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Abstract— Accurately modeling nonlinear dynamical systems is
challenging due to model inaccuracies and uncertainties, which can
significantly degrade controller performance. Designing stabilizing
controllers for nonlinear systems under such uncertainties remains a
challenging problem. A wide range of stabilizing control algorithms
have been proposed in the existing literature; however, their effec-
tiveness relies on the accuracy of system dynamics. This manuscript
addresses the issue of stabilizing controller design for nonlinear
systems, particularly when the drift vector field is uncertain, by
integrating non-parametric machine learning techniques to estimate
the unknown component. In this work, a framework is proposed in
which Gaussian process regression (GPR) is employed to estimate
the unknown drift vector field and integrate it into the control
synthesis. Moreover, an event-triggered condition is employed to
collect data online as needed. The proposed approach enables the
construction of control laws that practically stabilize the system, de-
spite incomplete system knowledge. Rigorous theoretical guarantees
for the proposed method are provided, and the effectiveness of the
framework is demonstrated through numerical simulation studies.

I. INTRODUCTION

Nonlinear systems are encountered in many engineering domains,
like chemical processing industries, power systems, robotics, etc.
Designing stabilizing controllers for these systems is essential to
their operation. Historically, control design for nonlinear systems
has been based on linearizing them around the operating point.
However, these control algorithms don’t work well if the system
deviates far from the operating point. Consequently, controllers
are designed directly for nonlinear systems, using Lyapunov-
based methods to overcome the limitations of linearization-based
approaches. Among the most popular methods are feedback
linearization [1], control Lyapunov function (CLF) based meth-
ods [2], Passivity-based control [3], and back-stepping control
[4]. Feedback linearization is a differential geometric method:
the nonlinear system is transformed into an equivalent linear
system via a diffeomorphism, and the controller is designed
on the transformed space. CLF-based methods provide an al-
ternative framework, wherein an explicit feedback law, such as
those proposed in [2], [S], is designed to guarantee asymptotic
stabilization of nonlinear systems. The back-stepping methods
exploit special system structures(i.e, strict feedback form, pure
feedback form) to achieve stabilization through recursive design
procedures. Whereas, Passivity-based control offers another pow-
erful framework by leveraging the energy properties of nonlinear
systems. More recently, nonlinear model predictive control(N-
MPC) [6] techniques have been developed to handle system con-
straints and performance objectives. N-MPC recursively solves
an optimization problem over an N-step prediction horizon
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to find a feasible control input. Collectively, these methods
enable controller synthesis directly from nonlinear dynamics
while providing rigorous stability guarantees and applicability
across diverse engineering domains. The nonlinear control de-
sign methods described above rely on a perfect model of the
system. However, in practice these systems are subjected to
model uncertainties. Historically, these uncertainties have been
modeled as parametric structures, or approximated using neural
networks to enable adaptive control techniques. In recent years,
non-parametric machine learning models like Gaussian process
regression (GPR) have gained traction for approximating the
unmodeled inaccuracies. In GPR, the unmodeled components are
taken as samples of a Gaussian process, and updated according
to the collected data. The advantages of GPR over parametric
models, such as neural networks in modelling uncertainties are
well documented in [7]. Unlike neural networks, GPs provide
analytical error bounds without assuming a predefined structure
on unknown function, making them valuable in control tasks.
GPR has already been utilized in many control design problems,
like feedback linearization [8], [9] of certain class of systems
(i.e, in explicit single input Brunovsky canonical form), Model-
reference-adaptive control [10], and minimum norm controller
[11], etc. In [8], [11], the uncertainty is learned from the large
amount of data that is collected offline, in an episodic manner.
In [11] probabilistic guarantees are provided for the performance
of the control law, which in turn depend explicitly on the
amount of data collected. Many extensions of Gaussian process
regression are formulated, like sparse GPR [12], recursive GPR
[13] to increase the scalability. Furthermore, the articles [14],
[9] used a predefined condition for data acquisition strategy that
judiciously collect data online only when necessary. This article
follows a similar philosophy: it collects essential offline data for
initialization and hyperparameter tuning of the GPR model, and
then utilizes an event-triggered condition to collect additional
data when necessary to update the model.

The main contributions of this article are summarized as follows:

o This article addresses the control design problem for gen-
eral control-affine nonlinear systems with an unmodeled
component in the drift vector field, without assuming any
parametric structure or prior knowledge of the unknown
dynamics.

o The unmodeled dynamics are learned from data using Gaus-
sian Process regression (GPR), and the learned model is
integrated into control design.

« An event trigger condition is proposed using the determinis-
tic error bound of Gaussian process to collect additional data
online, when it is necessary. Hence, the guarantees provided
in this paper are not probabilistic.



A. Notations:

L¢E = VE(z)T f(z), R" is real domain of dimension n,
norms considered in this article are 2-norms, i.e ||z|| =
||z||2, C! is the class of Continuously differentiable func-
tions.

II. BACKGROUND

A. Gaussian process

Definition 1. (Gaussian Process)[15] : Let Z be an index set. A
Gaussian process (GP) is a stochastic process { X} };c7 such that
for any finite collection {¢1,ts,...,tx} C Z, the random vector
X = (X4, X4,,...,Xsy) " follows a multivariate Gaussian
distribution.

A GP is fully specified by:
1) A mean function m : T — R,

where
m(t) = E[X¢], (1)
2) A covariance (kernel) function k : T x T — R,
where
k(ti7 tj) = COV(Xti, Xt].) (2)

=E [(th - m(Xti))(th - m(XtJ))} . (3)
We denote a Gaussian process as:
Xy ~ GP(m(t),k(t,t)). )

k(t,t') is also called as kernel function, some of the well-
known kernel functions are squared Exponential Kernel
(SEK): k(z,2') =
k(z,2') = p?(x"2") + c etc, where p, I, ¢ are hyper parameters.
The kernel functions characterize the extent to which X; and
Xy are correlated.

2
p? exp <7%), Linear Kernel:

B. GPR

GPR [15] belongs to a class of non-parametric machine learning
models, which work under Bayesian framework. Due to their
flexibility in representation, they outperform other regression
models on small and medium data sets. GPR has theoretical
guarantees to quantify uncertainty around their prediction. Of
late, GPR became very popular among the control and machine
learning communities.

Consider a regression model
y=f(X)+e ®)

where f : R — R is the function to be estimated with observed
data {x;,y;}/*,, and noise € ~ N'(0,02 TI) .
In GPR, the latent function f is modeled as a GP f(x) ~
GP(m(x), k(x,x’)), and updated in Bayesian sense with the
collected training data .

From the definition of GP, the joint distribution of observed
output values y = [y1, ¥z, ..., ¥n|’ and the predicted value v, at
test point x, obey a multivariate Gaussian distribution:

y p| [K+o2 1 k.,
b B 5 weil) @

where X = [r1,22,..,m,]T is the input training data, p =
m(X) and p. = m(x,) are the mean vectors, K is the n x n
covariance matrix of training inputs with entries K;; = k(x;,x;),
k. is the covariance vector between test point x, and training
inputs with components [k.]; = k(x, X;), and k(x,,X,) repre-
sents the process variance at the test point. The noise variance
aﬁe accounts for observation noise in the training data.

The predictive distribution for y, at test point X, given ob-
served data (X,y) is obtained through the conditional Gaussian
distribution:

p<y* ‘X*,X,y)NNOJ,*,Z*), N
where the posterior mean and variance are given by:

o = m(x) KK +o2 DUy —m(X) @)
pIN :k(x*,x*)—kI(K—}—U?LGI)*lk* 9)

In Eq (8) m(e) is prior mean. Prior knowledge of the unknown
function such as its sign over a compact set or its values
at specific points can be incorporated into Gaussian Process
Regression (GPR) through an appropriate choice of the prior
mean function m(X), as discussed in [8] . m(X) is taken as
0 when there is no prior knowledge of the unknown function.
The hyper-parameters of the Gaussian Process model are tuned
by maximizing the marginal likelihood of the observed training
data. The hyperparameters denoted by 1) comprises length-scales
and signal variances of the squared exponential kernels used to
model the unknown functions. Assuming a zero prior mean, the
unknown function is modeled as f(z) ~ GP(0, k(x,z’)), where
the kernel k(-,-) is parameterized by ). Given a training data
D = {w;,y;}:=¥, the marginal likelihood is given by p(y |
X, ) =N(y |0, K(X,X)+02 I), where K;j = k(z;,z;).
Equivalently, the log marginal likelihood admits the closed-form
expression

logp(y | X,¢) = -3y (K +op )" 'y — $log|K + 02 I
— %log(Zﬂ'),

and the optimal hyperparameters »* are obtained by maximizing
this expression using standard gradient-based numerical opti-
mization methods.

The posterior variance of the estimate decreases with increase in
training data points, which was proven in [8]. Similar concept
applies to a vector valued function, where each component is
dealt similarly as above. Under some mild assumptions, GPR
has analytical error bounds between the prediction and the actual
function. The error bounds are of two kinds, probabilistic as
discussed in [16], and deterministic as presented in [17]. This
article utilizes deterministic error bounds to design the event
triggering condition. The deterministic error bound is given as.

Lemma 1 (GP Prediction Error Bound). Under Assumption 1 in

[17], Let Q be a compact set, D = {z;,y; }i=N be the training

data set, and Jax, || f(x)illn, < B < 0. The Gaussian process
S

regression trained on dataset D, satisfies the following error

bound:
[n(x) — £(x)[| < n(x) = Vtr(BX(x))

Vx € ), where:



o p(x) is the posterior mean, f(x) : R™ — R™ is the unknown
function.

o X(x) = diag(o1(x)?,..0n(x)?) is the posterior variance
matrix. Where, o;(x)? is the variance of the i" component.

o Where || f||n, is reproducing kernel Hilbert norm associated
with respect to reproducing kernel Hilbert space induced by
the kernel function used in the regression.

« B = diag(B1,...,8,) with 8; = B? — y,(Kp +
UTQLCIM)*lyD + M, where ||f(x)illn, < Bi yp =
1,92, -yn] ", [Kolij = k(zi, 7))

For the scalar function, the error bound becomes |f(z) —
wu(z)| < v/Bo(x). As observed in [17], the term 7(z) decreases
as the number of training data points increases. Thus, as the
number of training samples increases, especially within the
region of interest the error bound 7(x) contracts.

C. Definitions:

Consider an affine nonlinear system of the form:

i = f(2) + g(a)u,

where z(t) € R” , u(t) € R™ , f(z) and g(z) are smooth
functions with f(0) = 0.

Definition 2. A Control Lyapunov Function (CLF) is a proper,
positive-definite function E € C*(R™,R,) such that there exist
class Ko, functions aq, as satisfying

ar((lz])) < E(z) < ao([|]), vz eR",

and

inf VE()[f(z) + g()u] <0,

Vo € R™\ {0}.

The feedback control law can be of the form given in [2], or
in [5], these control laws are smooth every where except at the
origin. Moreover u(x) is continuous at origin if the CLF has
small control property defined in [2] or satisfies strong control

Lyapunov function condition, defined in [5].

Definition 3 (Practical Stability). Consider the system & = f(z).
The equilibrium z = 0 is said to be practically stable if there
exists a constant 7 > 0 such that, for every initial condition z(0)
in a given domain, the system trajectories satisfy

lim sup ||z(¢)|| < 7,
t—o00

that is, the state is ultimately bounded inside the ball, given as
B, :={z eR": ||z| <r}.
III. PROBLEM FORMULATION:

A. System description:

Consider a system with uncertainty in drift vector field.
T =1(x) + h(z) + g(z)u (10)

where I(z) € Cl,g(x) € C! and f(z) = l(x) + h(x). I(z)
constitute the nominal components of the system., and h(z) € C*
is the unknown component of the drift vector field, and X’ be the
compact operating domain of the operating system.

In this article a paradigm is designed that ensures ultimately
boundedness of the system in a compact neighborhood around the
origin, i.e {z : E(x) < A} despite the presence of uncertainties.

Assumption 1. Let max [|h(2):||n, < B and B is assumed to
K3

be known, which is a standard assumption taken in previous GPR
based learning frameworks, e.g [9]. Moreover, B characterizes
the complexity of the functions belonging to the reproducing
kernel Hilbert space (RKHS) induced by the chosen kernel,
Consequently, a larger value of B corresponds to an RKHS
capable of representing more complex function classes.

Assumption 2. In this work, explicit knowledge of the unknown
components is not necessary for CLF design. Rather, we assume
that the nominal model possesses sufficient structural information
to enable CLF construction, which is a standard assumption in
the study of uncertain systems [18], [19]. Notably, [19] adopts
the same assumption.

B. Data collection:

In this article The Lie derivative of E(z) w.r.t h(x) that is L, E
is estimated using GPR. A certain amount of data required
for hyperparameter tuning is collected offline, and the rest is
collected online based on an event trigger condition. The training
The collected data points are assumed to be noise free (o,,, = 0).
Moreover, according to assumption-II, the Control Lyapunov
Function (CLF) is constructed from the nominal model.
consequently, there exist regions of the state space where the Lie
derivative of the CLF along the true system dynamics is strictly
negative. In particular, on the setI' = {x € X : L, E(z) = 0}NX
the stabilization relies solely on the drift dynamics. Following
the arguments of section III-B in [8], this prior knowledge about
the sign of Ly E in {I'N{z : E(x) < A}} can be integrated into
GPR to estimate the unknown drift component. Alternatively,
This can also be achieved by collecting a sufficient amount of
offline training data in the region {I' N {z : E(z) < A}}. In
particularly, by incorporating an SMT verifier such as dReal
[20] in the data collection loop using the falsifying logical
condition as ((x eTNE(x) <A)A ifE(x) +n(z) > 0), and
augmenting the training dataset with counterexamples returned
by the verifier, followed by appropriately initializing the GPR.
Such an initialization ensures consistency of the learned drift
dynamics in regions where control authority vanishes.

IV. MAIN RESULTS

Consider the control law !
—a—y/a?+||b]]*
0 otherwise

(11)

u(

where ﬁfE = LiEF + f/hE, ﬁhE is a GPR estimate of L, F,
~v > 0 is tuning constant a = ﬁfE, b= Ly,E, A is some non-
zero positive number. The above control is smooth every-where
except at the origin, as discussed in [2]. Where as L, E = w(x)
and the variance of the estimation is o(x)2. In the remainder of

this article, define ¥U(x) = \/a? + ||b]|* >0 in E(z) > A .

I'The proposed control law is discontinuous on the surface of F(x) = A. Since
the vector fields are measurable, locally bounded on the surface, and admits
a nonempty, convex Filippov set on the surface. consequently,the closed-loop
dynamics are well posed in the Filippov sense.



Theorem 1. Let X C R™ be a compact operating domain and
define
E={reR":Ex)<c}CX

for some constants ¢ > A > 0. Consider the control law u(x)
in (11). If the following condition is satisfied

o(z) < ‘I’g”, Vo€ fn €& Bx) > A, b(z) £ 0}
where 3 = /B, then _
E(x) <0
for all such z.
Proof. For z € 1,
E(x) = L;E+ (L,E)Tu

= LfE — LfE — \IJ(J})

< |Lf(m)E — Lf(z)E| —U(z)
From Lemma 1, we have

< Bo(z) -

if o(z) < L)

b

<0

From the condition derived in the previous theorem, and using
not more than N data points to train. The following triggering
rule is designed to collect the data online.

tip1 = inf {t > b ‘Ba(x) >U(r) & BEa)>Ab+# o}
(12)

Theorem 2. Consider the closed-loop system under the control
law defined in (11) and the triggering condition given in (12).
Suppose the condition of Theorem 1 is satisfied for all x € &,
with E(x) > A.

Then the origin is practically stable. In particular, the system
trajectories are ultimately bounded in the set

R := {x ER™: ||z|| < afl(A)},

where o is the class Ko function associated with the control
Lyapunov function E(z).

Proof. From theorem 1 the triggering rule ensures E < 0in
the region {z : E(x) > A}. The ultimate boundedness can
be established through contradiction, as shown. Assume, for
contradiction that x(t) doesn’t reach R ultimately, it stays in the
region W = {z : ¢; < E(x) < ¢o}, where R C {z : E(x) <
c1}. Since, E is continuous and £ is compact, minimum of W
exists in that region and denote it as M. now

E(t) = E(to) + 13)

< E(t,) — (14)

hence E(t) will be negative for large values of ¢, this leads to a
contradiction. Hence,the trajectory is ultimately bounded in R’ =
{z : E(z) < A}. From the Definition 1

ar(|lz]]) < E(z) <A
= [lz|l < a7 '(4)

5)
(16)

Therefore, R’ C R. Hence, the trajectories are ultimately
bounded in R [}

The implementation of the proposed framework is summarized
in the following algorithm 1:

Algorithm 1 GP-Based Controler

Require: Initial state x(0), CLF E(z), and required design
parameters.
Ensure: ultimate boundedness
1: Initialize GP model, hyper-parameters using offline training
data

2: Sett <+ 0
3: while system is running do
4: Measure current state x(t)
5: Compute CLF E(x)
6: Compute a(z) = LyE(z) and b(z) = LyE(z)
7: if E(z) > A and ||b(x)|| # O then
8: Compute control input
5 ufe)  ~LDA L@, )
' 1b()]1?
10: else
11 u(z) <0
12: end if

13: Apply control input u(z) to the system
14: if fo(z) > ¥(x) & E(z)> A then

15: Collect data point (x, &)

16: Update GP model using at most N recent data points
17: end if

18: t<—t+0

19: end while

Theorem 3. The triggering condition proposed in 12 guarantees
a strictly positive inter-event time, that is, the trigger instances
{te}32o do not accumulate in finite time.

Proof. Let us prove this by contradiction. suppose that accumu-
lation happens in finite time,i.e, limg_,oo tx = 7. Assume the
trigger happens at the k-th time, i.e., data is collected at ¢; then
o(z(tx) = 0. Let 541 be the next event time. Then from mean
value theorem.
_ 00(p)\r
ow(tis) — ow(te)) = (22 1 (@ltis) - a(te)),

where p is some point between z(ty) & z(tp41)
a(p)
H (e (trga) — 2 ()]
tk+1
<M 1£(2) + g(x)ulz)||dt
tr

< MM [tr+1 — k]

where as, maz,ee| f(z) +g(z)u(e)|| = M, and || 22| = M

= \IJ(a:(%M < o(@(tes1) < MM [tigr — ]
B.M.M’
= [thy1 — k] Z27>0

= 7= < [trrr — ti]
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Fig. 1: Simulation for example-1

Then, for any finite time 7' > 0, the maximum number of
triggering events that can occur in the interval [0,7] is finite
and bounded by k < [L]. Hence, all triggering instants ¢; with
k < [L] satisfy t), < T'. Eventually, if k > [Z]+1, then t;, > T,
which contradicts the assumption that there exists a finite 7" > 0
such that limy_,oo tp = T [ |

V. SIMULATION RESULTS

In this section, numerical simulations are presented to validate
the proposed Gaussian process based control framework. The
simulations are demonstrated on two nonlinear systems.

A. Example-1

Consider the Non-linear system.

B =ag + b, @9 =—x1 — f(x2) +u, (17)
where © = [r1,72]" € R? is the state vector with X' =
[—10,10] x [—10,10] and u € R is the control input. The term
f(z2) is given as

f(z2) = (0.8 + 0.2sin(z2)) tanh(10z2) + x2, (18)
which is assumed to be completely unknown to the controller
and treated as an unmodeled component of the drift vector field.
The control Lyapunov function is chosen as Control Lyapunov
Function (CLF) is selected as E(z) = 22 + 1.5z129 + 23, and
A =0.1.
For the GPR, a square exponential kernel is selected and B is
assumed to be 10, and the GPR is trained with at most the latest
N =5 data points. For hyperparameter initialization is done by
choosing some 30 random data points in the operating domain X,
and kept constant during online training. The simulation results
are shown in the Fig 1 for 8 randomly chosen initial conditions.

GP Learning with Triggered Updates
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Fig. 2: Simulation for example-2

B. Example-2

Consider the following system.

) T z1(r? —1) 1
T = + + Uu, 19
{—m] [C(sz)(rQ— D] " e (1
—_—— ——
known drift unknown drift
where © = [r1,22]7 € R? is the sate vector with X =
[-3,3] x [-3,3], and u € R. where > = 2? + 3, and

((z2) = (0.8 + 0.2e~1%0172]) tanh(x,). The control Lyapunov
function is takes as E(z) = zx 'z = (2} + 23), A is taken as
0.05. For the GPR, a square exponential kernel is selected and B
is assumed to be 10, and the GPR is trained with atmost the latest
N =5 data points. For hyperparameter initialization is done by
choosing some 10 random data points in the operating domain X’
and kept constant during online training. The simulation results
are shown in the Fig 2 for some 6 randomly chosen initial
conditions

The simulations are conducted in python 3.8 on two nonlinear
system examples which do not belong to the class of systems
considered in [9] . It is observed that the trajectories originating
from the initial conditions successfully converge to a prescribed
neighbourhood around the origin. The trigger instants at which
the event-based data is sampled are also illustrated in Figs.
1,2, highlighting the evolution of the event-triggering mechanism
along each trajectory.

VI. CONCLUSION

This article presented a GPR-based control framework for
control-affine nonlinear systems with unknown drift dynamics.
The unknown component is estimated using GPR, and the
estimate is utilized in control design ensuring practical stability
of the closed-loop system. An event-triggered data acquisition
mechanism was employed to judiciously update the GP model
when required. Rigorous theoretical analysis was performed for
the proposed method, and numerical simulations are conducted
on two nonlinear systems with uncertainties to demonstrate the
effectiveness of the proposed approach. Future work will focus



on extending the framework to incorporate actuator constraints,
and noise in data.
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