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Abstract— Classic control design begins with a mathematical
model of the physical plant to be controlled which is assumed
linear time invariant, so modeled through a transfer function.

This paper considers rational transfer functions with real
coefficients in the complex variable s. Specifically it deals with
strictly proper second-order ones with the following ad-hoc

o - wn Structure:
ws
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It is proven that despite a fixed and constant & > 0 called
‘damping factor’ or ‘attenuation’, it might be possible to alter or
vary (with restrictions) simultaneously both the overshoot and
time speed response by modifying only the natural frequency
wy, > 0. In addition, an explicit upper bound upon w,, is derived
to ensure an overdamped response, thereby avoiding both
oscillations and overshoot. Theoretical results were examined
through numerical simulations and experimentally validated
using a Sallen-Key low-pass filter circuit that emulates a
position-controlled servomotor model.

I. INTRODUCTION

Standard automatic controller design initiates from a math-
ematical model of the physical plant to be controlled, this
first key step is called modeling [1]. In general form, these
models are described by differential equations established
in terms of input and output variables. When dealing with
Linear Time Invariant (LTI) plants, the typical modeling tool
is the transfer function inherited from the Laplace transform
L{-} which is the foundation of classic control.

Second-order transfer functions are commonly studied and
used in automatic control systems [2], [3], for instance open-
loop models like simplified DC motors [4], RLC electric
circuits [3], [5], Spring-Mass-Damper mechanical systems
[2, p. 264], and simplified automotive suspension systems
[5]. Also closed-loop systems such as Proportional control of
armature controlled DC motors —position servo actuators—
[4] are well modeled by second-order transfer functions.

It is shown that the overshoot, as defined here for the
“o - w, second-order transfer functions”
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can be altered without explicitly adjusting neither the so-
called damping ratio ¢ nor the damping factor o, but adjust-
ing only the natural frequency w,.

Transfer function (2) matches the model of a class of
position servo actuators [4], where the natural frequency w,
is a linear function of the inner proportional gain.

This paper offers an alternative perspective to that found
in classical textbooks on second-order linear system response
analysis, focusing on variations in the natural frequency
parameter rather than the damping ratio to govern the over-
shoot. The theory is supported by experimental results ob-
tained using a Sallen-Key low-pass filter circuit that emulates
the behavior of a position servo actuator.

II. PRELIMINARIES

This study considers rational transfer functions with real
coefficients in the complex variable s. Throughout the paper,
the symbols w and y denote the time-dependent input and
output of the system, respectively. Two particular structures
of second-order transfer functions are recalled below.

A. ( - wy second-order form

The strictly proper and relative degree equal to two,
second-order transfer function with the well accepted normal
or standard ( - w, form structure and notation is given by
[2, p. 226]:

W2
n . >0.
82 + 2Cw, s + w2’ ¢20;

wy > 0. 3)

The constant ¢ > 0 is called ‘damping ratio’, and
wyn > 0 1s the ‘natural frequency’, [3, p. 169].

Remark 1. According to values of the damping ratio { >
0, several kinds of systems result, such as: uderdamped,
overdamped and critically damped. The larger w,,, the faster
the response; the smaller (, the larger the overshoot [5, p.
120]. It is well known that if ¢ is increased beyond the unity,
the response becomes overdamped and it will not oscillate
[2, p. 227]. However, 1 > (¢ > 0 generates overshoot and
oscillations when a step input is supplied. In sum, only
numerical values of ( governs the overshoot of system (3)
irrespective of a fixed wy,.



B. o-w, second-order form

Above transfer function (3) can be rewritten in the alter-
native constant damping factor o or o - w, form of interest
in this paper:

w2
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where o £ (w,, is called the ‘damping factor’ [5, p.116], or
named ‘damping constant’ in [6, p.327], or ‘attenuation’ in
[2, p.225].

Remark 2. It is important to emphasize that, aside from
having different names and symbols, the damping ratio (,
and the damping factor o, they are also different conceptual
items.

The name and domain of the parameters in the transfer
functions (3) and (4), as considered in this paper, are listed
in Table I.

TABLE I
PARAMETERS OF SECOND-ORDER TRANSFER FUNCTIONS (3) AND (4).

[ Name [ Symbol [ Domain | Unit |
Natural frequency Wn >0 rad/sec
Damping ratio ¢ >0 dimensionless
Damping factor = attenuation o=C wn, >0 rad/sec

III. MAIN RESULTS

Unlike the well known ( - w, system (3) where the
overshoot depends only upon the numerical value of its
parameter ‘damping ratio’ ¢, this paper claims that for o -
wy, system (4), the overshoot is not determined by particular
values of neither o nor w,, but by the relationship between
them: in order to avoid overshoot such a relation is w,, /o <
1.

The main result regarding the absence of overshoot as a
function of the natural frequency w,, in the o - w, transfer
function (4) to a step exogenous input is established in the
following proposition. This proposition provides admissible
values for the natural frequency w, > 0 relative to o that
ensures a system response y free from overshoot.

Proposition 1. Consider the ¢ - w,, second-order trans-
fer function (4):
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Let v and y be its input and output variables, respectively.
It is assumed that the damping factor o > 0 is fixed,
constant, and exactly known. The latter can be relaxed
by the less stringent assumption of a known lower bound
o > 0 upon the true o, i.e., 0 > & > 0. Constant o can
not be modified. The natural frequency w, > 0 is the
only modifiable —adjustable— parameter available for the
designer.

Regardless of the numerical strictly positive values of the
two parameters ¢ and w,, the steady state of the output y
in system (5) matches any constant input v = ug € R [4],
ie.:

Jim (0 = o

However, the time response y(t) may present undesirable
overshoot during the transient before tending asymptotically
to the constant value wug. The values of the natural frequency
wy > 0 for achieving a system response y free from
overshoot are:

wy, € (0,0).
Proof . Since w,, is within the interval (0,0) C R, then it
must satisfy:
wn, < 0.
But recalling definition of the damping factor o = (w,,, it

yields

wp, < Cwn7
N~
o

which in its turn implies:

1<(.

It finally means that the system is overdamped [2, p. 227],
thus no overshoot will be present in the system (5) response
y to step inputs wu.
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Fig. 1. Relationship between damping factor o - natural frequency ws

and resulting type of o - wy, second-order system (5) .

Remark 3. Figure 1 summarizes in a graphic way the kind of
o - wy, second-order system (5) according to the relationship
between the natural frequency w,, > 0 and the constant and
unchanging damping factor ¢ > 0. In words:

e w, <o :overdamped system,
e w, > o : underdamped system,
e w, = o : critically damped.
The features of above classes of second-order systems are
well described in basic textbooks on automatic control, for



instance see [2], [3], [6], [7]. At this moment one mentions
that a remarkable characteristic of second-order systems,
both, critically damped ({ = 1 or w,, = 0), and overdamped
(¢ > 1 or w, < o) is that they do not present any oscillation
for step input excitations.

IV. NUMERICAL SIMULATION
As a numerical example consider the transfer function:

2
Wn,
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Thus the damping factor is ¢ = 10 because 20 = 20.
According to Proposition 1, the response y to step inputs
will be free from overshoot provided that 0 < w, < o,
namely if

10 > w,, > 0.

Numerical simulations using unit step input © = ug = 1
for the following set of 3 values w, € {5,9,25} were
performed. As expected, in plots of Fig . 2, no overshoot
appears for the two smaller values than w, < o = 10,
ie., for w, = 5,9. However, overshoot is present for large
enough w,, in the sense w,, = 25 > ¢ = 10. Thus, it shows
that by manipulating only the natural frequency w,,, both the
response speed and the overshoot are altered.
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Fig. 2. Numerical simulation results to step input in system (6).

V. ANALOGICAL SIMULATION: A POSITION SERVO
ACTUATOR

A. Transfer function of a Sallen-Key low-pass filter

To validate the theoretical results presented in Section III,
an experimental test is conducted using a Sallen-Key low-
pass filter, which can be modeled by a second-order transfer
function as described below [8]:
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Fig. 3. Sallen and Key low-pass filter schematic diagram.

where F;(s) and F,(s) denote the Laplace transform of the
input and output voltages of the circuit, respectively; Ri,
Ry are resistors, C, Cy are capacitors, and A represents the
gain of a non-inverting amplifier given by
Ry
A=1+ R’ ®)

here, Ry and R; refer to resistors in the circuit. Figure
3 shows the schematic diagram of the Sallen-Key low-
pass filter used in this study. In the figure, R and R, are
resistors that form a voltage divider at the output of the
operational amplifier. The operational amplifier (OpAmp)
used in the experimental tests was a TLO82 commercial
integrated circuit, with a dual supply voltage V.. = £14V.

Considering the parameter values R; = 575.8 k2, Ry =
576.8 kQ, €1 = 10.49 nF, C> = 10.18 nF, Ry = 10.5
kQ, R; = 9.86 k2, R = 9.85 k), R, = 9.15 k€, the
transfer function given in equation (7) can be expressed in
its numerical form as:

2.8196 x 104
Gl8) = 14947195 + 2.8196 x 107" ©)
with w, = 167.9152, ¢ = 0.4451, and o = 74.7360.

Values for components in the Sallen-Key low-pass filter were
selected to reflect the dynamic behavior of a position servo-
motor, allowing the second-order transfer function to imitate
the system’s response under typical operating conditions.

B. A 2nd order transfer function of a position servo actuator

The transfer function of a position servomotor can be
represented in a structure consistent with equation (7) as
follows [4]:

kkp

_ JR
G(s) = 2 | (kky+Rbg) kkp’
s+ R oSs T TR

(10)

with R representing the internal permanent magnet DC
(PMDC) motor armature resistance, J the rotor inertia,
kp denoting the inner proportional control gain, k; the
back electromotive force constant, k£ the torque constant,
and by the viscous friction coefficient. From reference [9],



which presents the experimental validation of a model for
the Dynamixel MT-28AT servomotor, the subsequent set
of parameters was identified: J = 8.68 x 1078 kgm?,
R = 83 Q, k = 0.0107 Nm/A, k, = 0.0107 Vs/rad,
by = 8.87 x 1078 Nms/rad, and kp = 2. Accordingly, the
position servo actuator’s transfer function, given in Equation
(10), is numerically expressed as follows:

2.9704 x 10*
2 7 (D
52 4159.9387 s +2.9704 x 10
with w,, = 172.3487 (corresponding to a proportional gain
kp setting of 2), ¢ = 0.4640, and o0 = 79.9693. Since
wyn > o, and in accordance with Remark 1, the system is
underdamped and it exhibits an oscillatory response.

By comparing the quadratic and linear terms of the
characteristic polynomials corresponding to the experimental
transfer function (9) and the theoretical transfer function
(11), it is observed that the deviation between the numerical
coefficients yields an average discrepancy of approximately
1.3% for the independent term (wfl), and 3.33% for the linear
term (20). This numerical error can be further minimized
by optimizing the selection of the component values in the
Sallen-Key filter circuit.

Gp(s) =

C. Analogical simulations results

The Sallen-Key low-pass filter circuit corresponding to the
second-order transfer function in Equation (9), which was
used for the experiments, is shown in Figure 4.

Fig. 4. Sallen-Key low-pass second-order filter electric circuit used in the
experiment.

Figure 5 displays the graphical outcome of the experiment
conducted on the Sallen-Key filter, with 5V reference voltage
applied at e;. The black dashed horizontal line represents the
reference that the circuit output voltage (e,) is expected to
reach in steady state. The solid orange line illustrates the
measured time evolution of the output voltage. The blue
dashed line corresponds to the numerical simulation of the
circuit performed using MATLAB R2024b, under the same
conditions as the experiment. The results indicate that the
output voltage reaches steady state at approximately 0.07s,
aligning with the reference value.

During the transient period (before 0.07s), the system re-
sponse is oscillatory. This behavior is consistent with numer-
ical simulation results and demonstrates strong agreement
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Fig. 5. Experimental result of the RLC electric circuit (9) simulating

analogically the position servo actuator transfer function (11).

between experimental observations and theoretical predic-
tions. The presence of oscillations confirms that the system is
underdamped, as the natural frequency value w,, = 167.9152
is significantly higher than the damping factor o = 74.7360,
satisfying the condition w,, > o.

VI. CONCLUSIONS

With reference to o - w,, second-order transfer functions
with relative degree equal to 2, it has been shown that for a
fixed constant so-called ‘attenuation parameter’ o defined by
the damping ratio times the natural frequency, the overshoot
of the system response to step inputs can be modified by
adjusting only the natural frequency w,,.

It has been proven that a sufficient condition for avoiding
overshoot is 0 > w, > 0. This result could be applied in
a class of position servo actuators —systems incorporating
an inner adjustable proportional gain kp controller for the
internal armature-controlled PMDC motor— for tuning the
embedded proportional gain kp conductive to evade harmful
overshoot. Qualitatively, the proportional gain should be
sufficiently small.

A summary of the resulting type of system according to
relationship between the attenuation parameter o and the
natural frequency w,, is in Table II.

TABLE I
RESULTING SECOND-ORDER TYPE SYSTEM.

[ System type | Condition [ Overshoot ]

Overdamped wn < 0 No

Underdamped wp >0 Yes

Critically damped wn =0 No
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