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Abstract— Wireless Sensor Networks (WSNs) require precise
time synchronization to ensure coordinated monitoring opera-
tions and data coherence across distributed multi-agent systems.
Consensus-based protocols offer a robust, fully distributed
solution for synchronizing clock offsets and frequencies by
leveraging local information exchange. The convergence speed
of such algorithms is heavily dependent on the algebraic
connectivity of the network graph, structurally quantified by
the second smallest eigenvalue of the graph’s Laplacian matrix.
This paper investigates the reduction of convergence time
in WSNs by strategically introducing a single dynamic node
to an existing network topology. Three distinct criteria for
determining the connections of the new node are proposed
and mathematically analyzed: an exhaustive search for optimal
positioning, a maximum degree constraint approach, and a
Twin criterion that emulates the topology of an existing node.
Numerical simulations establish that maximizing the second
eigenvalue significantly accelerates synchronization. Further-
more, the integration of optimal node placement strategies pro-
vides a comprehensive framework for optimizing both resource
cost and convergence speed.

I. INTRODUCTION

Wireless Sensor Networks (WSNs) are widely deployed
in various scenarios, including smart agriculture [1]–[3] and
food processing [4], [5], smart homes [6], industrial moni-
toring [7], power distribution [8]–[10], critical infrastructure
monitoring [11]–[13], civil infrastructure supervision [14]–
[16], territorial monitoring [17], [18], education [19], and
biomedical applications [20]–[23]. In these environments,
independent electronic devices interact and collaborate to
gather and process environmental data [24]. However, the
distributed nature of WSNs introduces a critical challenge:
temporal synchronization [25], [26]. When parallel oper-
ations are performed without a common time reference,
significant interference and data loss can occur, leading
to a breakdown in communication [27] and in the overall
measurement accuracy [28]. Therefore, establishing a unified
temporal reference is fundamental to coordinating network
tasks, ensuring information reliability, consistency, and com-
pleteness [29], [30].

To achieve this overarching goal, networks often rely on
consensus dynamics, an area of research at the intersection
of systems theory and graph theory. It studies how a group
of agents, such as robots, sensors, or decision-makers, in-
teracting over a network can reach a common decision or
estimate through local rules and information exchange [30].
In multi-agent systems, the goal is to ensure that all agents
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eventually agree on a certain quantity, despite starting with
potentially different initial values. The behavior of these
systems is typically modeled using an unforced dynamical
system governed by the network’s interconnection topology,
highly beneficial in cooperative control of vehicle formations
[31]–[33].

In the broader context of complex networks, synchro-
nization is a fundamental research topic in decentralized
control. It is usually described via continuous-time ordi-
nary differential equations mapping the intrinsic dynam-
ics of agents alongside the diffusive coupling from their
neighbors [34], [35]. Recent advances explore fixed-time
cluster synchronization via pinning control, where the net-
work can achieve synchronization in finite-time [36]–[38].
In a resource-limited multi-agent system, it is of practical
importance to select a fraction of nodes to provide control
inputs such that consensus can be achieved with optimized
performance in terms of network cost and convergence speed
[39], [40].

In practical engineering scenarios, such as the deployment
of coordinated unmanned aerial vehicle (UAV) swarms for
distributed surveillance [41], dynamic formation control [42],
and target capturing [43], as well as in robotic platooning
or smart grids, the addition of a strategic relay node (e.g.,
a mobile UAV acting as a temporary bridge) can rapidly
repair or enhance temporal coordination. Furthermore, while
the structural depth of complex networks may also be ap-
proached using k-core or k-shell decomposition methods to
identify globally influential nodes and suggest core additions
[?], this work focuses on targeted microscopic interventions.

Specifically, we propose a robust mathematical method-
ology to accelerate the convergence of consensus-based
synchronization in WSNs. By strategically adding a single
dynamic node to the network, the topology is structurally
modified to maximize the algebraic connectivity. Three cri-
teria for adding this node are rigorously evaluated to balance
theoretical optimality with physical implementation con-
straints, accounting for real-world signal interference. Fig. 1
illustrates the concept of augmenting an existing network by
inserting an additional node with selected connections.

The remainder of this paper is organized as follows.
Section II establishes the mathematical model for consen-
sus. Section III details the proposed node addition criteria.
Section IV presents the numerical results and, finally, the
last section concludes the work and outlines future research
directions.



1

2

3

4

1

2

3

4

vnew

Fig. 1. Strategic insertion of a new node to improve connectivity.

II. SYSTEM MODEL AND MATHEMATICAL
FORMULATION OF CONSENSUS SYNCHRONIZATION

To model the synchronization process over a network of
nodes, we consider a discrete-time sequence of communica-
tion instants tk = t0+kTs, where Ts is the sampling interval.
In a wireless sensor network, each node is equipped with a
local hardware clock modeled as

τi(t) = αit+ βi, (1)

where αi represents the clock skew and βi the clock offset.
In order to achieve a common notion of time across the
network, each node maintains a tunable software (virtual)
clock defined as

τ̂i(t) = α̂i(t)τi(t) + ôi(t). (2)

The synchronization mechanism considered in this work
relies on iterative updates of the virtual clock offsets when
nodes exchange timestamps. Let ε be a mixing parameter.
When node i receives a message from node j at time tk, the
virtual clock of node i is updated according to

τ̂i(t
+
k ) = τ̂i(tk)− ε (τ̂i(tk)− τ̂j(tk)) . (3)

This update corresponds to a local consensus step that
reduces the difference between the two virtual clocks. To
describe the evolution of the entire network compactly, we
introduce the vector of virtual clocks

τ̂(k) = [τ̂1(k), τ̂2(k), . . . , τ̂N (k)]T . (4)

Let the communication topology be represented by an
undirected graph with Laplacian matrix L. The collective
evolution of the virtual clocks can then be written as

τ̂(k + 1) = τ̂(k)− εLτ̂(k) = (I − εL)τ̂(k). (5)

The convergence properties of this iteration depend on the
spectral properties of the Laplacian matrix. For a connected
undirected graph, the Laplacian matrix L is symmetric and
positive semidefinite, satisfying L1 = 0, implying its ordered
eigenvalues are 0 = λ1(L) ≤ λ2(L) ≤ · · · ≤ λN (L). The
system matrix governing the iteration is Φ = I − εL. Its
eigenvalues are directly related to those of the Laplacian
matrix by λi(Φ) = 1− ελi(L).

Because λ1(L) = 0, the dominant eigenvalue is λN (Φ) =
1, corresponding to the consensus subspace spanned by 1.
The remaining eigenvalues satisfy λi(Φ) = 1 − ελi(L)
for i = 2, . . . , N , and determine the convergence of the
disagreement dynamics. For consensus to be achieved, all

eigenvalues except the one associated with the consensus
subspace must lie strictly inside the unit circle, namely

|λi(Φ)| < 1, i = 1, . . . , N − 1. (6)

Using the eigenvalue relation above, the most restrictive
condition is associated with λN (L), yielding the step-size
condition

0 < ε <
2

λN (L)
. (7)

Under this condition, the eigenvalue at 1 preserves the
consensus subspace, while all the remaining modes asymp-
totically decay, ensuring convergence of the virtual clocks to
a common value.
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Fig. 2. Stability region for discrete-time systems. All observable eigenval-
ues of (I−εL) must reside strictly inside the unit circle. Pushing λN−1(Φ)
towards the origin (from blue point to red point) increases convergence
speed.

Applying the spectral theorem, since Φ is symmetric, it
can be orthogonally diagonalized as Φ = Q∆QT . The state
evolution over k steps is xk =

[∑N
i=1 qiq

T
i (λi(Φ))

k
]
x0.

Because λN (Φ) = 1 and its corresponding normalized
eigenvector is qN = 1√

N
1, we define the generic error ek

from the steady-state consensus point as:

ek = xk − x0

N
1 =

[
N∑
i=2

qiq
T
i (λi(Φ))

k

]
x0 (8)

Using the properties of vector norms, the error magnitude is
bounded by:

||ek|| ≤ a|λN−1(Φ)|k (9)

where a > 0 is a positive constant. The function |λN−1(Φ)|k
strictly decays. Therefore, structurally altering the graph to
minimize λN−1(Φ) (pushing it closer to the origin) mathe-
matically forces a steeper exponential decay, aggressively ac-
celerating synchronization (see Figure 3). As a consequence,
to speed-up the consensus, λ2(L) has to be maximized.
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Fig. 3. Theoretical decay of the synchronization error over time steps k.
A smaller magnitude of the observable eigenvalue structurally guarantees a
faster exponential convergence.

III. PROPOSED NODE ADDITION CRITERIA AND
OPTIMIZATION PROBLEM

The primary objective of adding a dynamic node to an
existing Wireless Sensor Network is to drastically decrease
the synchronization time. As mathematically established in
the theory of consensus dynamics, the synchronization error
decay is strictly bounded by the second smallest eigenvalue
of the network’s Laplacian matrix. Therefore, optimizing
the network topology requires a structural modification that
pushes this eigenvalue as far from the origin as possible.
When a new node is introduced into the existing N -node
network, an expanded Laplacian matrix LN+1 is created.
Given an initial Laplacian LN = D − A (where elements
are denoted as arc), the addition of the new node is modeled
via a binary connection vector v ∈ RN . The block matrix
evolution is formally defined as:

LN+1 =

[
LN 0
0T 0

]
+

[
diag(v) −v
−vT |v|

]
(10)

where |v| =
∑N

i=1 vi represents the total number of connec-
tions of the new node. To ensure that the newly added node
is not completely isolated from the rest of the network, the
binary vector v must satisfy v ∈ {0, 1}N \ {0}.

The overarching goal translates into a discrete optimiza-
tion problem: finding the optimal vector v∗ that maximizes
the algebraic connectivity (the second smallest eigenvalue,
λ2) of the augmented Laplacian LN+1(v).

v∗ = arg max
v∈{0,1}N\{0}

λ2(LN+1(v)) (11)

Three distinct criteria are proposed to solve this optimiza-
tion problem and determine the optimal vector v.

A. Optimal Positioning via Exhaustive Search

The most direct approach to solve the optimization prob-
lem is through an exhaustive search across the entire solution

space. For an N -node network, there are exactly 2N − 1
valid combinations for the binary vector v. By recursively
evaluating the resulting eigenvalues, the global theoretical
optimum v∗ is precisely identified. Finding a sub-optimal
or partially connected vector that matches the maximum
possible convergence speed provides a significant advantage,
as it guarantees a good synchronization time while strictly
utilizing fewer hardware resources.

B. Maximum Degree Constraint

In practical WSN deployments, the theoretically optimal
vector v∗ identified by the exhaustive search might be
physically impossible to implement. Environmental condi-
tions, such as physical distances or structural obstacles,
can severely attenuate the signal. To account for these
impossibilities, the Maximum Degree Constraint restricts the
optimization search space. This criterion imposes a strict
constraint: the added node cannot possess a total number of
connections greater than the maximum degree dmax found
in the pre-existing network. The constrained optimization
problem becomes:

v∗constrained = argmax
v

λ2(LN+1(v)) (12)

subject to:
N∑
i=1

vi ≤ dmax

C. The Twin Criterion

The Twin criterion completely bypasses the physical im-
plementation uncertainties by dictating that the newly added
node must perfectly emulate the connection profile of a
target node already operating within the network. Since the
emulated node has already proven that its specific communi-
cation links are physically viable, replicating them provides
an absolute guarantee of feasibility. Let the target node to be
emulated be denoted by index m ∈ {1, . . . , N}. The binary
vector v is constructed by copying the m-th row of the initial
adjacency matrix AN : vi = (AN )m,i for i ̸= m.

The criterion is strictly subdivided into two distinct topo-
logical cases:

• Unconnected Twins: The new node intentionally omits
a direct link to the emulated node itself (vm = 0).

• Connected Twins: A direct communication link is
explicitly established between the new node and the
target node (vm = 1).

The Twin criterion connects the new node to the same
neighbors as an existing node, effectively replicating its
adjacency pattern (see Fig. 4).

IV. NUMERICAL RESULTS

Extensive numerical tests were conducted utilizing MAT-
LAB to validate the mathematical models. The baseline
scenario utilizes a randomly generated graph network com-
prising 9 nodes and 31 active links. The network is deemed
synchronized when the clock delay between all nodes defini-
tively falls within a restrictive tolerance band of ±20 mil-
liseconds. Assuming a discrete synchronization period T = 3
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Fig. 4. Twin criterion: the new node (vnew) replicates the adjacency pattern
of an existing target node (Node 3 in this example).

seconds, the required cycles are calculated. The summarized
results for the proposed node addition criteria are presented
in Table I.

TABLE I
SUMMARY OF SIMULATION RESULTS FOR NODE ADDITION CRITERIA

Node Addition Criterion Topology Opt. λ2(L) Time tc (s) Cycles
Exhaustive Search Random 5.6972 81 27
Maximum Degree Constraint Random 5.6972 81 27
Twin Criterion (Connected) Lattice 3.2679 141 47
Twin Criterion (Unconnected) Lattice 3.2679 141 47
Twin Criterion (Connected) Random 5.6972 81 27
Twin Criterion (Unconnected) Random 5.6972 81 27

A. Exhaustive Search Results

Executing the Exhaustive Search methodology across 29−
1 binary configurations, the maximum second eigenvalue
mapped to the Laplacian was evaluated to be λ2(L) ≈
5.6972. Under this optimal configuration, the required syn-
chronization time tc exponentially dropped to 81 seconds,
necessitating exactly 27 synchronization cycles. Noticeably,
this mathematically optimal vector is not fully connected.

B. Maximum Degree Constraint Results

Applying the Maximum Degree Constraint to the identical
9-node baseline network (where the maximum existing node
degree was 8) identified valid connection arrays complying
with the established restrictions. The analysis successfully
returned the same constrained optimal λ2(L) ≈ 5.6972 and
tc = 81 seconds.

C. Twin Criterion Results

Tests employing the Twin Criterion were executed on both
deterministic lattice structures and randomly generated graph
topologies. For a lattice topology of 9 nodes, emulating the
most highly connected node (node 5) reduced the synchro-
nization time to 141 seconds (47 cycles). When applied to the
baseline random graph topology, the Twin Criterion achieved
an exceptional convergence time of 81 seconds, yielding
λ2(L) ≈ 5.6972. This mirrors the absolute optimum discov-
ered in the exhaustive search, providing empirical evidence
that duplicating existing high-degree communication paths is
a highly efficient optimization strategy.

V. CONCLUSION

This paper addressed the critical issue of long synchro-
nization convergence times in Wireless Sensor Networks by
introducing a dynamic node to the network. By mapping
the continuous network dynamics to a discrete-time sys-
tem, it was proven that the decay of the synchronization
error is tightly bounded by the second eigenvalue of the
system matrix. Maximizing the algebraic connectivity of
the Laplacian matrix directly forces a steeper exponential
decay. While an exhaustive search discovers the absolute
theoretical optimum, the Maximum Degree and Twin criteria
provide robust alternatives that account for physical signal
interference. These criteria demonstrate high relevance for
emerging engineering applications requiring transient con-
nectivity boosts, such as UAV bridging or ad-hoc smart grid
restoration. Future research will focus on integrating fully
mobile dynamic nodes to continually optimize the network
topology in real-time.
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