ro-
bustness constraints inspired by nonlinear £,-gain and passivity
theory are embedded directly into the PINN loss structure. The
resulting neural architecture simultaneously approximates the
value function and its gradient, enabling the synthesis of a
robust state feedback law without discretization or linearization.
We provide conditions under which the proposed approach
preserves key robustness properties of dissipative systems and
demonstrate its effectiveness through numerical examples.

[. INTRODUCTION

The design of optimal and robust feedback controllers
for nonlinear systems remains a fundamental challenge in
control engineering. Classical approaches such as Hamilton—
Jacobi—Bellman (HJB) theory, dynamic programming, and
nonlinear L5-gain and passivity methods provide rigorous
stability and performance guarantees [1]-[3]. However, their
practical application is often constrained by model com-
plexity, the curse of dimensionality, and the difficulty of
obtaining closed-form solutions to nonlinear partial differ-
ential equations (PDEs). As engineered systems grow more
interconnected and uncertainty-rich, there is an increasing
need for computational methods that exploit system physics
while maintaining optimality and robustness [4], [5].

Physics-Informed Neural Networks (PINNs) have recently
emerged as a powerful tool for solving forward and inverse
problems governed by nonlinear differential equations [6].
By embedding the known system dynamics directly into the
learning architecture, PINNs avoid the data dependence typi-
cal of black-box learning and maintain physical consistency.
Their flexibility has motivated early explorations in control,
including the use of neural techniques for solving HIB equa-
tions [7] and neural-network-based finite-difference least-
squares solvers for Hamilton—Jacobi PDEs [5]. In this ap-
proach, PINN-based formulations are introduced that embed
system dynamics and control inputs into the loss function to
learn stabilizing feedback laws for nonlinear ODE systems,
enabling long-horizon prediction and control without explicit
discretization [8]-[10]. More recent developments address
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optimal and constrained control by integrating optimality
conditions directly into the PINN architecture, allowing joint
learning of state trajectories and optimal controls for both
finite-dimensional and PDE systems [11]-[13]. Extensions
to recurrent and ensemble PINN structures further improve
predictive control performance and robustness in nonlinear
process systems and high-dimensional dynamics [14]. Col-
lectively, these approaches highlight the emerging role of
PINNSs as a flexible framework for model-based control that
bridges data-driven learning and physics-consistent optimal
control synthesis [15] and quantum control [16]. Yet, the
integration of PINNs with robust optimal control theory
remains only partially explored.

A fundamental body of work underpinning modern non-
linear robustness analysis comes from the development of
the L£o-gain and passivity framework [3]. This theory estab-
lishes powerful input—output characterizations for nonlinear
systems using dissipativity concepts, enabling robustness
certification through energy-based arguments rather than
state—space linearization. The Ls-gain approach provides
a systematic method for bounding the worst-case ampli-
fication of disturbances, while passivity offers a comple-
mentary viewpoint ensuring stability under interconnections
and model uncertainties. These tools have become central
in robust nonlinear control, forming the basis of feedback
design strategies that guarantee stability margins even under
significant structural uncertainty. In the context of our work,
the robustness constraints embedded in the PINN formulation
are inspired by these dissipativity principles by integrating
Lo-gain-like terms into the learning loss, the resulting neural
approximation of the value function inherits meaningful
robustness guarantees.

In this work, we develop a unified framework for optimal
robust state feedback control using PINNs. The key idea is to
embed both the system dynamics and robustness constraints,
motivated by nonlinear Lo-gain and passivity theory, into
a PINN-based approximation of the value function. By
learning a solution to a robust Hamilton—Jacobi—Isaacs (HJI)
equation, the PINN implicitly generates the gradient informa-
tion required to synthesize an optimal feedback law without
discretization or linearization. Compared to traditional PDE
solvers, this representation leverages the expressiveness of
deep networks while preserving the physics of the underlying
control problem.

The main contributions of this paper are threefold. First,
a PINN-based formulation of robust optimal control, com-
bining physics-informed learning with robustness concepts
from nonlinear Lo-gain and passivity theory is presented.



PINNs are used to solve the Hamiltonian based on Lax-
Friedrichs framework. Then, a neural approximation of the
value function that enables direct extraction of a robust
state feedback law is developed. Finally, a set of numerical
experiments is presented to demonstrate the performance
of the proposed method under structured uncertainty and
unstable systems. In general, the results indicate that PINNs
offer a promising alternative to traditional approaches for
solving robust control problems, providing high approxima-
tion accuracy, scalability, and strong alignment with physics-
based modeling.

The rest of the paper is organized as follows. In Section
II, the problem of the nonlinear state feedback controller is
introduced. In Section III, we present the main numerical
Hamiltonian based on Lax-Friedrichs framework. Then, a
robust optimal control based on PINNs is developed in
Section IV. Section V shows two numerical experiments,
namely an inverted pendulum and a Kuramoto model, to
illustrate the effectiveness of the proposed approach. Finally,
some conclusions and future works are drawn in Section VI.

II. STATE FEEDBACK NONLINEAR H., CONTROL
PROBLEM

Many real-world systems operate under persistent distur-
bances, unmodeled effects, and uncertainties that cannot be
ignored. For such systems, achieving robust performance is
not only desirable but essential. The H, framework provides
a principled way to guarantee that the effect of unknown
disturbances on the controlled outputs remains bounded.
More precisely, it ensures that the system attenuates any
admissible disturbance with an induced L5 —gain not exceed-
ing a prescribed level ~. This makes H,., control especially
attractive in applications where worst-case scenarios must be
explicitly considered.

While the linear theory of H, control is well developed
and relies on algebraic Riccati equations, many engineering
systems exhibit inherently nonlinear behavior, particularly
when operating far from equilibrium or under large pertur-
bations. In such cases, linearization-based control strategies
may fail to capture the true dynamics, leading to performance
degradation or even instability. Nonlinear H, control seeks
to overcome these limitations by directly incorporating the
system’s nonlinear structure into the robustness design. How-
ever, extending H ., methods to nonlinear settings introduces
significant mathematical challenges. In the following,the
basic results of nonlinear H ., optimal control are introduced,
which are numerically solved in the next section using the
proposed PINNs approach.

A. Basics of Nonlinear H., Optimal Control
Consider the affine system with the full state available for
feedback
&= f(z,u,d) = a(z) + b(z)u + g(x)d
z = [h(x) u]T

with w € R™, d € R", x € x C R"™ where x is an open
connected neighborhood of the origin, and z € R*. Assume

)

that x = 0 is an equilibrium of the unforced, undisturbed
system, i.e., a(0) = 0 and h(0) = 0, and that the storage
function satisfies P(0) = 0. Assume all data to be C* (k-
times continuously differentiable) with k > 2. Let P(x) be
a O storage function P > 0 for the closed-loop system (1)
with L5 gain supply rate $~2||d||* — ||z||* with v > 0. On
the other hand, from the theory of differential games, one
may look at the H., suboptimal problem as a two-player
zero-sum differential game with cost criterion 1+?||d|> —
1{|2||?, where one player corresponds to the control input u,
and the other player to the disturbance d. In the differential
game formulation, let p € R™ denote the costate variable
associated with the state x, interpreted as the row vector of
partial derivatives of the storage function, i.e., p = P, (x).
The pre-Hamiltonian corresponding to this differential game
is then given as

1 1
K (o, dsw) =" fal@) + ba)u -+ g(@)d) — 57 1dl + 5
2
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Computing the partial derivatives of —5.* = 0 and 7 =

0, it is determined that d*(z, p) (worst-case disturbance) and
u*(z,p) (optimal control) are

u*(z,p) = —b" (x)p" (z),
r( 3)

1
T {E)7

d*(z,p) = —g (2)p
v

and they correspond to a saddle point of K. Substituting

(3) in (2) we obtain the optimal Hamiltonian

H(z,p) =p" [a(z) + b(z)u" (z,p) + g(x)d" (z,p)]
— 5Pl B+ gl I

Then, if there exists P(z) such that it is a solution to

the Hamilton—Jacobi-Isaacs inequality, and P,(x) the row
)

oP oP

vector of partial derivatives (871(33), wes 5o () ) satisfies

H.(z,Pf(z)) <0 (4)

then the state feedback u = u*(z, PX (x)) is such that the
closed loop system (1) is stable and has L2 gain < 7.

However, it is difficult to analytically find the storage
function P(z) that solves (4). In the following sections, we
are focused on how to approximate P using PINNs.

ITII. NUMERICAL HAMILTONIAN BASED ON
LAX-FRIEDRICHS SCHEME

The framework proposed in [4], centers on defining a
residual functional based on a monotone and consistent nu-
merical Hamiltonian constructed from forward and backward
finite differences. For a discretization step § > 0, the gradient
of a function V(z) is approximated by the upwind and
downwind finite differences:



V(z + de;) — V(z)

Dgfiv(x) = 5
D({iV(x) _ Vz) — ‘g(:r - (561')'

Collecting all directional differences, define the vectors
Vvt = (DglV(m), . .7D§nV(x)) e R"
V™ = (D;,V(x),....D;,V(z)) € R,

which serve as upwind and downwind approximations of the
gradient VV (z).

The Lax-Friedrichs numerical Hamiltonian is then defined
as

-~ Vi+vo ~ Vit -V
-Vt V) = v L
Hoc(lﬂv 7V )_ H (‘r) 2) _a;#7

where o > 0 introduces a numerical viscosity term ensuring
stability and monotonicity. The parameter o must satisfy

oz amax [V,H(rp)]
so that the operator remains monotone for any function with
Lipschitz constant L. Let 2 C R™ be a compact domain
containing the origin, on which the storage function P is
to be approximated. Let 6Z" := {0k : k € Z"} denote
the uniform Cartesian lattice with spacing § > 0. The
discrete grid is then Qs := 0Z"™ N ). Given a uniform
grid Qs = 0Z™ N (Q, the discrete residual functional is

~ 2
Ras(p) = 0" Sy, |Halw, DIV (@), Dy V()]

A function p minimizes R, if and only if it satisfies
ﬁa(x, DfV(z),D;5V(z)) = 0Vx € Qs, that s, p solves the
discrete finite-difference equation defined by the numerical
Hamiltonian. When H,, is consistent with H and monotone,
every minimizer of this functional approximates the viscosity
solution of the Hamiltonian-Jacobi equation H (z, VV') = 0.
This structure can be addressed with PINNs, the neural
network Vp(x) is trained by minimizing the expectation of
the discrete residual. Because the Lax-Friedrichs operator
contains a controlled amount of numerical diffusion through
«, the optimization landscape is convexified, and then every
stationary point corresponds to a discrete solution. Moreover,
by the Barles-Souganidis convergence theorem proposed in
[17], solutions of monotone and consistent schemes converge
uniformly to the viscosity solution as § — 0T. Therefore,
coupling a neural approximation Vy with the Lax-Friedrichs
residual yields a provably convergent PINN that inherits
stability from the monotone scheme, ensures uniqueness
through the viscosity formulation, and allows progressive
refinement by annealing («, ) toward the nondiffusive limit.

To extend the framework from an equality constraint
H(z,VV(x)) = 0 to an inequality H(x,VV(z)) < 0 as
required in (4), the key idea is to reinterpret the PDE not as
an exact residual equation, but as a variational inequality. In
the inequality case, V must satisfy H (z, VV (z)) < 0, which

means that V' is a viscosity subsolution of the Hamilton—
Jacobi operator. At the continuous level, this ensures that V/
bounds from below the value function of the associated dif-
ferential game. When H is replaced by the game Hamiltonian
K., from (2), the corresponding Lax—Friedrichs numerical
Hamiltonian is denoted Kag defined analogously as

- Vi+vo —~ V"=V
+ ) — v L
Kos(z, VY, V7) =K, <x 2) —a 21: 4t

With the Lax-Friedrichs scheme, the inequality constraint
can be expressed directly as K, s(z, D{V,D5V) < 0.

To enforce this condition within a PINN, we do not min-
imize the squared residual symmetrically, since that would
penalize both positive and negative values of the discrete
Hamiltonian. Instead, the loss function is made one-sided as

Lppr(0) =Eiw {(max{o,l?a,g (x,D;V,D(Sf/)})Q] .

This penalty acts only when the discrete Hamiltonian be-
comes positive. In the limit where the neural approximation
Vo achieves zero expected violation, the resulting function
satisfies the discrete inequality H, s < 0 everywhere, and by
the monotonicity and consistency of the scheme, the limiting
function V' is a viscosity subsolution of H(z, VV(z)) < 0.

Formally, the same Barles-Souganidis argument still ap-
plies. If the numerical Hamiltonian is monotone, stable, and
consistent with the continuous operator, then any sequence
of discrete subsolutions satisfying H,s < 0 converges
uniformly to the continuous viscosity subsolution. Thus,
replacing the squared residual with a one-sided hinge loss
preserves all the theoretical convergence properties of the
equality case, while enforcing the correct variational inequal-
ity structure required for H .

This operator inherits the monotonicity and consistency
properties of the Lax—Friedrichs scheme.

IV. ROBUST OPTIMAL CONTROL USING
PHYSICS-INFORMED NEURAL NETWORKS

To approximate the storage function P associated with the
Hamilton—Jacobi—Isaacs inequality (4), a neural approxima-
tion P(w, 0) is trained using the monotone Lax-Friedrichs
residual described in the previous section, together with
additional constraints ensuring the correct structural prop-
erties of P. Since the closed-loop equilibrium z* = 0 must
be a global minimum of the storage function and satisfy
P(0) = 0, these features are incorporated as soft boundary
conditions in the loss functional.

A convenient way to enforce them is to penalize both the
value and the gradient of the network at the equilibrium point
as Lpc(0) = P(0,0)? + ||V P(0,0)]).

The first term anchors the value of the function at the equi-
librium, while the second suppresses any nonzero first-order
variation at that point. Together, these conditions encourage
the network to represent a nonnegative, locally minimal
storage function. Non-negativity of the storage function,
P(x) > 0, can be enforced by penalizing violations of



this inequality and softly penalizing values near g), obtain-
ing Lin(0) = Epy {(softplus (—P(m,ﬁ),ﬁ)) ], where
lower values of 5 imply a stronger penalization for values
close to 0. This loss function drives the approximation toward
the cone of positive-definite functions on {2 without interfer-
ing with regions where the constraint is already satisfied.
These terms are combined with the Lax—Friedrichs residual
loss enforcing the Hamilton—Jacobi-Isaacs inequality. The
resulting objective function yields a neural approximation
that respects the qualitative properties of storage functions
and satisfies the viscosity subsolution condition required for
robust optimal control.

We are now ready to state our main theoretical result in
the following theorem.

Theorem 1: Let (1) be an affine system with inputs u €
R™ and disturbances d € R", with states z € x C R™ and
to-be-controlled outputs z € R?, and v > 0. Suppose there
exists a storage function P(x) > 0 k-times continuously
differentiable, with £ > 2, such that there exists a solution
for the Hamilton—Jacobi-Isaacs inequality (5) with optimal
input and disturbance, and such that the closed-loop system
has Lo gain <~y

u* (2, PT () = —b7 () P ()
d* (z, PT(x)) = %f(@a?(x)

K’Y(mvpgvd*(xvPg(x))v"f(xapg(x))) <0 (5)

with K, (2, p, d, u) := p”[a(z)+b(z)u+g(z)d]—$+2||d||*+
ER -

Then, the numerical Hamiltonian K, 5(-) is monotone and
consistent for some « > 0 and some sufficiently small § > 0.
And it can be approximated with a neural network P(z,0)
using stochastic gradient descent and loss functions

Lppr(0) =Eiw {(max{O,I?aﬁ (x,D;P, Déﬁ)})Q}
Lye(0)
Linin(0) = Egzny [(softplus (—13(30, 0), B))Q]

P(0,0)> + ||[VP(0,0)|

such that it is a local solution for the numerical Hamilton—
Jacobi—Isaacs inequality (5).

Proof: Before proceeding with the technical steps, we
outline the structure of the proof. We first characterize the
saddle—point conditions of the Hamiltonian by computing
the optimal input and worst—case disturbance that satisfy the
first—order stationary conditions. Substituting these expres-
sions into the Hamilton—Jacobi-Isaacs inequality allows us
to recover the classical dissipation inequality that certifies
the Lo gain bound of the closed-loop system. We then
use this inequality, together with standard storage-function
arguments, to establish asymptotic stability via LaSalle’s In-
variance Principle. Finally, we show that the discrete residual

based on the monotone Lax—Friedrichs Hamiltonian satisfies
the structural assumptions of the finite-difference scheme in
[4], ensuring that the numerical approximation preserves the
viscosity subsolution property required for robust stability.

Computing the partial derivatives 352 » = () and 2 =
0, it results in u*(z,p) = —bT(x)pT(x), d*(z,p) =
v%gT(x)pT(:c). Thus, the critical point has saddle point
dynamics, then

K. (z,p,d,u*(x,p)) < K, (z,p,d"(x,p),u"(x,p). (6)

Let P > 0. Substituting p = PX(z) in (6) we obtain

Po(a) [f(a,u (2, BT (@), )] — 571> + 312
S K.y(x,Pg(x),d*(a:,Pg(x)),u*(x,Pg(x)))

Thus K. (, PT (2), d*(z, P (2)), u* (2, PT (x))) < 0 for
all d, then

Py() [f(z,u" (z, P} (2)),d)]

T oo L1 5 (N
< 5?lldlf® = Sl
showing that the closed-loop system has L, gain < v with
storage function P.

Owing that P is a storage function, by proposition 3.2.16
from [3] with the equation (7) evaluated in 0, fulfills
LaSalle’s Invariance principle in the closed-loop system, then
it is asymptotically stable in x = 0.

Furthermore, the residual

Ra.s(p) = 0" Z [max{O,f]a(x,D;V(m),DgV(x))}]z

€N
®)
holds the structure of Theorem 1 proposed in [4]. Consid-
ering the uniform Cartesian grid 25 := §Z" N 2 for some
§ =1/N and N € N, if the critical point v € C(2) of the
residual (8) with a Lipschitz constant L and

max ||V, H(z,p)l|,
HPHSL,%‘EQH pH (2, p)|

20 sin? (35> >
2
then f[ws(a?,Dgrv(a?),ng(x)) <0.

Thus the residual is still differentiable; the proof ofA the
theorem remains for the inequality case. Finally, due to H,, s
is consistent with H, then the schema proposed is closed-
loop stable with Ly gain < 7. [ ]

Corollary 1.1: Let P(x) be the neural network ap-
proximation obtained from Theorem 1 with training loss

Lppr(0) = er. Define the Hamiltonian residual ey =
sup, cq max {0, K., (z, PT'(z),d, 0)}.
Then the closed-loop system with @& = —bT (2) PI satisfies

tl tl "
/ \|z||2dt§'y2/ ||d||?dt + 2P (x0) + 2epts  (9)

to to



where eg < \/er, with \/er the RMS value of the one-
sided PDE loss. As ez — 0 and § — 0 jointly, e — 0 and
the exact L, gain bound of Theorem 1 is recovered.

Proof: By the saddle-point structure of K., for
any d € Ly and with p = (D;P + Dgﬁ)/?:
IA(,y(a:,ﬁ, d,a) < K,Y(Jc,f),zf, @) < eg(x). Since
Pof(z,d,d) = Ky(@,p,d, @) + (v?/2)|[d]]* — (1/2)]|=]].
the chain rule gives

dp ~?
= < L dl? =
< 2l

Integrating (10) over [to,#1] and using P(xz(t1)) > 0
yields the states L, gain bound. For the bound on ep:
since Lppr(0) = Ezy {(max{O,Ha})ﬂ = e, Cauchy-

Schwarz gives E,, [max{o,ﬁa}} < /er. Because ﬁa

coincides with K (z,p, d, @) at the Lax-Friedrichs scheme
ensure ey — 0 and the bound recovers the exact Lo gain < ~y
of Theorem 1. [ ]

In the next section, we focus on showing the performance
of the controller in nonlinear environments with uncertainty,
presenting its capabilities to stabilize the systems and achieve
the equilibrium point.

1
5||z\|2 +eq. (10)

V. SIMULATIONS RESULTS

In this section, we present two numerical examples to
illustrate the effectiveness of the proposed method. First, an
inverted pendulum with nonlinear dynamics is implemented.
Then, a Kuramoto network model is simulated to illustrate
the proposed control in a more complex nonlinear system.

A. Inverted Pendulum

Consider the inverted pendulum system in discrete time

5171[]{3 + 1] = 1’1[]6] + TSZL'Q[k],

xm+u=mm+ncm;um+?mwﬁn

ml2

+’lmm+dm>

2= [mlk+1] wofk+1] wuk]”

with Ty, = 0.01s, k the discrete step, [ = 1m, m =
1kg, g = 9.8m/s?, and b = 0.65N-m-s/rad. For training
the network, we choose v = 5 and 6 = 0.01 for the
Lax-Friedrichs approximation. The network consists of a
multilayer perceptron with two layers of 80 neurons and
Sigmoid activation functions, trained over 8,000 points and
50,000 epochs for 534 seconds. As a result, we obtained the
losses in Fig. la and the smooth storage function P(x) in
Fig. 2a.

The resulting Hamiltonian in Fig. 2b accomplishes the
requirement to be K, < 0 ensuring that the closed-loop
system has Lo gain < 7.

In order to evaluate the robustness of the controller,
a Monte Carlo analysis was made over 150 simulation
varying the parameters of the pendulum in a uniform
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(a) Training losses functions for (b) Training losses functions for
the pendulum system. the Kuramoto oscillator system.

Fig. 1: Training loss convergence for the proposed PINN
framework. Fig. 1a Inverted pendulum system over 50,000
steps, with final PDE, positive-definiteness, and origin losses
reaching the order of 1074, 10~%, and 10~*, respectively.
Fig. 1b Kuramoto oscillator network over 20,000 steps, with
corresponding final losses of order 107°, 10~%, and 10~*.
Convergence of all three loss components confirms that the
learned storage function P(x) satisfies the HJI subsolution
cpndition, positive-definiteness, and the boundary condition
P(0)=0.

Storage Function P(x) Hamiltonian K,
v

(a) Storage function P(z). (b) Hamiltonian K.

Fig. 2: Fig. 2a shows the storage function that satisfies the
Hamiltonian for the inverted pendulum system. This function
fulfills the requirements to be a storage function, such as
P(0) = 0 and positive over the domain. Fig. 2b shows the
surface of the resulting Hamiltonian for the corresponding
storage function P(x) and the inverted pendulum system.

distribution within the intervals b € [0,2]N-m-s/rad, [ €
[0.5,1.5]m, m € [0.5,1.5]kg, g € [8,11]m/s*. The results
in Fig. 3a show that the controller can handle the uncertainty
and reach the inverted position (0 rad).

B. Kuramoto Oscillator Network

Consider the Kuramoto Oscillator networked system

N
Gilk + 1] = ¢ilk] + To(wi + > Kiai; sin(g;[k] — ¢3[k])

) +ulk] + d[k])

where N denotes the number of nodes, K; is the coupling
gain associated with node i, a;; represents the adjacency
between nodes 4 and j, and ¢[k] is the phase of node 7 at
time step k. The terms u[k] and d[k] correspond to the control
input and an external disturbance, respectively. For training,
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(a) Pendulum states. (b) Kuramoto oscillator states.

Fig. 3: Fig. 3a Shows the pendulum states with param-
eter variations in the domain b € [0,2]N-m-s/rad, ! €
[0.5,1.5]m, m € [0.5,1.5]kg, g € [8,11] m/s?. The shaded
areas correspond to the minimum and maximum values of
each state. Fig. 3b shows the Kuramoto oscillator states
over the Monte Carlo analysis, varying the coupling factor
and network topology. As shown in the figure, each state
converged to the reference point ¢ = 0.

we used a fully connected 5 nodes Kuramoto oscillator with
coupling K = 1, v = 5, and sampling time 7 = 0.01.
The neural network employed has 5 inputs and 1 output, 2
hidden layers with Sigmoid activation and 100 neurons in
each one. Trained with a learning rate of 0.001 over 20, 000
data points and 20,000 epochs in 176 seconds. As a result,
we got the loss functions in Fig. 1b.

In order to test the performance of the controller, we
implement a Monte Carlo analysis varying the coupling
factor K with a uniform distribution in [0.1, 3]. Furthermore,
for each simulation, we use a random network topology,
including disconnected nodes, ring, hierarchical, mesh, and
star topologies.

As a result of 100 simulations with the same initial
conditions, we can observe in Fig. 3b that every node of
every topology reaches the equilibrium point ¢ = 0, in less
than 1 second, even if the network has nodes disconnected.
Although the controller has information about every node,
the dynamics of each one evolve differently for every topol-

ogy.
VI. CONCLUSIONS AND FUTURE WORK

In this work, we presented a framework for comput-
ing robust optimal state-feedback controllers for nonlinear
systems by combining Physics-Informed Neural Networks
with a monotone Lax-Friedrichs numerical Hamiltonian. By
recasting the nonlinear H, state-feedback synthesis problem
as the search for a viscosity subsolution of the Hamil-
ton—Jacobi—Isaacs inequality, we showed that the proposed
architecture can approximate valid storage functions that
guarantee stability and an £, gain bound. The use of a
numerical Hamiltonian with controlled artificial viscosity
provides a convexified optimization landscape and ensures
monotonicity and consistency, enabling PINNs to inherit the
convergence properties of classical finite-difference schemes.
The method successfully produced smooth storage functions
and stabilizing policies for two nonlinear benchmark sys-
tems: the inverted pendulum and the Kuramoto oscillator
network. By performing Monte Carlo simulations, it is
demonstrated that the resulting controllers exhibit strong

robustness properties, maintaining stability and convergence
even under wide variations in physical parameters, model
uncertainties, and network topologies.

Several aspects remain for future exploration. While the
Lax-Friedrichs Hamiltonian provides theoretical guarantees,
its computational cost scales poorly with high dimension.
Future research may explore different strategies to expand
the approach to higher-dimensional nonlinear systems and
attempt to avoid online differentiation. Furthermore, the
present framework assumes full-state feedback, a natural
challenge is to expand this approach to output feedback
H,. Finally, sim-to-real experiments will be conducted in
order to identify implementation limitations and determine
the performance over real systems.
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