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Abstract— Sensitivity analysis is important and essential in
the analysis and design of any system. This paper proposes
a method of sensitivity analysis for rhythm phenomena in
gene regulatory networks (GRNs). In particular, we focus on
cyclic expression pattern sequences in GRNs and sensitivities
of phase and period, which play one of the fundamental roles
in periodic phenomena. A piecewise-linear differential-equation
model is utilized as a model of GRNs. Rhythm phenomena are
modeled by using periodic orbits and corresponding expression
pattern sequences. Sensitivity analysis of rhythm phenomena
is very difficult because rhythms appear autonomously as
periodic phenomena in nonlinear systems, and limited research
has been conducted. Generally, phase and period sensitivities
are obtained approximately using numerical methods. In this
paper, we analytically derive exact closed-form mathematical
expressions of the sensitivities of phase and period of GRNs,
which is highly advantageous because they bring both the
accuracy of the analysis results and computational efficiency.

I. INTRODUCTION

In living organisms, various periodic movements or
rhythm phenomena are observed, such as walking, breathing,
and heartbeats. There are also rhythm phenomena with a
daily cycle, such as sleep, called circadian rhythms. These
rhythm phenomena are known to be controlled by specific
neural networks or gene regulatory networks (GRNs) in
living organisms, and the physiological and mathematical
elucidation of these phenomena has been actively studied
[1]-[4]. Investigating GRNs is important for understanding
the functions of living cells and many studies have been done
from various viewpoints. Recently there has been increasing
research interest in synthesizing GRNs and several studies
have been done. Among them, there are studies focusing on
the expression patterns of GRNs, examples of which are [5]-
[8].

Meanwhile, investigating how the behavior, characteristic
and performance of a system change when its parameters
change slightly, that is, sensitivity analysis, is a very impor-
tant issue for any system, and is required in various aspects
of system analysis and design. Sensitivities of a system’s
behavior, characteristic and performance with respect to
their parameters are usually defined as the derivative with
respect to those parameters. Furthermore, consider optimiza-
tion problems in which a certain performance index in terms
of the system’s performance or response is given and the
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parameters that minimize or maximize this are sought. In
solving these problems using various optimization algorithms
such as gradient based methods, the derivatives of the per-
formance index with respect to the parameters are needed,
that is, sensitivity analysis is required. The purpose of this
paper is to develop a sensitivity analysis method for cyclic
expression pattern sequences in GRNs. In particular, we
focus on phase and period which play one of the important
roles in rhythm phenomena and propose an analysis method
of phase and period sensitivities.

Sensitivity analysis of systems has a long history, and
many studies have been conducted. However, research on
the sensitivity analysis of periodic phenomena remains lim-
ited. The reason is that periodic solutions in systems are
generally determined autonomously as the steady state of
nonlinear systems, independent of the initial state, and it is
difficult to obtain a rigorous expression of the dependence
on the parameters. Despite these difficulties, several studies
on sensitivity analyses of periodic phenomena have been
conducted [9]-[12]. However, they have problems such as
approximate treatment, lack of specific calculation methods,
and lack of consideration of computational efficiency. The
authors have already studied sensitivity analysis methods
for rhythm phenomena for the period [13] and phase [14],
and proposed a sensitivity analysis algorithm with enough
accuracy and computational efficiency.

In this paper, we propose a sensitivity analysis method
of phase and period for cyclic expression pattern sequences
in GRNs. We derive exact close-form expressions of the
sensitivities, which is highly advantageous because they
bring both the accuracy of the analysis results and com-
putational efficiency. Expression patterns are often used for
describing expression levels in analysis and design of GRNG.
A piecewise-linear differential-equation model is used as the
model for GRNs. This is because this model can easily
handle the expression patterns of GRNs. However, in the
case of piecewise-linear differential-equation models, the
dynamics switch depending on the expression pattern, and
the solution trajectory is non-smooth. Therefore, the method
in [13], [14] cannot be applied to analyze those sensitivities
for the model of GRNSs. In contrast, this model allows for the
analytical expressions of the coordinates and time instants of
the solution trajectory when the dynamics switch. We have
already proposed an analysis method of period sensitivity
of GRNs [15]. In this paper, we propose a method for
simultaneously obtaining phase and period sensitivities of
GRNSs. The proposed method provides the exact closed-form
expressions for both sensitivities.



II. TARGET SYSTEM AND PROBLEM DESCRIPTION
A. Mathematical Model of Gene Regulatory Networks

In this paper, we discuss sensitivity analysis method for
GRNs focusing on their behavior based on expression pat-
terns. There have been several mathematical models devel-
oped for GRNs, among which a piecewise-linear differential-
equation model is known to be suitable for describing the
expression levels of GRNs. Consider a mathematical model
of GRNs described by the ordinary differential equations of
the form [5]:

@i (t) = —diwi(t) + filyr(t), y2(t), -+, yn(t),
L Wim, ) 2i(0) =z, (1)
i:1725"'7n (2)

Wi 1, W2,
yi(t) = h(zi(t)),

where n is the number of genes, x;(t) is the normalized
expression quantity of the i-th gene, y;(¢) € {0, 1} is a binary
variable describing on/off information of expression of the
i-th gene, that is, y;(t) = 1 if the i-th gene is expressed,
yi(t) = 0 if the i-th gene is not expressed, f; : {0,1}" — R
is a nonlinear function describing interactions among genes,
w; ; are parameters of f;, m; is the number of parameters of
fi» d; is a positive real number related to the degradation rate
of the product of the ith gene and h is a threshold function:

h(:v):{(l)

This model is rewritten in the vector form as follows:

&(t) = —Dz(t) + f(y(t), w), =(0) ==z, ()
y(t) = h(z(t)) @)

if x <0,
if x>0.

where z(t) = [z1(t) 2a(t) -+ 2 (D)]T, o = [T0.1 To2
w0l y(t) = () va(t) -y, f = [f1 fo
fn]T’ w = [w? wg wZ] ,w; = [wi,l Wig -

wim,|T, D = diag{dy, da, -+, d,} and h(z) = [h(z1)
h(z3) --- h(x,)]T. 27 is transpose of a vector x. y(t) is
the vector that represents the expression or non-expression
of each gene at time ¢, and is called the expression pattern
(EP).

As the interaction function f;, the following function

n
fily,wi) =win + > wi i1y
Jj=1

n—1 n
+Z Z Wi, j+k+n+2Y5Yk

J=1 k=j+1

+"'+wi,2"yl"'ynu 7;:1727"'7/” (5)

or its equivalent is often used [16]. In this paper, we will
use this equation as the interaction function. If there is no
need to specify the parameter w, the interaction function
will be abbreviated as f(y) for simplicity. In the interaction
function (5), for example, w; ;41 represents the strength
with which the product of the expression of the j-th gene
acts on the expression process of the i-th gene, and the
coefficients of the quadratic or higher terms, for example,
the coefficient of ;v represents that the interaction exists

between two proteins produced by the expression of the j-th
and k-th genes, and as a result, it acts with the strength of
the coefficient on the production of the i-th protein. The state
x(t) evolves in time according to the differential equations
(3) and (4). In the time evolution of x(t), when the sign of
the ¢-th element z;(t) of (t) changes, the value of the i-th
element y; (¢) of y(t) changes and the expression pattern y(t)
changes from one pattern to another. Therefore, this series of
temporal changes in the expression pattern y(¢) represents
the sequence in which the expression and non-expression of
genes in the GRN change over time.

In this paper, a change in y is called a transition of EP,
and the transition of y from one EP ¢ to another EP ¥ is
denoted as i — . Furthermore, let the EP transit as y(©) —
yM) — y® — ... when x(t) evolves over time from an
initial state x(0) according to the differential equations (3)
and (4). The sequence of transitions of this EP is called the
expression pattern sequence (EPS), and in this case, the GRN
is said to have this EPS.

B. Problem Formulation for Sensitivity Analysis

Let ¢(t, o, w) be the solution of the differential equa-
tions at time ¢ with the initial condition (0) = x,. We
assume that the GRN of (3) and (4) has a periodic solution,
which realizes the rhythm phenomenon considered in this
paper. Let ~ be the orbit in the state space of the periodic
solution of the GRN of (3) and (4), and let =, be a point on
this orbit <. The following equation holds

Ty = ¢(Ta Ly, 'Ll)) (6)

for any point x., € 7 where T is the period of the periodic
solution. Let the EPS of the periodic orbit v be expressed
as the periodic EPS by

g O (D g 0) g (0) — g (0) (7
where p is the number of transitions. The purpose of this
paper is to propose an analysis method of parameter sensi-
tivities of phase and period of the periodic solution of the
GRN with the periodic EPS given by (7).

Parameter sensitivity is usually defined as the derivative
with respect to the parameter, and this paper adopts the
definition. The parameter sensitivity of the period T is
defined as g—,l:f). In the case of phase, it is first necessary
to clarify how the phase is defined. In this paper, we define
the phase of the periodic orbit v as follows. Consider the
time when an event of interest occurs within one cycle of
~. This time instance is defined as the difference from an
appropriately defined reference time and is denoted by %.,.
The time t., depends on the parameter w of the GRN and
we denote it by t., (w). Let f(w) be the phase at the time
ter and it is defined as follows:

®)



By differentiating both sides of (8) with respect to w, the
phase sensitivity is expressed by

Aoy (W)

2 pw) = 27— L)
ow T?(w)
Therefore, the phase sensitivity can be obtained by deriv-
ing the sensitivity of the time at which the event occurs,
Otey(w)/Ow, and the sensitivity of the period, 0T (w)/dw.
In this paper we propose analysis method of the parameter
sensitivities of the period and the phase defined above. We
will derive a method for simultaneously obtaining exact

closed-form expressions of the sensitivities g_tTv and 88—190.

Here we explain the mathematical model that provides
the time t.,. The time t., when such an event occurs is
generally expressed as the time that satisfies the following
equation using the function &, : U, X RXZimami R,

which depends on the system state  and parameter w.

oT(w
teulw) T )

Ev(Tey,w) =0 (10)

where x., is:
(11)

Here, U., is a region within the state space: U, C R”.
Examples of the function &, is as follows. Consider the
event in which the i-th element of state & becomes zero
and all other elements take positive values. Then, (10) can
be expressed as z;(tey) = 0, T(tey) € Uey, Uy = {x |
xj > 0, Vj # i}. Therefore, the function &, is

Loy = T(tey)-

E(Tey,w) = ;.

Similarly, consider the event in which the i-th element of
state « becomes zero and takes an extreme value satisfying
4 2;(t) = 0, while the other elements take positive values.
(10) can be expressed as 2z;(tey) = fi(®(tey), w) = 0,
Z(tey) € Uey, Uey = {@ | ; > 0, Vj # i}. Thus, the
function &, is

gu(mevaw): xl:fl(waw)

dt
III. PROPOSED SENSITIVITY ANALYSIS METHOD FOR
PHASE AND PERIOD

A. Mathematical Preliminary

In the following, some mathematical preliminaries are
given in order to derive the sensitivities. The Poincaré map
is known as an important tool for analyzing the qualitative
properties and stability of periodic solutions. The basic
concept of the Poincaré map is to replace the analysis of
the periodic orbit of a continuous-time system with that of
a discrete-time system with the dimension being one lower
than it, and it is defined as follows [17].

Let =, be a point on a periodic orbit v. We consider
a hyper-surface ¥ C R" of dimension n — 1 to which the
orbit 7y is transverse at the point x.,. X is called the Poincaré
cross section. Let U C X be some neighborhood of the point
T, and U is defined such a way that the solution orbit of
the system (3) and (4) starting from the point &y € U moves

and returns to a point in X after slight a different time from
T. The Poincaré map P : U — X is defined for a point
xo € U by

P(zo) = ¢(T/ (x0), o, w)

where T'(x() is the time taken for the orbit ¢(t,x,w)
based at xo to first return to X, that is T (zo) =
min {¢t > 0| ¢(¢,zo,w) € X}. Obviously, the relations
&, = P(z.,) and T (x,,) = T hold, and z., is a fixed
point of the Poincaré map.

12)

B. Mathematical Expression of Parameter Dependence for
Phase and Period

Suppose that the Poincaré cross section X is expressed by
the following equation:

o(x)=0

where o is the map o : R™ — R. Suppose that the Poincaré
cross section can be set appropriately for the target periodic
orbit 7, and that o(x) is known. Let ., be the intersection
of the periodic orbit v with the Poincaré cross section .
The following equations hold:

13)
(14)

Ly = ¢(T7 Lo s w)a
O'(wﬁo) =0.
Note that in (13) we let (0) = x~, and (11) is rewitten as:

Ley = ¢(tev7 Ly, ’LU) (15)

In [13], [14] a method is proposed to obtain the parameter
sensitivities of the period and phase of a periodic orbit
for nonlinear systems with smooth solution orbits, based
on the relations (13), (14) and (15). That is, they derive
mathematical expressions for the variations of period and
phase when parameters vary slightly, and propose a method
for calculating the sensitivities based on these expressions.
However, the GRNs targeted in this study do not have smooth
solution trajectories, and their dynamics change piecewisely,
so their methods cannot be used and a method which can
deal with the dynamics of the GRN should be developed.

We first derive expressions corresponding to (13) taking
into account the dynamics of the GRNs considered in this
paper. For this purpose, we make the following assumptions.

Assumption 1: Suppose that the GRN represented by (3)

and (4) has a periodic orbit v and its EPS is expressed by
(7). We assume that only one element differs between two
adjacent EPs y(") and y"*b for r = 0,1,--- ,p — 1.
This assumption is practically reasonable because it is very
rare for the signs of two or more elements of x(t) € v to
change at exactly the same time. We denote by ¢, the indices
of the element that differ between (y*(r) and y*("t1_ that
is, the following relation holds: y;:r) # yff”l), g =
y:(rﬂ), Vi # i, for y*(") and y*( 1),

Let us define some notations necessary for the discussion.
For an EP y we define a region (y as

Qy :={z |y =h(2)},



that is, §2g is the region of the n-dimensional space R™
in which the GRN takes the EP y. As can be seen from
the definition of the threshold function h, €2y is one of
the quadrants of the n-dimensional real space. Let us define
Sr41,7=0,1,---, p—1as:

Spi1 = {w x;,. =0, y:(r) = h(x;),

i:1727"'7iT_177;T+17"'7n}7

(16)

and let Sy := S,. Note that S, is the boundary between
the regions Qy*m and Qy*uH), and Sy is that between
Qy*@,fl) and Qy*(o). Note also that the dynamics of the
GRN switch at the boundary of the domain {2q;. Let the point
where the periodic solution and Sy intersect be ., then the
periodic solution starting from x., intersects with S, Sa,
.-+, and Sp_1 in that order, and then intersects with Sy at
T, Let \II(T), r=1,2,---,p—1 be the coordinates where
this periodic orbit intersects with S,.. Let T("+1) be the time
it takes from the point ¥ on S, where the periodic orbit
intersects with S, until it next intersects with the boundary
S,11. Let T(P) be the time it takes from the point w1
on Sp_1 where the periodic orbit intersects with .S;,_; until
it intersects with Sy. Then, the period T is given by the
following equation:

a7)

Next, we consider each smooth interval of the periodic
orbit, that is, each interval of the periodic orbit in the region
Qym‘) for r =0,1,--- ,p — 1, and derive equations corre-
sponding to (13) and (14). Since the dynamics of the GRN
are linear in 2y, its solution can be obtained analytically as
follows. Let & be any point in £y, and let ¢(t, o, w) be
the state at time ¢ in {2y of the solution trajectory starting
from x at time ¢ = 0. Then, we obtain:

¢(t,i0,'ﬂ)) :g(io,t,e(y,w)) (18)

where e(y,w) is defined by e(y,w) = [fi(y,w)/d1
fa(y,w)/do foly,w)/d,]T and i-th element of
g(x,t, e(y,w)), denoted by g;(x,t, e), is given as:

gi(x,t,e) = x;exp(—d;t) + e; (1 — exp(—d;t)),

i=1,2,.n

19)

where ¢; is the i-th element of e(y,w). Furthermore, since
T, is a point on the periodic orbit, the following equation
holds for ¥, r =0,1,--- ,p— 1.

OO = §@) = g1 7@ e(y*@=1 ),  (20)
T = (", 70 ey ) w)),
T:071,...,p_2 (21)

where &) .= x~,. Since Sy is taken as the Poincaré cross
section, (20) and (21) provide the Poincaré map, yielding the
corresponding expression for (13). Furthermore, besides the
Poincaré cross section, there exist points on the hyper-planes

Sy, v =1,2,--- ,p— 1 where periodic solutions intersect.
For the intersection point U the following equation holds.

W =0, r=0,1,,p—1. 22)
From (20), (21) and (22) we obtain:
1 e, (Y"1, w)
T+ — — — | i ’ , 23
di’l‘ Og 81/7‘ (y*(’r‘)7 w) - WZ’V‘ ( )

Next, we derive an equation corresponding to (15) for the
time when the event occurs and the state at that time. Let
T, be the reference point in the definition of the phase, and
consider the solution trajectory starting from x.,. For the
solution orbit within Qy(m r=20,1,--- ;v —1, (21) holds.
Let the time t., when the event occurs be the time in the
time interval which the GRN takes the (v + 1)-th expression
pattern, that is, @ (te,) € Qym). Using T, that satisfies the
following equation

Tey = g(T, To, e(y™™), w)), (24)
the time ., is expressed as follows:
tey = Tev + Z T(T) (25)

r=1

Note that T, is the elapsed time from when the solution
trajectory passes through W) until the event occurs.

Supposing that the parameters of the GRN vary from
w by Aw to w + Aw, the equations for the variation of
each variable can be derived as follows. From (20) and (21)
corresponding to the Poincaré map, and (22) and (17), we
obtain:

Aw©® = 9 go-vage-1 4 2 o0 AT
ox ot
) o
PN 2 DERPN (R DI/ A2 2
+ 569 5 C w+ O(A®), (26)
Awr) = D oAg0) 4 O g Ay
ox ot
Bl Bl
9 4 2 2
+ 567 5w € Aw + O(A?),
TZOalu"'up_27 (27)
AW =0, r=0,1,p— 1, (28)
p
AT =Y AT™ (29)
r=1
where g = g(®™, TCTD  e(y*) w)), e =

e(y* ™, w), r=0,1,---, p— 1. From (10), (24) and (25)
corresponding to the event occurrence time and its condition,
we obtain:

%&Amev + %&Jmu +0(A?) =0, (30)
Az,, = 8%98”&‘1’(”) + %gmATw

+ (%geva%e(”)Aw +0(A%), @31
Atey = ATe, + ZU: AT™ (32)

r=1



where g., = g(®W T., e(y*™,w)) and & :=
Ev(@ey, w). Note that equations (26) to (32) are simulta-
neous equations with ATy = 0,1,---,p—1, AT"),
r = 1,2--- ,p, AT, Axe,, AT, and Ate, as being
unknown variables.

C. A Method for Obtaining Exact Closed-form Expressions
of Sensitivities

The analytical expression for period sensitivity can be
derived as follows. Eliminating A® ") from (27) and (28)
and solving the resulting equation for AT +1) gives the
following equation:

AT+ = — ADA® ™ — B Aw + O(A?),
r=0,1,---,p—1 (33)
where A" = 5z i, )/aatgz(:)’ B =
aegl(T) 9_e(r) /gtgl(T). Substituting these into (26) and

(27), we obtaln the following equations, respectively.

AP = gr=DAFED 4 g~V Aw + O(A?), (34)
AP = gIAB) 4 g Aw + O(A?),

r=0,1,---,p—2 (35)
where gg) = a (T)—— (m) AT g %g(” %e(”
—%g(r)B(” These are dlfference equatlons for AW
(r=0,1,---,p—1). Therefore, by solving them, we obtain
AT (=01, ,p — 1) as follows:
AT = DAw +0(A?%), r=0,1,---,p—1
(36)
where C(M = A" (1 - AP o BN 4+ B,
A(r) — g(r) (r=1) '9(10), B(r) — (T)g(r no
g(l)g(O) + g( gg(r 1) gg)ggul) 4o 4 g(r) (r=1)
+ g( ), AGD I, B"Y = 0 and ¢c(-V

ACY (12 40-) ' BOU 4 BEY. Erom (29), (33)
and (36), the following theorem is obtained, which gives the
exact closed-form expression for the period sensitivity:

Theorem 1: Suppose that the GRN represented by (3), (4)
and (5) has a periodic orbit, and the EPS of this periodic orbit
is given by (7). Then the sensitivity of the period is given
by the following equation:

p—1
_ Mer-1) 4 g\
;(A ¢V 4B )

The analytical expression for the phase sensitivity can be
obtained as follows. Eliminating Az, from (30) and (31),
solving the resulting equations for ATy, and substituting
o) given by (36) into it, we obtain the analytical expression
for AT,,. From the analytical expression of AT, thus
obtained and equations (32) through (36), the analytical
expression for the sensitivity of the time t., at which the
event occurs can be obtained as follows:

Theorem 2: Suppose that the GRN represented by (3), (4)
and (5) has a periodic orbit, and the EPS of this periodic orbit

(37

is given by (7). Then the sensitivity of the time ¢, is given
by the following equation:

ot 2
ev _ _pel-1) _ ¢ _ E (r)p(r=1) (r)
S0 DC F 2 (A C + B ) (38)
where D :: ( =&y awgev)/(_a?v &J%gev), F =

( gv 2e9evow e(v) + awg )/(6(?1}5’0%9611)'

The exact closed form expression for the phase sensitivity
%Gﬁ} is obtained by substituting (37) in Theorem 1 and (38)
in Theorem 2 into (9).

In sensitivity analysis, methods based on sensitivity equa-
tions or adjoint equations are commonly used. These meth-
ods require solving the sensitivity equations or adjoint equa-
tions, which are differential equations, over a certain time
interval, or for one period in the case of sensitivity analysis
of periodic phenomena. The computational time required to
solve these differential equations becomes a problem. The
method based on sensitivity equations require solving the
same numbers of sensitivity equations as the numbers of
parameters, which particularly is the problem. Numerical
calculation errors in solving differential equations also be-
come an issue. On the other hand, the method proposed in
this paper gives the exact closed-form expressions of the
sensitivities, and therefore is computationally highly efficient
compared to the methods mentioned above. Furthermore,
because it does not require solving differential equations,
there is no problem with the numerical errors. Thus, the
method proposed is highly useful, especially for gradient-
based optimization algorithms, which require repeated sen-
sitivity calculations for the parameters of objective functions.

IV. NUMERICAL EXPERIMENTS

In this section, we present the results of numerical ex-
periments to demonstrate the effectiveness of the proposed
method. The GRN used in the experiments is a GRN com-
posed of three genes, i.e., the GRN defined by (3), (4), and
(5) with n = 3. The parameters in the GRN are chosen as:
dy =1.0,dy =2.0,d3 =3.0,w; =[11-1-4222 —4],
wo=[-343-21-2-24],ws=[-2-122122 —4].
This GRN has a periodic orbit With period T' = 4.209347,
and the periodic EPS of this periodic orbit is:

N1y —=po11"=p001" —=p0o007"

100" =107 —=[111)". (39)

We will obtain the phase and period sensitivities for this
periodic orbit by using the proposed method. In the numer-
ical experiment, sensitivity analysis is performed under the
condition that the Poincaré cross section is defined as Sy,
and the phase is defined based on the intersection x., of
this Sy and the periodic orbit. The intersection with Sy is
x, = [1.702971 0.5927983 0.0]”. We consider two cases
for the time ¢.,, at which an event occurs defining the phase,
and obtain the sensitivities for each case using the proposed
method. For comparison, the sensitivities are obtained by the
difference approximation method.



First, we find the sensitivities when the conditions for the
occurrence of the event are as follows: 1 < 0, x5 = —1.0,
x3 < 0. In this case, &, is defined as:

Ev(@ey, w) = 29+ 1.0.

The sensitivities obtained using the proposal method and the
difference approximation method are shown in Table I. In the

TABLE I
RESULTS OF NUMERICAL EXAMPLE 1

Sensitivities Proposed Aw; Aw;
method = 0.0001 =0.001
520 1.126735 1.126765 1.127040
wi,9
- wdl"w 0.3110589 0.3110409 0.3108799
5 wdl"u 0.1980602 0.1980746 0.1982056
agffg 0.0000000 | 0.00005267000 | 0.0005264700
T —0.3199317 | —0.3199071 —0.3196867
52 0.6542258 0.6542521 0.6544885
1,11

difference approximation method, we first obtained the phase
and the period, denoted by 6 and T', when the parameter w;
changed slightly by Aw; = 0.0001 and 0.001, and calculated
approximated values of the sensitivities by Af/Aw; = (9 —
0)/Aw; and AT/Aw; = (T = T)/Aw;.

Next, we find the phase sensitivity when the conditions for
the occurrence of the event are as follows: x1 > 0, 22 < 0,
23 < 0, and the sum of the velocities dx1/dt, dxs/dt and
dxs3/dt in each state becomes equal to 2.0. In this case, &,
is defined as:

L SO B
T T w e

The sensitivities obtained using the proposal method and the
difference approximation method are shown in Table II. Note

Ev(z,w) = (40)

TABLE II
RESULTS OF NUMERICAL EXAMPLE 2

Sensitivities Proposed Aw; Aw;
method = 0.0001 =0.001
» 3f . 0.7723930 | 0.7723654 | 0.7721186
- 51910 0.6711569 | 0.6711240 | 0.6708299
520 0.1139321 | 0.1139366 | 0.1139780
1,11

that the difference approximation method is expected to give
a good approximation of the sensitivities with good accuracy
if the value of the difference Aw; is chosen appropriately.
Table I and II show that the values of the sensitivities for
Awj; = 0.0001 are closest to those of the proposed method
which theoretically provides the true values. This shows that
the proposed method gives the appropriate values of the
sensitivities, which indicates the validity of the proposed
method.

V. CONCLUSIONS

Rhythm phenomena are interesting nonlinear phenomena
found in any kind of systems, and there is a growing research
effort to elucidate the mechanisms of their occurrence and

to use the results to solve various problems in the analysis
and design of the systems. One of the important tools in
these studies is the sensitivity analysis method. In this paper,
we consider a piecewise-linear differential-equation model
as a model of GRNs and proposed a sensitivity analysis
method for cyclic expression pattern sequences in GRNs. In
the case of the piecewise-linear differential-equation model,
its dynamics switch depending on the expression patterns and
the sensitivity analysis method previously proposed cannot
be utilized. However, it is possible for the piecewise-linear
differential-equation model to analytically derive the coordi-
nates and the time instants of the solution trajectory when the
dynamics switch. Using the results, we proposed a method to
obtain exact closed-form expressions of sensitivities of phase
and period. The proposed method makes it possible to bring
both the accuracy of the analysis results and computational
efficiency.
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