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Abstract—In this paper, data generated by a plant that can
be described as a linear time-invariant system subject to both
process and measurement noise are considered. An original
and structured organization of the collected input–output data
is introduced, leading to an alternative representation of the
system dynamics within an extended state-space framework.
Based on this formulation, the Dynamic Mode Decomposition
with Control algorithm is employed to identify a Data-Driven
model in a lifted space. The resulting representation enhances
robustness with respect to noise, allowing for a more accurate and
reliable characterization of the underlying system dynamics in
the presence of disturbances and measurement uncertainty. The
proposed approach is assessed through numerical simulations,
which illustrate its effectiveness in capturing the system behavior
and mitigating the impact of noisy data, thereby highlighting its
potential for data-driven modeling and control applications.

I. INTRODUCTION

In control theory, the term Data-Driven refers to the use
of available data to control a plant, more than a mathematical
model of the system. The main reason behind this approach
is that models are expensive and hard to obtain [1]. More-
over, identifying the dynamic equations governing the plan
essentially means optimizing the model to the given data,
and later optimizing the controller to the previously computed
model. [2] Such a two-step procedure may be suboptimal
because the real objective is seeking an optimal controller
compatible with available data [3]. Nevertheless, in the Data-
Driven Control paradigm, the two-step procedure is still used,
and such methods are named Indirect [4] [5]. The aim of
this paper is to propose an identification result useful to be
integrated in Direct Data-Driven Control schemes.

All of the Direct Data-Driven Control schemes are based
on a milestone theorem known as the Fundamental Lemma
(FL) [6]. This theorem guarantees that the behavior [7] of a
linear time-invariant (LTI) system coincides with the image of
a Hankel matrix constructed from informative input–output
data. In this context, the term informative means that the
associated data matrix satisfies an appropriate rank condition.
As a consequence, the system dynamics can be represented
implicitly, without identifying a parametric model, directly
from measured trajectories. As discussed in [8], this implicit
representation of the underlying dynamics constitutes the the-
oretical foundation of Direct Data-Driven Control approaches,
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which exploit the FL to design control laws directly from data
[9] [10]. Among these approaches, one of the most widely
adopted is the data-driven formulation of Model Predictive
Control (MPC), referred to as Data-enabled Predictive Control
(DeePC) [11] [12].

A fundamentally different Data-Driven Control paradigm,
which does not depend on the FL framework, is grounded
in Koopman operator theory [13]. The linear nature of the
Koopman operator, together with the forecasting simplicity
offered by LTI models derived from its eigendecomposition,
has contributed to its growing popularity in the analysis
and learning of dynamical systems [14]. Within this frame-
work, nonlinear system dynamics are described through a set
of observable functions, and measured data are interpreted
as samples of a finite dictionary of such observables. A
finite-dimensional approximation of the underlying infinite-
dimensional Koopman operator is then obtained from a limited
dataset using data-driven techniques, most notably Dynamic
Mode Decomposition (DMD) [15]. This approach enables the
identification of linear representations of nonlinear dynamics,
facilitating prediction and control using well-established linear
system tools. The basic DMD algorithm is originally formu-
lated for autonomous systems. Its extension that incorporates
exogenous inputs is known as Dynamic Mode Decomposition
with control (DMDc) [17].

The aim of this paper is to propose a novel system repre-
sentation of an unknown liner plant subject to both process
and measurement noise [16]. Such a representation is based
on the FL and the idea is to exploit the results of the DMDc
algorithm [17] to analyze the available data collected from the
system. This integration of the FL with the DMDc algorithm
enables the construction of a predictor that exhibits improved
performance in the noisy case with respect to classic FL-based
approach.

The paper outline is hereafter summarized. After a brief
paragraph about notation and basic definitions, in Section II,
the DMDc method is resumed. Section III introduces the
Data-Driven representation of a linear plant in the noise-
free setting based on the FL. Section IV is the core of this
paper because it presents the novel plant’s description and its
original integration with the DMDc algorithm. All elements
introduced in the paper are resumed in the algorithm in Section
V. Section VI provides numerical results on the effectiveness
of the presented methodology. Final considerations conclude
the paper.



NOTATION AND DEFINITIONS

The symbol N represents the set of natural numbers, R real
numbers, R+ real numbers greater than 0.

Given a vector v ∈ Rn, its euclidean norm is denoted as
||v||, while the notation v(k1 : k2) denotes the vector extracted
from v containing its elements from the index k1 to k2. The
notation v(0 : end) denotes the whole vector v.

Given a matrix A ∈ Rn×m its transpose is denoted as A′

while its pseudo-inverse as A†. In a matrix, if the element Ai,j

is substituted with the symbol ∗, that element is equal to the
element A′

j,i.
The identity matrix of dimension n is denoted as In while

0n denotes a matrix of zeros. 1n,m is a matrix composed of
ones of dimension n×m.

Definition 1: Given a signal z(k) - with k ∈ N the time
step -, the Hankel matrix [9] associated to z is defined as:

HL(z(k0 : k0 +N)) =

 z(k0) . . . z(k0 +N − L)
z(k0 + 1) . . . z(k0 +N − L+ 1)

. . .
z(k0 + L) . . . z(k0 +N)

 (1)

When the dimension of z is known, HL(z) = HL(z(0 : end))
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II. BACKGROUND: KOOPMAN THEORY AND DMDC

The aim of Koopman Theory is to predict the evolution of
an unknown system given the actual measurement y(k) :

Ky(k) := y(k + 1) (2)

where K is the Koopman operator [13]. In general, obtaining
an analytical representation of the Koopman operator from
data is a challenging task [18]. For this reason, several
approximation techniques have been developed and are widely
adopted in practice. Among them, DMD provides a finite-
dimensional linear approximation of the underlying system
dynamics directly from snapshot data. This connection was
originally established in [19] and has gained considerable
interest in DMD, Koopman theory and Data-Driven Control.
Nevertheless, standard DMD does not explicitly account for
external inputs, which limits its applicability to controlled sys-
tems. Dynamic Mode Decomposition with Control (DMDc),
originally proposed in [17], is the data-driven method that
extends DMD including the effect of control inputs. The
starting idea is to collect the data as:

X+ := H1(x(1 : end))

X := H1(x(0 : end− 1))

Υ := H1(u(0 : end− 1))

(3)

where x ∈ IRn is the state of the plant that generated the
data, under the action of the input u ∈ IRm .

Therefore, considering that the plant dynamic can be as-
sumed as linear:

X+ ≈ AX +BΥ (4)

It is possible to simultaneously identify A and B as:

[
A B

]
= X+Ω† (5)

where

Ω =

[
X
Υ

]
(6)

The matrix Ω in (5) is generally a high-dimensional data
matrix and can be approximated using the SVD:

Ω = Ũ Σ̃Ṽ ∗ (7)

The matrix Ũ can be split into two matrices Ũ =

[
Ũ1

Ũ2

]
, to

provide bases for X and Υ. See [20] for details.

III. THE DATA-DRIVEN REPRESENTATION OF A LINEAR
PLANT IN THE NOISE-FREE SETTING

Consider the discrete-time systems described through re-
stricted behavior BL [7]:

BL = {w ∈ RqL : w is a L-length trajectory of the plant} (8)

A trajectory [21], is here considered as the vector composed
of input u(k) ∈ Rm and measured output y(k) ∈ Rp :

w(k) =

[
u(k)
y(k)

]
∈ Rq:=p+m

In the Data-Driven framework, only one trajectory is sup-
posed to be known. Such a trajectory must be informative,
in the sense of the rank of the corresponding hankel matrix.
In the noise-free setting, the trajectory must be Persistently
Exciting:

Definition 2: Considering the system in (8), a trajectory
wd is called Persistently Exciting (PE) of order r if

rank(H(wd)) = r (9)
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This definition allows the introduction of the Fundamental
Lemma [6] [9]:

Theorem 1: Fundamental Lemma
Given an unknown LTI system, the following holds.
1) If the input is persistently exciting of order n+ L, any

element of (8) can be expressed as[
HL(u

d)
HL(y

d)

]
g (10)

where g is a decision variable whose length depends on
the size of the Hankel matrix of the data.

2) The span of the columns of the data matrix in (10) is
contained into (8).
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From this theorem, under the hypotheses of persistently
exciting input data ud, the following data-driven representation
of a LTI system in the noise-free settings arises:




Up

Yp

Uf

Yf

 g =


uini

yini
u
y

 (11)

where [
Up

Uf

]
:= Htini+N (ud) (12)[

Yp

Yf

]
:= Htini+N (yd) (13)

Remark 1: Notice that the initial conditions (uini, yini) of
length tini are supposed to be known. Therefore, equation (11)
represents a data-driven prediction of the plant trajectory on
an horizon N that can be used recursively. This predictor, in
this paper, is indicated as FL representation of the dynamic
system and used for comparison purposes. 2

Remark 2: For N = 1, one obtains a data-driven represen-
tation with stable latent poles as resumed in [8]:

g∗ =

Up

Yp

Uf

† uini

yini
u(k)

 → y(k) = Yfg
∗ (14)
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In the presence of noise, the Direct Data-Driven Control
literature typically adopts a relaxed formulation of equation
(11), as discussed in [3]. In such approaches, the exact
consistency constraints imposed by the measured data are
softened by introducing an additional term to the initial output
vector yini. The norm of this additional term is then heavily
penalized within the optimization problem used to compute
the control action, thereby allowing feasibility in the presence
of measurement noise and disturbances. While effective, this
relaxation alters the original structure of the Data-Driven
formulation of the cost and may introduce a trade-off between
dealing with noise and optimizing control performance.

The aim of this paper is to apply the DMDc algorithm
in an original manner to obtain an alternative representation
of the underlying system dynamics in a lifted space. This
representation is specifically designed to enhance robustness
with respect to noise, without explicitly relaxing the data-
consistency constraints.

IV. TOWARDS AN ALTERNATIVE REPRESENTATION

First of all, it is required to introduce the extended space:

ξ(k) :=



u(k − tini)
u(k − tini + 1)

. . .
u(k − 1)
y(k − tini)

y(k − tini + 1)
. . .

y(k − 1)


(15)

W.r.t. this new variable, (14) becomes:

ξ(k + 1) := Φξ(k) +Gu(k) (16)

where

Φ =



0 I 0 0
0 0 0 0
0 0 0 I

Yf

Up

Yp

Uf

†

(1 : mtini + ptini)

 (17)

and

G =


0

Yf

Up

Yp

Uf

†

(mtini + ptini + 1 : end)

 (18)

In the above equations, the dimensions of zero and identity
matrices are omitted to improve readability. Moreover, the
lower blocks in (17) and (18) illustrate the connection with
the FL, as explained in Remark 2.

As in (3), data are organized as:
Ξ = H1(ξ(0 : T − 1))

Ξ+ = H1(ξ(1 : T ))

Υ = H1(u(0 : T − 1))

(19)

where T is the total number of snapshots. Using these three
data matrices, DMDc focuses on finding best-fit approxima-
tions to the mappings Φ and G in the lifted space:{

Φ̃ = Û∗Ξ+Ṽ Σ̃−1Ũ∗
1 Û

G̃ = Û∗Ξ+Ṽ Σ̃−1Ũ∗
2

(20)

where the matrices Û , Ṽ , Ũ come from the SVD decompo-
sition of the data matrices:

[
Ξ

Υ

]
≈

[
Ũ1

Ũ2

]
Σ̃Ṽ ∗

Ξ+ ≈ Û Σ̂V̂ ∗

(21)

The reason behind the approximated equalities in (21) is that
the dimension of the data matrices is reduced to eliminate the
terms that have small singular values. Details in [17].

Remark 3: The use of the DMDc approach, because of the
SVD decomposition of the data matrix reduces the impact of
the noise [17] [23] [24].

A. Noisy data

Theorem 1 and the Data-Driven description of the Dynamics
in (11) are based on an idealized scenario because implicitly
assume that the data are not affected by measurement noise.
As remarked, even a small additive noise component affecting
yini could render the corresponding constraint infeasible.
Moreover, the previous considerations rely on the additional
assumption that the plant dynamics are strictly linear. In
practice, however, physical systems are invariably affected
by exogenous disturbances, environmental uncertainties, and
unmodeled dynamics. To bridge this gap between theory and



practice, it is crucial to explicitly account for process noise
within the system description [16]. To rigorously characterize
the stochastic nature of these uncertainties, this work models
the disturbances as zero-mean Gaussian white noise with a
covariance matrix S, defined as:

n(k) ∼ N (0, S) (22)

In order to establish an even more realistic simulation
scenario, measurement noise is explicitly injected into the
simulated output data alongside process disturbances. Thus,
control strategies validated under this comprehensive noise
framework demonstrate superior reliability when transitioned
to practical, inherently noisy operating environments.

V. THE PROPOSED ALGORITHM

Based on the above developments, the following algorithm
provides a trajectory predictor for the unknown system.

DMDc predictor in the lifted space

Collect the data wd;
Stack the data as in (19);
Compute Φ̃ and G̃ as in (20);

For each sampling time k :

1: Project the vector ξ(k) into the lifted space:

z(k) = Û∗ξ(k) (23)

2: Evolve the system in the lifted space:

z(k + 1) = Φ̃z(k) + G̃u(k)

3: Lift back:

E[ξ(k + 1)] = Ûz(k) (24)

4: Extract the predicted measure:

E[y(k + 1)] = E[ξ(k + 1)(end− p : end)] (25)

VI. SIMULATIONS

The following numerical simulations of the DMDc predic-
tor in the lifted space algorithm have been performed in
MATLAB R2024a on a Lenovo IdeaPad L340 equipped with
a Intel-core i7 of the 9th generation using the Windows 11
operating system.

For simulation purposes, the following system has been
considered:

x(k + 1) =

[
0.9 −0.2

0.1 1.1

]
x(k) +

[
0.2

−0.2

]
u(k) + n(k)

y(k) =
[
1 0

]
x(k) + r(k)

(26)
where n(k) ∈ IR3 is the process noise, r(k) ∈ IR2 the

measurement noise. For simulation purposes:

Fig. 1. Comparison between the true evolution of the system, the proposed
DMDc predictor, and the predictor in (14).

Fig. 2. Comparison between the proposed DMDc predictor, and the predictor
in (14) w.r.t. the parameter sr in (27).

{
n(k) ∼ N (0, sr I2)

r(k) ∼ N (0, 10 sr)
(27)

Fig. 1 shows the evolution of the system under a random-
generated sequence of control inputs, comparing the true
evolution, the one based on the proposed DMDc predictor,
and the one based on the FL in (14) with sr = 0.1. The lower
part of the figure assess that the proposal works better in terms
of the following error:

e(k) = ||E[y(k)]− y(k)|| (28)

where the expected value of the measurement is computed as
in (25) and as in (14).

Fig. 2 presents a quantitative comparison between the
proposed DMDc-based predictor and the predictor defined in



(14), evaluated as a function of the parameter sr appearing
in the noise model (27). The performance comparison is
carried out using the mean value, computed over the entire
trajectory, of the prediction error e(k) defined in (28). As
expected, in the noise-free case, the predictor in (14) achieves
superior performance, since it provides an exact representation
of the underlying linear time-invariant system. However, as
the noise level increases and deviates from zero, a progressive
degradation in the performance of this predictor is observed.
In contrast, the proposed DMDc-based approach exhibits im-
proved robustness to noise. The observed small oscillations
in the performance curves can be attributed to the stochastic
nature of the noise affecting the data generation process.

CONCLUSION

This paper has presented a data-driven identification ap-
proach for linear time-invariant systems affected by process
and measurement noise, based on an original use of the
Dynamic Mode Decomposition with Control algorithm. By
organizing input–output data in a structured manner and con-
structing a linear representation of the system dynamics in a
lifted space, the proposed method enhances robustness with
respect to noisy measurements. Numerical simulations have
demonstrated the ability of the identified model to accurately
capture the system behavior in the noisy case better than the
traditional solution based on the straightforward application of
the Fundamental Lemma.

In future work, this paper will be the foundation for the
development of a novel formulation of Direct Data-Driven
Control schemes that does not require modifications to the
objective function. to deal with noisy data In particular, this
robust description of LTI systems will be used in the set-
membership Data-Driven predictive strategy proposed in [25].
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