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Abstract— Adaptive tutoring systems depend on accurate,
trustworthy estimates of student knowledge—yet most exist-
ing knowledge tracing models produce point predictions that
carry no measure of their own reliability. When a system
cannot distinguish a confident prediction from an uncertain
one, it risks triggering interventions that are pedagogically
inappropriate, particularly in early or data-scarce stages of
a learning sequence. This work addresses that limitation by
introducing Bayesian Deep Knowledge Tracing (BDKT), a
hybrid framework in which latent knowledge states are rep-
resented as posterior distributions over a multi-skill space and
propagated through time via an LSTM-based transition model.
Unlike deterministic tracers such as DKT, and unlike attention-
or graph-based extensions that improve predictive accuracy
without addressing calibration, BDKT couples sequential neural
modeling with Monte Carlo dropout to quantify both epis-
temic uncertainty—stemming from limited data—and aleatoric
uncertainty inherent in student responses. A graph-informed
multivariate Gaussian covariance further encodes prerequisite
dependencies among skills, a structural dimension absent from
prior neural KT models. Evaluated on a large-scale public
dataset of over 500 000 interactions spanning 30 mathematical
skills, BDKT yields statistically significant improvements over
DKT in discrimination (AUC 0.87 vs. 0.83, p<0.01) and reduces
expected calibration error by nearly half (ECE 0.04 vs. 0.07,
p<0.01), supporting the practical value of uncertainty-aware
student modeling.

I. INTRODUCTION

Knowledge tracing (KT) estimates and forecasts learner
mastery from sequences of learning interactions. Classical
Bayesian Knowledge Tracing (BKT) models mastery as a bi-
nary latent variable updated through Bayesian inference [2],
while Deep Knowledge Tracing (DKT) replaces handcrafted
assumptions with recurrent neural networks learned from
data [4]. Although DKT improves predictive accuracy, its
deterministic outputs carry no information about confidence,
leaving adaptive systems unable to distinguish between reli-
able predictions and uncertain ones.

Recent extensions address complementary shortcomings
of DKT yet none resolves its calibration deficit. SAKT [6]
improves sensitivity to relevant history via self-attention but
outputs deterministic logits; DKVMN [7] separates concept
keys from dynamic mastery values for better interpretability,
yet reads those values deterministically; GKT [8] encodes
prerequisite structure as a directed graph but likewise pro-
duces point estimates. Each improves what is predicted while
leaving open how confident that prediction should be—a
distinction consequential in adaptive tutoring, where a system
that cannot quantify uncertainty risks triggering interventions
that are inappropriate precisely when the learner’s state is

most ambiguous [16]. BDKT addresses this gap by repre-
senting latent knowledge states as posterior distributions that
propagate uncertainty through every step of the sequential
reasoning process. The importance of reliable, calibrated
predictions in applied educational Al is further underlined
by recent work on explainable predictive modeling [24],
Bayesian calibration methods [18], and Al-driven human-
computer interaction [23].
This paper makes three key contributions:

1) A probabilistic BDKT formulation that maintains a
multivariate Gaussian over skill states, informed by a
prerequisite graph, and employs Monte Carlo dropout
[17] to quantify both epistemic and aleatoric uncer-
tainty;

2) A comprehensive empirical evaluation on a large-scale
public dataset [22] (500k interactions across 30 skills)
with rigorous statistical analysis including ablation stud-
ies;

3) Demonstration of statistically significant improvements
in both discrimination (AUC) and calibration (ECE)
relative to BKT, DKT, IRT, SAKT, DKVMN, and GKT.

II. RELATED WORK

This section reviews KT models with emphasis on their
modeling assumptions, interpretability, and ability to quan-
tify uncertainty.

A. Item Response Theory (IRT)

Item Response Theory estimates the probability of a
correct response as a function of learner ability and item
difficulty. In the Rasch model [1], the probability is expressed

as:
1
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where 0 is learner ability and b is item difficulty. A common
extension introduces discrimination a:
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IRT is typically static and does not explicitly model temporal
learning dynamics.
B. Bayesian Knowledge Tracing

Introduced in 1994 [2], BKT models mastery as a binary
latent state that transitions probabilistically with practice.



The model parameters include initial mastery P(Lg), learn-
ing rate P(T), slip P(S), and guess P(G) [3]. Posterior
updates follow standard Bayes rules:

B P(Ln_1)(1-P(S))

P(Ly, | Correct) = P(Lnfl)(17P(S)1)+(1*P(Ln71))P(G) )
P(L,_1)P(S

P(Ly, | Incorrect) = p(Ln,1)p(S)iu—P)(L(n,)l))(1—P<G>) @)

followed by a transition step accounting for learning over
time.

C. Deep Knowledge Tracing

DKT [4] uses recurrent neural networks (typically
LSTMs [5]) to capture nonlinear dependencies in learning
sequences. At each interaction X,,, the model updates its
latent state:

Hn :f(Xannfl) (5)
and predicts the probability of success:

Subsequent work [19] explored deeper LSTM stacking and
showed that gains plateau quickly, suggesting that architec-
tural depth alone does not resolve the fundamental limitation
of deterministic outputs.

D. Extensions of DKT

Modern KT models incorporate attention and structured
representations. SAKT [6] applies self-attention to weight
diagnostically relevant past interactions, but produces de-
terministic scores without any confidence measure and ig-
nores inter-skill dependencies. DKVMN [7] separates static
concept keys from dynamic mastery values in an external
memory, improving per-skill interpretability; yet mastery
values are updated and read deterministically, with no dis-
tributional representation of uncertainty. GKT [8] encodes
prerequisite relationships as a directed graph and propa-
gates evidence across related skills—improving prediction
for poorly observed concepts—but equally outputs point
estimates. Yin et al. [21] further showed that graph-based
tracers are sensitive to missing interaction data, a limitation
that calibrated uncertainty estimates would help flag. Deeper
LSTM stacking [19] yields only marginal gains, confirming
that architectural depth alone does not compensate for the
absence of calibrated confidence.

Gap: No existing KT model simultaneously provides (i) a
full distributional knowledge-state representation, (ii) a deep
sequential transition model for nonlinear dynamics, and (iii)
calibrated uncertainty at each prediction step. Probabilistic
student modeling has been explored in adjacent domains [9],
[12], but not unified into a sequential neural KT framework.
BDKT is designed to satisfy all three requirements jointly.

TABLE I
COMPARATIVE ANALYSIS OF REPRESENTATIVE KT MODELS

Model Attention | Uncertainty | Graph | Interpretability
BKT No Partial No High
SAKT Yes No No Moderate
DKVMN No No No High

GKT No No Yes Moderate
BDKT Yes Yes Yes Moderate

Table I makes this gap visible at a glance. BKT maintains
a binary mastery posterior—a form of uncertainty—but can-
not represent continuous, correlated, multi-skill knowledge
states. SAKT, DKVMN, and GKT all improve discrimination
through richer architectures, yet the Uncertainty column
remains empty for each. BDKT extends BKT’s probabilistic
commitment to the full depth of a neural sequential model,
combining what each prior approach handles well while
addressing what all of them leave aside.

ITII. BAYESIAN DEEP KNOWLEDGE TRACING

This section presents a hybrid approach that combines
the uncertainty quantification of Bayesian methods with
the representational power of deep neural networks. The
core probabilistic framework is first established, then neural
networks for modeling temporal transitions are described.

A. Notation and Problem Setup

Let t € {1,...,T} index student interactions in chrono-
logical order. Each interaction ¢ consists of an observation Oy
(e.g., correctness, response time) and contextual information
A, (e.g., item and skill identifiers).

The central idea of BDKT is to represent student knowl-
edge as a probability distribution rather than a single point
estimate. Specifically, we model the latent knowledge state as
a real-valued vector K; € R"™ over n skills, where each ele-
ment represents knowledge on the logit scale. Actual mastery
probabilities are recovered through sigmoid transformation:
P(mastery of skill i) = o (K} ;).

B. Probabilistic Knowledge Representation

Unlike traditional neural knowledge tracers that output
deterministic predictions, BDKT maintains a full probability
distribution over student knowledge states. This distribution
captures both the estimated student mastery and the uncer-
tainty about that estimate.

Formally, we model the posterior distribution over knowl-
edge states given all past observations as a multivariate
Gaussian:

P(Kt | Olzt) ZN(Hm 2t>~ (N

The mean vector p; represents the estimated student pro-
ficiencies, while the covariance matrix X; encodes both
the uncertainty in the estimates and correlations between
different skills.

Covariance informed by a prerequisite graph: Let G =
(C, E) be a prerequisite graph. We define
o} i =7,
Pij 0303 w(ci,cj) (CZ',CJ') € FE, (8)
Pij 005 & otherwise,

Zt[ivj] =

where o; represents the per-skill uncertainty scale, p;; is a
learned correlation coefficient, w(c;,c;) € [0.5,1] weights
prerequisite relationship strength, and o < 1 controls back-
ground correlations between unrelated skills.

The initial state follows

P(Ko) = N(po, o), )

where po and X are population priors.



C. Dynamic Transitions with Forgetting

To model forgetting and learning, we use
Kij1=1-X) 0K + X0 f(Ky, Ay, Cp) + &4, (10)

where A, € [0,1]™ balances retention and update, C; is a
learner/context feature vector, and £; ~ N(0, Q;) is process
noise.

A = o (WA[Ky; Ag; Aty d] + by), (11)

where At is time since last practice and d denotes difficulty-
related features.

Here, A, represents the encoded interaction vector at time
t (including item identifier and response), C; contains aux-
iliary contextual features (e.g., session information, learning
objectives), and Q; specifies the transition noise covariance
matrix.

Sequential transition model: The transition function

employs an LSTM to capture complex learning dynamics:

Jo(K¢, Ay, Cp) = LSTMp ([K¢; Ag; Cyl). (12)

Uncertainty  quantification through Monte Carlo
dropout: BDKT distinguishes between two types of
uncertainty. Epistemic uncertainty reflects our ignorance
about the true model parameters # and decreases as we
observe more data. We approximate this using Monte
Carlo dropout [17], where we randomly mask different
neural network connections during each forward pass.
Aleatoric uncertainty captures inherent randomness in
student responses and learning processes, modeled through
observation and process noise terms in our probabilistic
framework.

D. Multimodal Observation Model

Binary correctness alone is an incomplete observation:
response time signals cognitive effort (a slow correct answer
may reflect reconstruction rather than mastery), hint requests
reveal metacognitive difficulty perception, and temporal gaps
modulate expected forgetting [10], [20]. Treating these sig-
nals as equivalent forces the model to conflate observa-
tionally distinct interactions. BDKT therefore factorizes the
observation likelihood across M modalities:

M
P(o; | Ke, Ae) = [ Pu(0f™ | om(Ki, Ar)).  (13)
m=1

In the present implementation, the three modalities are
correctness (Bernoulli), response time (log-normal), and be-
havioral/contextual signals including hint counts [10].
E. Variational Objective with Regularisers
Exact inference is intractable, so we maximize an evidence
lower bound (ELBO) with additional regularization:
L= Eq, [log P(Or.7 | Ki.7)] — 8 Dkr [‘M)(Kl:T)”P(Kl:Tﬂ
(14)
- Rmono -6 Rtransfer' (15)

The regularization terms Ruyono penalize implausible short-
term mastery regressions, while Ryansfer €ncourage learning
transfer consistent with prerequisite relationships.

FE. Hierarchical Attention Mechanism

Hierarchical attention can be optionally applied across
concepts and input sources [11]:

o™ = softmax (score(hy, {¢;})), (16)
" = softmax(score(hgi), {s;}), (17

leading to
b= e (Cagel). as)
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G. BDKT Architecture

Figure 1 summarizes the information flow. At each step ¢,
multimodal inputs (7, 7, h't‘im) are fused into x; and fed with
context A, into the Gaussian knowledge state A (g, Xy).
An LSTM+MC cell updates hidden state h; under Monte
Carlo dropout, sampling 20 masks per forward pass; the
mean output across passes gives ¢, while variance quantifies

epistemic uncertainty.
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Fig. 1. BDKT architecture. Green boxes: multimodal inputs (correctness
r¢, response time ¢, hints hl;i“t). Dashed boxes: probabilistic knowledge
states NV'(pe¢, ). Blue boxes: LSTM cells with Monte Carlo (MC) dropout
for epistemic uncertainty. Red circles: predictive distributions gz .

IV. DATASET
A. Data Source and Collection

BDKT is evaluated on a large-scale educational dataset
publicly available on Kaggle [22]. The dataset was originally
collected from an adaptive learning platform and represents
authentic student-system interactions over a period of six
months. The corpus contains 500952 timestamped interac-
tions from 4 000 students across 6 000 unique learning items
covering 30 distinct mathematical skills.

B. Data Structure and Features

Each record includes anonymized student and session
identifiers, item ID with skill tag(s) and estimated difficulty,
binary correctness, attempt number (1-5), hint requests,
response timestamp, and response time in milliseconds.
Students contribute 50-200 interactions each (median: 125)
across 2 100 sessions; core arithmetic skills represent 40% of
interactions and advanced topics 15%. Table II summarizes
corpus dimensions.



TABLE I
DATASET STATISTICS

Dimension Count
Students 4,000
Items 6,000
Skills 30
Interactions 500,952
Sessions 2,100
Processed sequences 3,847
Correct responses 312,595 (62.4%)

C. Preprocessing Pipeline

Duplicates and records with missing critical fields are
removed (<0.5%). Items spanning multiple skills receive
multi-hot encoding [15] yielding 30-dimensional skill vec-
tors. Interactions are sorted chronologically per student,
segmented into windows of length L=100 with 20% over-
lap, and zero-padded for shorter sequences. Response times
and temporal gaps are log-normalized: ¢ = log(l +
t/1000). This yields 3847 sequences (avg. length 89.3),
with train/validation/test splits preserving temporal ordering
within each student’s history.

V. EXPERIMENTAL SETUP

A. Model Architecture

BDKT employs a two-layer LSTM with hidden dimen-
sionality d;, = 128 and input embedding dimensionality
d. = 64. The covariance matrix X; has rank r = 32 to
balance expressiveness and computational efficiency. Monte
Carlo dropout with rate p = 0.2 is applied to both LSTM
layers and the final prediction layer.

B. Training Procedure

A stratified five-fold cross-validation split by student ID
ensures no data leakage. All hyperparameters are selected by
grid search on a held-out 20% validation partition. Training
uses Adam (8:;=0.9, £,=0.999, e=10"%) with learning rate
n=3x10"% (cosine annealing), batch size 256 (32 sequences
x 8 gradient accumulation steps), weight decay A=10"% on
non-bias parameters, and /5 gradient clipping at 5.0. The full
objective is:

Etotal = —ELBO + 5 : DKL + Y- 7?fmono + - 7?/transfer (19)

with =1.0, v=0.05, §=0.1. Training stops after 20 epochs
or when validation AUC plateaus for 5 consecutive epochs.

C. Inference Details

Predictive probabilities are computed by averaging 20
stochastic forward passes with dropout enabled. For compu-
tational efficiency during evaluation, we use a fixed random
seed across all Monte Carlo samples to ensure reproducible
uncertainty estimates. Expected Calibration Error uses 15
equally-spaced confidence bins [0, 0.067,0.133,...,1.0] fol-
lowing [16].

D. Baseline Implementation

Baselines share identical preprocessing and evaluation:
BKT (classical four-parameter EM [2]), DKT (two-layer
LSTM, d;, =200, dropout p=0.1 [4]), and IRT (Rasch model,
L-BFGS). DKT uses the same optimizer as BDKT but
without uncertainty quantification or regularization terms.

VI. RESULTS

We report performance across five-fold cross-validation,
including means, standard deviations, and statistical signifi-
cance tests using paired t-tests against the DKT baseline.

TABLE III
PERFORMANCE RESULTS (MEAN = STD, 5-FOLD CV)

Model AUC ACC RMSE ECE
BKT 0.69 £ 0.02 0.63 £ 0.01 0.46 £ 0.03 0.08 £ 0.01
DKT 0.83 £+ 0.01 0.76 £ 0.02 0.37 £ 0.02 0.07 £ 0.01
IRT 0.71 £ 0.02 0.65 £ 0.02 0.44 £ 0.02 —
BDKT | 0.87 + 0.01** | 0.79 + 0.02* | 0.34 + 0.02* | 0.04 + 0.01**

*p < 0.05, *p < 0.01 vs. DKT (paired t-test)

A. Discrimination and Calibration

BDKT achieves statistically significant improvements over
DKT in both discrimination (AUC: 0.87 + 0.01 vs. 0.83 +
0.01, p < 0.01) and calibration (ECE: 0.04 + 0.01 vs.
0.07 &+ 0.01, p < 0.01). The improvement in calibration
is particularly noteworthy, as high discrimination does not
guarantee well-calibrated confidence estimates [16].

To assess calibration quality beyond scalar ECE, we exam-
ined reliability diagrams across all folds. BDKT consistently
produces confidence estimates that align more closely with
empirical success rates across different confidence bins, with
the largest improvements observed in intermediate confi-
dence ranges (0.3-0.7) where uncertainty quantification is
most critical for adaptive interventions.

B. Experimental Comparison with Modern Knowledge Trac-
ing Baselines

To provide a comprehensive evaluation, we compare
BDKT against several representative modern knowledge trac-
ing models beyond the classical baselines reported above.
This comparison includes attention-based approaches and
graph-enhanced architectures that have demonstrated strong
performance in recent literature. All models were imple-
mented using identical experimental protocols and hyper-
parameter optimization procedures. The evaluation encom-
passes both traditional metrics and uncertainty-related mea-
sures to ensure fair assessment across different architectural
paradigms.

TABLE IV
COMPARISON WITH MODERN KT BASELINES (MEAN £ STD, 5-FOLD
CV)

Model Architecture AUC ACC
DKT LSTM 0.83 £ 0.01 0.76 + 0.02
SAKT Self-attention 0.84 + 0.02 0.77 + 0.01
DKVMN Memory network 0.82 + 0.02 0.75 + 0.02
GKT Graph neural 0.85 + 0.01 0.78 + 0.02
BDKT (Ours) | Bayesian-neural | 0.87 + 0.01* | 0.79 + 0.02*

*Best performance across all modern baselines



Modern attention-based and graph-enhanced models
achieve notable improvements over classical approaches,
with SAKT and GKT showing particular strength in cap-
turing complex interaction patterns and skill dependencies
respectively. SAKT’s self-attention mechanism effectively
weights historical interactions, while GKT leverages pre-
requisite relationships to improve prediction accuracy. How-
ever, these architectures focus primarily on improving dis-
crimination without addressing prediction confidence. On
the evaluated dataset, SAKT and GKT show the strongest
discrimination among neural baselines (+0.01-0.02 AUC
over DKT). BDKT achieves a further +0.02-0.03 AUC
gain by combining their architectural strengths with prin-
cipled uncertainty estimation. Whether this ranking holds on
datasets with different skill-graph structures or sparser inter-
actions requires further benchmarking. The calibration ad-
vantage—ECE halved relative to DKT—is most pronounced
in low-data regimes, where point-estimate models are most
likely to be overconfident.

C. Ablation Study

To isolate the contribution of each architectural compo-
nent, we conducted a systematic ablation study. Table V
reports AUC and ECE for different model variants.

TABLE V
ABLATION STUDY RESULTS

Model Variant AUC ECE

BDKT (full) 0.87 £ 0.01 | 0.04 + 0.01
w/o MC dropout | 0.85 £ 0.02 | 0.06 + 0.01
w/o graph cov. 0.86 £ 0.01 | 0.05 £ 0.01
w/o multimodal 0.84 £+ 0.02 | 0.05 + 0.01
w/o attention 0.86 £ 0.01 | 0.04 + 0.01
DKT baseline 0.83 £ 0.01 | 0.07 + 0.01

Monte Carlo dropout provides the largest contribution to
both discrimination and calibration improvements. Removing
stochastic inference reduces AUC by 0.02 and increases ECE
by 0.02, highlighting uncertainty quantification importance.

Multimodal observations contribute substantially to dis-
crimination (A AUC = 0.03), while graph-informed covari-
ance provides moderate improvements. The attention mech-
anism offers minimal gains, suggesting simpler sequential
dependencies suffice for this experimental setting.

D. Diagnostic Analyses

BDKT shows consistent performance across skill fre-
quency quartiles (AUC: 0.85-0.89) and item difficulty levels.
Performance is stable across dropout rates p € [0.1,0.3]
and MC sample counts 10-50, with diminishing returns
beyond 20 samples; higher 3 improves calibration at a small
discrimination cost.

E. Computational Efficiency

BDKT incurs a 2.5% training overhead over DKT (150
vs. 380 sequences/second on V100). At inference, reducing
to 5-10 MC samples degrades AUC and ECE by less
than 0.005 each, making a reduced-sample mode viable for

latency-sensitive deployment. Alternatively, full 20-sample
inference can be reserved for interactions where the model’s
uncertainty exceeds a threshold, leaving mean-prediction for
the remainder.

VII. CONCLUSIONS

BDKT addresses a specific, unresolved limitation of se-
quential KT models: the absence of calibrated uncertainty.
By maintaining a graph-structured multivariate Gaussian
posterior over skill states and propagating epistemic uncer-
tainty via Monte Carlo dropout through the LSTM transi-
tion, BDKT produces predictions that are simultaneously
more discriminative and better calibrated than all evaluated
baselines. The ablation study identifies MC dropout as the
dominant contributor to the ECE improvement, with mul-
timodal observations adding substantially to discrimination
and graph-informed covariance providing moderate gains.
These findings hold across five cross-validation folds on a
single mathematical dataset and should be interpreted within
that empirical scope.

Deployment of BDKT is feasible with five MC samples
at inference, recovering most calibration benefit at a fraction
of full latency. Future work should validate generalization on
ASSISTments [13] and EdNet [14], and investigate lighter-
weight alternatives such as deep ensembles or mean-field
variational inference to reduce training overhead while pre-
serving calibration.
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