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Abstract— One of the main objectives in control theory is to
obtain a linear representation of inherently nonlinear systems in
order to leverage the analytical and theoretical tools developed
for linear systems. In this context, the Koopman operator has
attracted increasing interest in recent years.

Koopman operator theory provides a framework in which
nonlinear dynamical systems are represented by a linear op-
erator acting on an infinite-dimensional Hilbert space. Since
such an infinite-dimensional representation is not numerically
tractable, numerous finite-dimensional approximation methods
have been proposed. These approaches typically rely on time-
series data and include extended dynamic mode decomposition
as well as deep learning-based variants. In this paper, we
propose an original machine-learning-based approach for the
synthesis of a fixed-dimensional Koopman approximant (lifting)
of continuous-time nonlinear systems. A differential state-space
representation of the system (as opposed to a recurrent state
model) is assumed to be available through its vector field (f). The
proposed encoder departs from conventional approaches in that
it does not directly output the current latent state, but instead
generates samples of the latent trajectory evaluated at user-
defined time instants (temporal discretization). This formulation
enables the integration into the learning process of Physical
& Latent Continuous Losses, enforcing consistency between
the physical dynamics and the Koopman dynamics, as well
as Physical & Latent Boundary Losses, ensuring consistency
with the prescribed initial conditions. In parallel, we introduce
a structural stability constraint on the Koopman operator.
The effectiveness of the proposed methodology is demonstrated
through the analysis and simulation of two polynomial dynam-
ical systems.

I. INTRODUCTION

Nonlinear systems theory aims to represent complex dy-
namics through simplified models that preserve the essential
behavior of the system. In this context, several approaches
such as model linearization, order reduction [1], and state-
space lifting techniques [2] have been developed to obtain
representations more suitable for analysis and control. How-
ever, these methods often suffer from limitations includ-
ing local validity and the difficulty of constructing finite-
dimensional linear representations of nonlinear dynamics.

In the context of Koopman theory, Koopman showed in
1931 [3] that nonlinear dynamical systems can be represented
linearly in an infinite-dimensional function space. Never-
theless, this result remains mainly theoretical and does not
directly provide a practical way to compute or approximate
the Koopman operator from data.
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To address this limitation, data-driven approaches have
been developed. Among them, Dynamic Mode Decom-
position (DMD), introduced by Schmid [6], was initially
proposed as a numerical method for extracting coherent
structures and dynamical features from fluid flow data.
Subsequently, DMD was shown to be closely related to the
Koopman operator, providing a finite-dimensional approxi-
mation of it [7], [8]. With the emergence of neural networks,
new methods to approximate the Koopman operator have
been proposed. Compared to approaches relying on the
manual selection of basis functions to construct a dictionary
of observables, deep learning methods offer a significant
advantage by automatically learning appropriate represen-
tations directly from data. The choice of basis functions
in dictionary-based methods is often problem-dependent,
requires expert knowledge, and may fail to capture the
relevant nonlinear features of the dynamics. In contrast,
neural network architectures, such as autoencoders, are capa-
ble of discovering rich and expressive latent representations
without the need for explicit feature engineering. This data-
driven representation learning allows the model to adapt to
complex nonlinear behaviors, improves generalization across
operating regimes, and avoids the combinatorial growth of
manually designed dictionaries. As a result, deep learning
provides a flexible and scalable framework for identifying
lifted representations that are better suited to approximate
the underlying dynamics.

Recent work such as [5] proposes to learn continuous-time
Koopman embeddings using neural networks and exploit
them as priors for data assimilation. In this approach, the
latent dynamics are modeled as a linear continuous-time
system, enabling interpolation and forecasting from irregu-
larly sampled data. However, the method relies on trajectory
data and does not explicitly enforce physical constraints such
as stability or dissipativity. Moreover, it typically relies on
linking discrete- and continuous-time dynamics through the
matrix exponential/logarithm relationship, which implicitly
assumes the existence and proper definition of a matrix
logarithm.

In contrast, the proposed approach directly learns a struc-
tured continuous generator L, without requiring the exis-
tence or computation of a matrix logarithm. This avoids
the ambiguities and numerical issues associated with the
logarithm operator. As a result, the system can be simu-
lated analytically through the matrix exponential exp(Lt),
providing a continuous-time solution that is not restricted to
the time horizons observed during training. This enables re-
liable extrapolation to arbitrary time scales. Furthermore, by



enforcing structural constraints on L, the proposed method
ensures physically consistent dynamics, such as stability and
dissipativity, while retaining the advantages of a continuous-
time formulation. In this work, the objective is to compare
the proposed approach, which relies on a reduced-order
representation of the dynamics, with the analytical finite-
dimensional Koopman formulation introduced in [11]. In par-
ticular, we aim to assess whether a learned low-dimensional
operator can capture the essential dynamics of the system
while maintaining accuracy and stability properties compa-
rable to those of the analytical construction.

The contributions of this work are summarized as follows:

e We propose a neural network architecture based on
autoencoder and Physics-Informed Neural Network
(PINN) [14] structures to construct a finite-dimensional
continuous-time Koopman model.

e We benchmark the proposed method against an ana-
Iytical finite-dimensional Koopman formulation using a
lower dimension.

o We evaluate the performance of the model on different
classes of dynamical systems to assess its generalization
capability.

The notation adopted in this paper is standard and will be

introduced as needed throughout the text.

II. BACKGROUND ON CONTINUOUS-TIME KOOPMAN
THEORY

In this section we provide details on the continuous-
time operators which will be used later in the construction
of the autoencoder-PINN network leading to a fixed order
continuous-time Koopman model.

Let us define an autonomous system as a system of
ordinary differential equations on a finite-dimensional space
state denoted X C R™ of the form:

PO _it) = fa) m
Classically, Koopman theory give rise to a discrete-time
operator, whose role is to push measurements forward in
time [4]. Formally, let us note K the Koopman Operator and
F! : X — X the flow map operator that advances initial
condition x(0) forward along the trajectory by a time ¢ such
that:

x(t) = F'(x(0)) )

The Koopman operator acts on measurement functions ¢ :
X — R such that:

KTo(x(t)) = p(F7(x(t))) 3)

Thus, in continuous time, we introduce the Lie operator as
the infinitesimal generator of the Koopman operator family

such that: K olt .
Lo(t) = tim K PO = ¢ )
70 T
An essential property of the Koopman operator K7 is that
it acts linearly on the space of measurement functions.

Consequently, its infinitesimal generator is also linear on

this function space. By taking the limit as 7 — 0, the
discrete Koopman evolution yields the following continuous-
time relation %¢(z) = Lo(z) By applying the chain rule
to equation (5), we obtain V,¢.f(z) = Lo(z)

III. NEwW HYBRID AND ANALYTICAL NEURAL
ARCHITECTURE

In this section, we present the architecture of the learning
process designed to identify a finite-dimensional approxima-
tion of the Lie operator and learn suitable lifted representa-
tions of the system dynamics. We consider that our data is
the graph of the vector field f defined as:

Graph(f) = {(zo, f(20))| 20 € X'} 5)

and a time vector T := [to,t1,...tn], to <t1 < -+ < tn
with N + 1 the number of samples considered.

This architecture is inspired by the autoencoder-based
neural network used for Koopman operator learning in the
discrete-time setting, as described in [9] and [10] in the
autoencoder networks for learning dynamics. In this frame-
work, the autoencoder consists of an encoder that maps
the state into a latent (lifted) representation space of higher
dimension where the linear model is identified, a layer that
approximates the Koopman operator in this latent space, and
a decoder that reconstructs the original state from the latent
representation.

The autoencoder structure considered in this work is
illustrated in (Fig. 1). Unlike conventional methods, our
encoder ® does not merely project the state-space into a
higher-dimensional latent space: it explicitly incorporates
time as a physical variable (PINN), enabling dynamic and
context-aware prediction of the latent state at any given
time instant. This fusion of latent representation and physics-
informed modeling endows our approach with a unique abil-
ity to capture complex dynamics while preserving structural
interpretability.

Thus, the encoder can be written

p: XXT —Z
(zo,t) — 2(t) := p(x0, t)

where Z C R™ denotes the set of measurement functions
evaluated at time ¢ learned by the neural network.
Consequently, the decoder is defined as

ViZ X
(0, t) — x(t)

(6)

(7

Thus, the decoder 1 acts as the left inverse function of ¢,
in the sense that ¢ o p(xg,t) = x(t).

Finally, we approximate the action of the Lie operator on
the finite-dimensional latent space by a matrix L € R"*™,
meaning that

2(t) = Lz(t) ®)

Compared to standard discrete-time autoencoders structures,
we need to reconstruct the system dynamics in a continuous-
time form in order to comply with the PINN framework.
Since (PINNs) aim to learn dynamics that remain consistent



with the underlying physical principles, we enforce differ-
ential constraints on the latent dynamics to preserve the
continuous-time structure of the system. If, intuitively, we
assume that the latent-space dynamics are equivalent to the
state-space ones, we can reconstruct the system dynamics
exactly through the decoder’s derivative. We formalize this
intuition in the following result.

Proposition 1: Consider an autonomous dynamical sys-
tem of the form (1) defined on a set X and so that its
solutions exist for all positive times (i.e., it is forward
complete). Let p : X XxT — Z and ¢ : Z — X be such that
Vo ¢(zo,t) = x(t) for all zp € X and ¢ > to, and assume
that the restriction ¢o(x) = p(x,to) is surjective. Finally, let
F, and F, represent the flows associated with the dynamics
in the state-space X and in the latent space Z respectively.

If ¢ encodes the latent dynamics, that is:

V':CO S Xavt > t07 @($07t) = FZ(SD(I(%tO)?t) (9)
then

vZO S Zth > th Fm(¢<20)7t) = w(Fz(ZOat)) (10)
Proof: First of all, we notice that the forward com-
pleteness of (1) and the dynamics encoding property of ¢
guarantee that both flows are well defined for any ¢ > ¢,.
In order to prove (10), we apply v to both sides of (9),
obtaining

vm0 EX;VtZtO7 wO@($O7t):won(<P($0at0)7t)
Since ¥ o p(xg,t) = x(t), we deduce that
Vxg € X, Vit > tg, Fi(xo,t) =1 oF.(¢p(xo,to),t) (11)

Finally, the surjectivity of ¢y means that for all 2y € Z,
there exists zp € X so that zg = ¢(zg, tg); moreover, we
immediately obtain that 1(z0) = ¥ o p(zg,t9) = xo. By
substituting in (11), we finally have

Vzo € Z,Vt > ty, Fm(¢(20)7t) = ’t/) o FZ(ZO,t) (12)

which proves (10). |

Corollary 1: Let the hypotheses of Proposition 1 hold
and, additionally, let 1) € C'(Z). Then, we can recover the
state-space dynamics as

@(t) = Jy(2(1)2(t)

with Jy, denoting the Jacobian of .
Proof: 1t suffices to take the time derivative of both
sides of (10) and apply the chain rule on the right side. H

13)

A. Learning Architecture and Loss functions

To learn a physically consistent Lie operator, we introduce
several complementary loss functions enforcing reconstruc-
tion accuracy, temporal consistency, and dynamical coher-
ence in X and Z.

For clarity in describing the proposed neural network
architecture (Fig. 1), we introduce the following notations.
Let

z7(x0) = [p(0,t0), (x0, t2), ..., o(x0, tN)] (14)

denote the latent trajectory generated by the encoder. More
concisely, we denote by ® the encoder in (Fig. 1) which
means

z7 (o) = P(x0,7T) (15)
Similarly, let

xr(20) := [Y(p(z0,t0)), - - - V(P(T0,tN))]

be the corresponding reconstructed trajectory in the state-
space and more concisely, let ¥ be the encoder in (Fig. 1)
which means

(16)

x7 (o) := U(zr(x0)). (17)

Morevover, let

xr(20) = [f(Y(p(x0,t0))); - - F (P20, tn)))] - (18)

be the associated time-derivative. In the same manner, let
denote by Zp () the time derivatives of the latent trajectory,
and by zr(zo) the derivatives predicted by the learned
dynamics (cf. Eq. (5)).

Additionally, we denote by iT(xo) the time derivatives of
the state trajectory, and by X7 (zg) the derivatives induced
by the latent dynamics through the decoder (cf. Eq. (8)).

With these notations introduced, we are now able to define
different types of losses that will be used in the learning
scheme.

« Physical continuous losses:

Ly = HiT(Io) - XT(CEO)HE (19)

Ly = ||%r (o) — %7 (x0); (20)
« Physical boundary losses:

L3 = ||[x7(z0)]; — 1’0||§ @2n

Ly = ||[&r(x0)], — F(@0)] 22)

with [xp(x0)];. (resp. [Xr(20)],) is the first element

of x7(z0) (resp. X (o).
o Latent continuous losse:

Ly = |#r (o) - 2T(xo>Hz (23)

« Latent boundary losses:
Lo = ||Lg(zo,to) — Vgp(xo,to)T.f(xo)Hz (24)
Ly = ||¢(xo,t0) — V@(xo,to)T-f(l’o)Hi (25)

Here ||.||, represents the L? norm.

Finally, the total loss is defined as a weighted sum of all
individual losses:
7

Loiobar == Y _ NiLi (26)

i=1
The weights \; were selected according to the considered
formulation, namely either the latent-dynamics approach
that is to generate trajectories in the latent space with the
analytical solution z(t) = zpe™ or the PINN-based approach

that is to generate trajectories from an initial condition xg
and a time vector 7.



— — x7(x0) = f(.) = X7 (20)
— ZT(LL'()) —t—> L —> iT(:ﬁO) —> J¢(ZT(JJO)) —> ).(T(l‘o)
—3 1o} - = .
—> 5, > 2r(w0) —> Jy (21 (20)) — x7(0)
Fig. 1. Architecture of the neural network underlying the learning procedure
B. Stability constraint on the Lie Operator composed of N = 100 uniformly spaced values in the

We impose a structural constraint on the Lie operator to
ensure stability, as our study is limited to stable dynamical
systems. In particular, following the parametrization of stable
matrices proposed in [13], we define L as

L= (J-R)Q 27

where J is a skew-symmetric matrix, R is a positive semi-
definite matrix representing dissipation, and P is a positive
definite matrix (i.e. JT = —J, R = 0, and Q > 0), ensuring
that the learned operator remains Hurwitz stable [12], [13].

The proposed parametrization endows the learned operator
with a dissipative structure. Indeed, to show this, consider
the quadratic storage function V(z) := 127Qz, V z€ Z
which is positive definite since ¢ > 0. Using the skew-
symmetry of J and the semi-definite positivity of R = 0, the
time derivative along the trajectories governed by z = Lz is
given by

V(z)=2'Q%+ :Qz (28)
=2'Q(J-R)Qz+2"'Q(-J—R)Qz  (29)
= —2TQRQz <0. (30)

This implies that the system is dissipative with respect
to the storage function V(z), and consequently Lyapunov
stable. Moreover, if R > 0, the system is strictly dissipative,
which guarantees asymptotic stability of the origin.

IV. RESULTS

We evaluate the proposed architecture on two systems: one
presented in [11], which belongs to a class of polynomial
nonlinear systems with a specific triangular structure, and
another system that does not satisfy this structural assump-
tion.

For all the examples the training, validation and test data
were all generated by creating the graph of their vector
field f in a defined domain, henceforth denoted X cXx
such that for all vector z € X, its elements z; are all in
[Z, z] (T and z denote lower and upper bounds respectivel)y.
The neural networks were trained using a time vector 7T’

interval [to,tx] := [0,1]. We analyze the eigenvalues of
the operator, and we generate trajectories with the analytical
solution in the latent space using the matrix exponential of
the Lie operator. Then, we decode to compare the trajectories
to the trajectories generated with the well-known fourth-
order Runge—Kutta method, henceforth denoted (RK4), from
the original system. It is also worth noting that the stopping
criterion was defined as a targeted final global loss lower
than 103, and that all weighting coefficients \; were set to
1 to ensure a fair comparison.

Moreover, in all considered examples, we focus on the
Normalized Root Mean Squared Error (NRMSE) computed
as:

N S (@alty) — ()

max; [|z;]], — min; [z,

NRMSE := \/

where N > N denotes the number of simulation samples,
and max; ||z;||, (resp. min, ||z;||,) denotes the maximum
(resp. minimum) L? norm of the state vector x; across all
samples.

Finally, all experiments were implemented in PyTorch and
performed on a machine equipped with an NVIDIA RTX
A4000 GPU.

A. First Example : A Triangular polynomial system

We test the proposed architecture on the triangular poly-
nomial nonlinear system presented in [11]. The structure of
this system if of the form:

&y = fi(z1)

&g = fo(z1,x2) a1

Ty = fn(xh <. 7xn)

where each function f; is polynomial in its arguments. This
particular structure allows the construction of a finite set
of observables that is closed under the Koopman operator,
leading to an explicit finite-dimensional linear representa-
tion of the dynamics. This analytical formulation provides



a benchmark that enables a direct comparison with our
learned low-dimensional approximation. The specific system
borrowed from [11] is given by:

T =a1r

: 3

To = asXo + asw

.2 2%2 + asxy , 32)

Tr3 = azxrz -+ agrixy + arx;

Ty = a4Ty+ agT1T2T3
with a; = —0.5, Vi € {0,...,4} and a; = —0.2, Vi €
{5,...,8}. The training was performed according to the

architecture shown in (Fig. 1) with the latent space dimension
initially set to m = 19. This dimension corresponds to the
exact solution formulated in [11].

After the training, we show in (Fig. 4) that the stabil-
ity constraint of the obtained approximate operator L. was
respected. To evaluate the temporal behavior of the model,
trajectories were simulated using a fixed integration step of
dt = 0.01 over Ny = 500 time steps. This long horizon
allows us to assess both transient and asymptotic regimes
of the system. The trajectories were simulated using initial
states conditions z; = 1, Vi € {1,...,4} and we observed
a NRMSE of 1073 (Fig. 2).

X1 X2
100 { <, 100 {7,
\_ —— Latent dynamics (NRMSE=2.79€-03) \ —— Latent dynamics (NRMSE=8.24€-03)
\
075 . Reference trajectory (RK4) 075 Reference trajectory (RK4)
< 050 ~ % 050
025 025
0 100 200 300 400 500 o 100 200 300 400 500
Time step Time step
X3 X3
100 — Latent dynamics (NRMsE=3.81e-03) | +*° —— Latent dynamics (NRMSE=8.04e-03)
075 Reference trajectory (RK4) 075 Reference trajectory (RK4)
N
o N x
% 050 N % 050
~
025 025
0 100 200 300 400 500 o 100 200 300 400 500

Time step Time step

Fig. 2. For m = 19 : In orange the ground truth trajectories of the original
system simulated with RK4. In blue the trajectories of the learned system
reconstructed from the latent space via the decoder.

We then evaluated the proposed learning procedure using
reduced latent dimensions (i.e. m = 2,...,m = 19). We
observed that an NRMSE of approximately 108 could be
achieved with m = 4 (Fig. 3).

X1 X2
1004~ 100 { =,
\ —— Latent dynamics (NRMSE=3.28e-03) L —— Latent dynamics (NRMSE=2.33e-03)
075 Reference trajectory (RK4) 075 Reference trajectory (RK4)
< 050 % 050
025 025
0 100 200 300 400 500 o 100 200 300 400 500
Time step Time step
X3 Xg

oo —— Latent dynamics (NRMSE=2.59e-03) 100 h —— Latent dynamics (NRMSE=4.08e-03)
075 Reference trajectory (RK4) 075 Reference trajectory (RK4)

N\

0 100 200 300 400 500 0 100 200 300 400 500
Time step Time step

Fig. 3. For m = 4 : In orange the ground truth trajectories of the original
system simulated with RK4. In blue the trajectories of the learned system
reconstructed from the latent space via the decoder.
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—200 -150 -100 =50 o]

Re(A)

Fig. 4. First example: L spectrum with a latent dimension m = 19.

This illustrate the fact that our approched could lead
to low order dimension Koopman continous-time operator
with the same performance level while ensuring the stability
constraint (Fig. 4 & 5).

We also consider the simulation time. Table I shows the
comparaison with RK4 for the original system and with the
latent space dynamics in two cases m = 4 and m = 19 over
N, = 5.10° time steps (this corresponds to the average value
over 10 trials). We cleary obtained a speed up factor of 2—5
for the two cases.

0.050 A

0.025 4

z H
E 0.000 ’

—0.025 4

+ Max Re(A) = -0.437
—0.050 1 T T T T T
-0.5 -0.4 -0.3 —0.2 -0.1 0.0
Re(h)
Fig. 5. First example: L spectrum with a latent dimension m = 4.

TABLE I
COMPARISON OF TRAJECTORY SIMULATION TIMES BETWEEN RK4
INTEGRATION AND LATENT-SPACE PROPAGATION 1 (zpel*) OVER
N = 5.10° TIME STEPS

Simulation Simulation time  Speed-up  Latent space
Method in (s) dimension
RK4 1.I1x107T 1x

Latent dynamics 4.6x1072 2.4x 19
Latent dynamics 2.3x1072 4.8% 4

B. Second Example

We propose to evaluate the learning approach on a poly-
nomial nonlinear system that does not respect the triangular
form (31) defined by:

21 = —a1+ a0y (33)

To = —T2 — X1
In this case, the training was performed in the same con-
ditions as for the first example with the latent space di-
mension set to m = 4. For this dimension an NRMSE of
approximately 1073 was obtained. After the training, we
show in (Fig. 6) that the stability constraint of the obtained
approximate operator L was respected.

In the same manner as for the first example, we evaluate
the temporal behavior of the model, with a fixed integration
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Fig. 6. Second example: L spectrum with a latent dimension m = 4.
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Fig. 7. For m = 4 : In orange the ground truth trajectories of the original
system simulated with RK4. In blue the trajectories of the learned system
reconstructed from the latent space via the decoder.

step of dt = 0.01 over Ny = 5.10% time steps. The
trajectories were simulated using initial states conditions
x; =1, Vie{1,2} (Fig. 7).

Note that for this example as well, the simulation time is
reduced by a factor 2.

The obtained results highlighted several important aspects
of the proposed approach. First, the fact that all eigenvalues
of the learned operator lie in the left half-plane confirms
that the imposed structural constraints successfully enforce
dissipativity and contribute to the stability of the learned
dynamics. Second, the low reconstruction error observed
for trajectories initialized from different initial conditions
demonstrates the model’s ability to generalize across the
state-space, particularly near stable equilibria.

V. CONCLUDING REMARKS AND PERSPECTIVES

In this paper, we address the problem of approximating
continuous-time nonlinear models using a structured ap-
proach that composes two static nonlinear transformations
and a linear dynamic transformation. This is closely related
to the Koopman formalism and the associated family of
Koopman operators defined by the system’s flow. Specifi-
cally, we assume the availability of a differential state-space
model (as opposed to a recurrent state model) through its
vector field f. Under this assumption, we propose an original
learning scheme that leverages the discretization of the graph
of f.

The proposed encoder is unconventional in that it does not
output the current latent state but rather samples of the latent
trajectory evaluated at user-specified time instants (temporal
discretization). This design enables the integration of what
we term Physical & Latent Continuous Losses (penalties
enforcing consistency with physical and Koopman dynamics)
and Physical & Latent Boundary Losses (penalties ensuring
consistency of initial conditions) into the learning process.
Concurrently, we introduce a structural stability constraint
on the Koopman operator.

We numerically validate the methodology on two poly-
nomial systems. The first, a 4th-order polynomial system, is

known to admit a finite-dimensional Koopman representation
of order 19, with a particular structure that allows for
an analytical derivation. Our approximation methodology
yields a continuous-time Koopman model whose simulations
(evaluated using the NMRSE metric over a large set of tra-
jectories) are arbitrarily close to those of the original model.
Furthermore, the method demonstrates that a latent space
of order 4 suffices to produce a highly accurate Koopman
model—a result that is not evident from the existing litera-
ture. The second example confirms that the methodology is
equally effective for more general polynomial systems.

In conclusion, the proposed approach effectively generates
structured models that significantly reduce simulation time
by leveraging linear simulation in the latent space, with the
encoder and decoder serving as interfaces to the physical
system. This methodology opens promising avenues for
physics-informed approximation of a broad class of nonlinear
differential models.
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