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Abstract—This paper presents an online solution to the finite-
horizon optimal tracking control problem for continuous-time
nonlinear systems with partially unknown dynamics, based on an
Adaptive Dynamic Programming (ADP) approach. The method
employs a dual-approximation identifier—critic neural network
(NN) architecture, with both networks tuned simultaneously
during online implementation. The unknown weights of the
identifier and critic activation functions are estimated using a
filter-based adaptive algorithm, which provides a simple online
validation of the persistence of excitation (PE) condition required
for convergence of the control parameters. The controller is
evaluated in simulation on an ideal single-link robotic ma-
nipulator with partially unknown dynamics and is compared
against two classical adaptive nonlinear control strategies: an
adaptive Lyapunov-based nonlinear (ALN) controller and an
adaptive backstepping (ABS) controller. Performance is assessed
in terms of adaptive parameter convergence, tracking accuracy,
control input smoothness, and tuning complexity. The ADP-based
controller demonstrates the most intuitive tuning process, as its
parameters are directly linked to observed system behaviour,
and achieves superior tracking performance with the smoothest
control input among the three controllers.

Index Terms—adaptive optimal control, trajectory tracking,
finite horizon, nonlinear control

I. INTRODUCTION

Optimal control strategies are desirable in many applica-
tions [1]. For instance, a vehicle may need to optimise the
trade-off between minimising fuel consumption and travel
time, or between operational efficiency and financial cost
in economic systems. The optimal control solution for a
user-defined cost function is obtained by solving the Ric-
cati equation in the case of linear systems, and the Hamil-
ton—Jacobi—Bellman (HJB) equation for nonlinear systems. In
general, the optimal solution is computed offline and requires
full knowledge of the system dynamics. For nonlinear systems,
obtaining an analytical solution to the HJB equation is a
challenging problem [2].

Deriving an analytical model that accurately describes cer-
tain kinds of systems is challenging due to the presence of
various uncertainties [3], [4]. Furthermore, system dynamics
may change over time due to the ageing of system components.
Adaptive control algorithms address this issue by enabling the
system to learn unknown dynamics online using measurements
along the system trajectory [5]. Although adaptive controllers
are designed to guarantee stability while estimating unknown

parameters, they are not optimal with respect to a predefined
cost function [6]. In contrast, an adaptive optimal controller
simultaneously estimates the system dynamics and computes
an optimal or approximately optimal solution with respect to
the predefined cost function [7].

In [8], an adaptive Lyapunov-based nonlinear (ALN) con-
troller was employed to control a rigid robotic system un-
dergoing impact collision with an underactuated, deformable
mass—spring system. In [9], the advantages of both the ALN
controller and barrier functions were utilised to control an
underactuated brachiating robot. In [10], a neural network
(NN)-based adaptive backstepping (ABS) controller was used
for a manipulator. In [11], an ABS sliding mode control was
employed for trajectory tracking of a robotic manipulator. Sim-
ilarly, in [12], an ABS controller was proposed for trajectory
tracking of flexible-joint manipulators.

In this work, a single-link robotic manipulator with par-
tially unknown dynamics is considered. An Adaptive Dynamic
Programming (ADP) approach based on an identifier—critic
structure is proposed to achieve finite-horizon optimal con-
trol of the manipulator while simultaneously estimating the
unknown system dynamics using an adaptive identifier. The
proposed controller is compared with two adaptive nonlinear
control strategies: an ALN controller and an ABS controller.
Section II presents the derivation of the three controllers,
Section III compares their performance based on simulation
results obtained from the single-link manipulator, and Sec-
tion IV concludes the paper.

II. METHODOLOGY

A single-link robotic manipulator model is used to eval-
uate the performance of the proposed ADP method, which
combines the optimal trajectory tracking approach proposed
in [13] and [14] to achieve finite-horizon optimal trajectory
tracking for the system shown in Figure 1, starting from an
unstable initial pose aligned with the x-axis.

The performance of the ADP-based adaptive optimal con-
troller is evaluated using simulation results obtained with the
MATLAB Robotics Toolbox [15] and compared with ALN
and ABS controllers, in terms of their tracking performance,
smoothness of control input, and convergence of their adaptive
parameters. The dynamics of the single-link manipulator can
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(b) Three-dimensional view of the
single-link manipulator.

(a) Planar view of the single-link ma-
nipulator model.

Fig. 1. Visual representation of the single-link manipulator model from both
planar and three-dimensional perspectives.

TABLE I
MODEL SPECIFICATION FOR SINGLE LINK MANIPULATOR.
Parameter Value Unit
Link length (I) 0.418 m
Gravitational acceleration g 9.81 m/s?
Total payload mass (m) 8.05 kg

be described by the simplified state space model:
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where 1 = 6 and 25 = 0 are the system states, v is the control
input, [ is the distance from the joint to the end effector, m is
the mass attached to the end effector, and g is the gravitational
acceleration constant, with values given in Table I.

A. Adaptive Dynamic Programming Controller

The system dynamics (1) are assumed to be partially known,
where the matrices A € R?*2 and B € R? constitute the
known part, Wy € R? is a vector of unknown constant
parameters, and f(x) € R is an activation function. The cost
function is defined as

t+T
Vie,u,t) = / r(e,u)dr,
t
r(e,u) = eTQe + uT Ru,

e=2x— x4,

2

where x4, denotes the desired state trajectory, x is the system
state, and e is the tracking error. The matrices () > 0 and
R > 0 are weighting matrices that penalise tracking error and
control effort, respectively.

The optimal solution depends on the relative costs of the
optimised parameters rather the absolute values of R and Q).
Increasing the values in ) with respect to R results in a
more aggressive control performance to achieve faster error
convergence, and inversely, reducing ) with respect to R may
result in poor tracking performance, or instability in extreme

scenarios due to the insufficiency of control efforts. Therefore,
careful design consideration of the cost function (2) must be
taken to achieve desirable results.

The proposed ADP design method utilises an adaptive
identifier NN and a critic NN. The adaptive identifier is
designed to approximate the unknown system dynamics, while
the critic approximates the solution of the HIB equation, which
minimises the cost function, defined in equation (2). For the
algorithm to work, the PE condition needs to be fulfilled.

Definition 1 (Persistence of Excitation (PE) [16]): A piece-
wise continuous signal ((t) is said to be persistently excited
over the time interval [¢, ¢-+T, if there exists a strictly positive
constant o > 0, such that:

t+T
/ C(r)¢F(r)dr > oI, VYt >0 (3)
t

The adaptive identifier NN is used to reconstruct the
unknown system dynamics based on the filtered variables
xy, uy, and fy, which obtained by passing the input-output
measurements through a low-pass filter (LPF), given by:

k‘.’i‘f +rr=ux, JIf(O) =0,
kuf—i—uf:u, Uf(0)=07 4)
kfr+fr=1 fr0)=0.

The parameter £ > 0 is a positive constant inversely pro-
portional to the cut-off frequency of the LPF, wy = % rad/s,
and should be chosen sufficiently small to avoid filtering out
essential information in the variables [3].

The auxiliary filtered regressor matrices [13] are defined as:
P =—yP + ffffT, Py(0) =0,

T
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k

Q1= -nQ1+ fr Q1(0) =0,

(&)
where the parameter y; > 0 is a positive definite forgetting
factor that ensures the boundedness of P;(t) and Q1(t) [3].

A second auxiliary variable is then defined based on the
filtered and integrated regressor matrices P; and ) as:

My =P W, —Q =—P, Wy, (6)

which contains information on the estimation error, and it can
improve the convergence of the estimated parameters to their
corresponding system values [3].

The adaptive law is then designed as:

W, = T, My, (7)

where I';y > 0 is a positive definite constant that constitutes
the learning gain. Under the assumption that the activation
function f in (1) is persistently excited, the estimation error
Wi converges exponentially to zero [17]. This can be validated
by testing the positive definiteness of the auxiliary filtered
regressor P;. This is generally done by applying a proper
control input u (which sufficiently excites the system) or by
adding a probing noise signal to the control input u to ensure



the PE condition is met. On convergence, the probing noise
signal can be stopped [2].

An adaptive critic NN is designed based on the identified
system parameters. The system dynamics (1) can be rewritten
in terms of the identified parameters as:

i = Az + Bu+ W f(z)+en, (8)

where e is the identifier approximation error. The tracking-
error dynamics are then:

é=i—iqg=Ar+ Bu+ Wl f(x) —dq+en. (9

The optimal tracking control input can be designed in two
parts, © = us + u,, similar to [13]. The steady-state control
input u, is used to maintain the desired state trajectory xq,
while the stabilising input u. minimises the cost function (2)
during transient period.

The steady-state control input, us, is obtained by substi-
tuting * = x4 and u = u, in the system dynamics (8) and
solving for ug, which returns:

us = B (ifd — Azxg — W1Tf(90d)> ; (10)
where B® denotes the generalised inverse of the coupling
matrix B, which may not be invertible.

By substituting (10) in (9), the error dynamic equation is
reformulated as:

e = Ae+ W (f(x) — f(za)) — #a+ Bue + en + €4, (11)

where ¢, is a bounded residual error that results from the
generalised inverse of B. If B is full rank, the residual error
€y will be zero, and the control input (10) can maintain the
steady-state error near-zero, given that ey is small. Further-
more, if ey = 0, the steady state input u; can maintain the
desired final state trajectory.

The cost function is reformulated in terms of the stabilising
input and tracking error as:

t+T
Ve e, t) = / (eTQe + ugRue) dr, (12)
t
and the Hamiltonian is then defined as:
H(e,ue,V,t) = L+ AT f = " Qe+ ul Ru. +VVi7Té, (13)

where VV = 8(;/6 " is the partial derivative of V*.

The Hamiltonian (13) is a nonlinear and time-varying func-
tion, which is difficult to solve analytically [14]. Therefore, a
critic NN with time-varying activation functions ¢(x,T — t)

is used to approximate the optimal value function V* as:

V=Wt ¢(x, T —t) + e, (14)

where W5 € RN are the ideal weights of the activation
functions, and ¢, represents the NN approximation error.
According to the Weierstrass approximation theorem, for a
neural network with NV activation functions, {¢;(z, T—t)}¥ ,,
where ¢;(z,T — t) denotes the i*" element of the activation
function vector ¢(x,T — t), the approximation error can

converge to zero through appropriate selection of the activation
functions, such that limy_,o €, = 0 [14].
The partial derivatives of the optimal cost value function
are approximated by:
VV =Vél(z, T —t)Ws + Ve,
15)
VVF =V (2, T —t) W5 + Ve,
where V(.). and V(.); represent the derivatives with respect
to the tracking error and time, respectively.
The solution to HIB equation could then be written in terms
of the approximated value function as:
eTQe + ul Ru, + Wi 'Vo(x, T —t)é
+ W;Tv¢t(I,T — t) +egjp =0,
where €75 is the HIB error, which represents the residual
error due to the accumulative NN approximation errors and

the generalised inverse of B.
By defining the known terms in (16) as:

E:=Vou(x, T —t)+ Vo(x, T —t)é,
0 :=eTQe + ugRue,

the solution to the HJB equation can be written in the form
of a recursive neural network (RNN):

(16)

a7

O+ W= = (18)

Using the same adaptive method employed for the identifier
NN, the auxiliary variables P, and @5 for the critic NN [13]
are defined as:

Py=—yP+EE", Py(0) =0,

. _ (19)
Q2= —7Q:+Z0, Q-(0)=0,
where v > 0 is a positive forgetting factor.
The auxiliary variable M, is then defined as:
My =Py Wo+ Qo = —P> W, (20)

which holds the parameter approximation error, as shown
in [13], [14], [17]. The adaptive law for the critic NN weight
[13] can then be designed as:

Wy = —TyMs, @1

where I'y > 0 is a positive definite learning gain. Provided
that the regressor vector = is persistently excited, the adaptive
law (21) converges exponentially to the optimal control solu-
tion if the approximation error satisfies 7 ;5 = 0. However, in
the presence of a bounded approximation error € ;g # 0, the
adaptive law (21) converges to a near-optimal solution [17].
According to the optimality principle [1], the optimal con-
trol input that minimises the cost function (12) must satisfy:

OH

o0 0

orur+ BT 22)
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ul = —ER‘lBTal.



As the optimal value function V*(t) and its derivative %

are unknown, the value function approximation from the critic
NN (16) is used to estimate the optimal stabilising input as:

1 .
aez—iR*BTw“v¢ (23)
By appropriately designing the activation function, the NN ap-
proximation error and its derivatives can converge to zero [14],

and 4. converges to its optimal solution u}.

B. Classic Adaptive Controllers

The tracking performance and parameter estimation of the
the adaptive optimal controller is compared with the results
obtained by applying two classical adaptive controllers: an
adaptive Lyapunov-based nonlinear (ALN) controller and an
adaptive backstepping (ABS) controller.

The state space model of the system was reformulated as:

I = 2,

1 (24)
&g = —% cos(x1) + U= acos(x1) + Bu,
where 1 = 0 and z5 = 6 denote the system states, u is
the control input, [ is the distance from the joint to the end
effector, m is the mass attached to the end effector, and g is the
gravitational acceleration constant. The parameters are defined
as @ = —g/l and 8 = 1/(mli?). The corresponding parameter
values are listed in Table I. The ALN and ABS controllers are
derived in sections II-B1 and II-B2, respectively.

1) Adaptive Lyapunov-based Nonlinear (ALN) Controller:
The trajectory tracking and parameter estimation errors were
defined as:

€q=1=T1 — T1q = €y,
€y = g — Xog = acos(x1) + Bu — Zag, (25)
a=a-—a,
where x14 and 94 denote the desired angular displacement
and angular velocity trajectories, respectively, and & is the
estimate of the unknown parameter a.
Considering the Lyapunov function candidate

1 1 p1 K 0] |eq
V=ce'Pe=cleq e @ [K pp 0] |e|, (26)
2 2 ~
0 0 p3 Q
and its derivative:
V= preveq + Kez
+ (Keq + paey) (acos(zq) + Bu — daq) (27)
- pSOA[ dv
and by choosing the control law as:
u = —Gacos(x1) + £ag — c1€q — C2€y, (28)

the derivate of the Lyapunov function candidate becomes
V = (p1 — pac1 — Kea) epeq — c1 Ke?
— (K —paca) €]
+ d( (Keq + paey) cos(zy) — pgé).

(29)

Then by setting the adaptive law as:

; 1
a= s (Keq+ paey) cos(z1), (30)
3

and assuming p; = pac1+Kco , the derivative of the Lyapunov
function candidate reduces to

V = —c1Ke? — (pacy — K) €2,

v (31

By choosing c;K > 0, and paco > K, and applying
the control input (28) together with the adaptive law (30),
Barbalat’s lemma guarantees that the velocity tracking error
ey, displacement tracking error e, and parameter estimation
error & remain bounded. Furthermore, as time tends to infinite,
lim; o (€,) = 0 and lim;—, o, (eq) = 0.

2) Adaptive Backstepping (ABS) Controller: A set of new
state variables are defined for the ABS-based controller as:

21 =1 — X1d = €d,

(32)
29 = X9 —Xgq —E =€y —E.
By choosing
€= —ci21, (33)
the state derivatives become
21 =€y = 29 + ¢,
1 2 (34)

Zo9 =€y, — & = acos(x1) + Bu — Eag + crey.
To cancel the nonlinearities in 29 and stabilise the system, the
control input was designed as:

1
u = B(—ézcos(;vl) —cC1ey — 21 — C229 +9b2d>7 (35)
which makes

Z9 = arcos(x1) — 21 — Ca2a, (36)

where & = o — & is the parameter estimation error.

Considering the Lyapunov function candidate:
1 1 1.

v:§ﬁ+§é+§nﬂ (37)

where ' € RT is the adaptation (learning) gain, and it
derivative:
V = 2121 + 2222 - ONéFOA[
= z1(z2 + c121) + z2(@ cos(x1) — 21 — ca22) — alé

= —c122 — e + 07(22 cos(z1) — F&).
(38)
By choosing the adaptive law:

G=T""2 cos(x1), (39)

the derivative of the Lyapunov function candidate becomes:
(40)

According to Barbalat’s lemma, for the system defined in
(24), by applying the control law (35) and the adaptive law
(39), where c1, co and I' are positive definite constants, it
can be established that z;, z2, and & are bounded, and that
lim; o0 21 = 0 and lim;_, 22 = 0. Therefore, from equa-
tion (32) and (33), it can be concluded that lim; .o, eq = 0
and lim;_,, e, = 0.

y 2 2
V =—c127 —ca2z5 <0.



TABLE II
CONTROLLERS’ DESIGN PARAMETERS.

Controller Parameters
k=0.01,7y1 =1, 2 =1,

ADP Ty = 350, T’y = diag([10, 10, 10])
c1 = c2 = 40,

ABS ' =350

ALN c1 = c2 =40,

1

K=p2=1, p3 =355

III. RESULTS

This section compares the performance of the three con-
trollers in terms of adaptive parameter convergence, quality of
their control input, and trajectory tracking performance.

A. Chosen Design Parameters

The activation functions for the ADP controller ¢(z, T —t)
are usually designed based on engineering experience [14].
As the solution of the HJB equation is time-dependent, the
activation function was designed based on the normalised
time-to-go function t¢,, = (T'—t)/T. The time-dependent term
used in [14] was an exponentially decreasing function within
the horizon length, ¢(z, T — t) = § [e1t] eath ereat].
When a similar activation function was implemented, it was
found to be insufficient for stabilising the system, as the
time-dependent term reached near-zero values within the time-
horizon. This can be tackled by reducing the order of the time-
dependent term. Alternatively, a new activation function was
designed based on a squared sinusoidal function of time, with
a period proportional to the horizon length:

e? sin’ (3t,)

¢z, T —1t) = 5 e3sin®(%t,,)

e1ea sinz(gtn)

(41)

For the ADP controller, the learning gains I'; and I'y are
positive values that control the convergence of the adaptive
laws (7) and (21), respectively. The forgetting factor parame-
ters 1 and 72 must also be chosen as positive values, and they
ensure the boundedness of the auxiliary variables (5) and (19),
respectively. The LPF parameters k is inversely proportional
to its cut-off frequency, and it must be chosen as a small value
to avoid filtering essential information form the state variables.
The tuning parameters for the three controllers were chosen
heuristically in the simulation process. Table II provides a
summary of the chosen parameters.

B. Adaptive Parameter Convergence

Figure 2 shows the identified parameters by the adaptive
component of the three methods and the ground truth system
parameters. The ADP-based method exhibits the smallest over-
shoot; however, its parameter convergence is slightly slower
than that of the other two methods. This difference can be
reduced by increasing the learning gain of the identifier I';,
but this may result in increased overshoot. The identified
parameters slightly deviated from the constant ground-truth
value between ¢ = 10s and ¢ = 15s as the manipulator

Parameter Convergence Comparison
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Fig. 2. Adaptive parameters convergence of the three controllers in compar-
ison with the ground truth system parameter.
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Fig. 3. Exerted torque by the three controllers.

transitioned to the second goal position, which is likely due
to some unmodelled dynamics in the simulated manipulator.

C. Control Effort

Figure 3 shows the torque commands generated by the three
controllers. The ADP-based method produced the smoothest
control commands and the lowest torque magnitudes at any
point, whereas the ABS controller was the most aggressive
among the three, exhibiting the largest torque commands
with the steepest gradients. The non-aggressive behaviour of
the ADP controller is attributed to its approximately optimal
performance with respect to the cost function defined in (2).

D. Tracking Performance

Figure 4 compares the trajectory tracking performance of
the three controllers. While the three controllers were able to
track the desired trajectory, the ADP and ABS controllers con-
verged to the desired trajectory faster than the ALN controller.
Furthermore, the ADP controller had the smallest overshoot
between the three controllers, while the ABS controller expe-
rienced the largest overshoot from the velocity trajectory.

Table III provides a summary of the tracking root-mean
squared error for the angular displacement gy (rad) and
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Fig. 4. Comparison of trajectory tracking performance of the three controllers.
(Top) Angular displacement tracking performance. (Bottom) Angular velocity
tracking performance.

TABLE III
COMPARISON BETWEEN THE CONTROLLERS’ PERFORMANCE.

Controller GRMSE('rad) éRMSE(T'(ld/S) Tmax(Nm)

ADP 0.0013 0.0075 37.9026
ABS 0.0010 0.0147 46.1266
ALN 0.0098 0.0294 43.0126

angular velocity QRA4SE(rad/s) trajectories, and the maxi-
mum torque input 7,4, (Nm). Overall, the results indicate
satisfactory performance of the ADP-based controller for the
manipulator, as it achieved the best tracking performance with
the smallest torque requirement. The ABS controller, on the
other hand, achieved better trajectory tracking performance
than the ALN controller, at the expense of a more aggressive
control commands.

IV. CONCLUSION

In conclusion, this paper presented an online approximate
optimal tracking controller for a continuous-time nonlinear
system with partially unknown dynamics. The controller
utilised an Adaptive Dynamic Programming (ADP) algorithm,
consisting of a dual-approximation identifier—critic neural
network (NN) architecture that simultaneously identifies the
unknown dynamics and estimates the solution to Hamilton-
Jacobi-Bellman (HJB) equation. Furthermore, the algorithm

provides a simple online validation method for the persistence
of excitation (PE) condition that is necessary for the conver-
gence of the control parameters. The proposed controller was
validated in simulation on a single-link robotic manipulator.
It was also compared with two classical adaptive control
algorithms, namely an adaptive Lyapunov-based nonlinear
(ALN) controller and an adaptive backstepping (ABS) con-
troller. Simulation results validate the theoretical soundness
and efficiency of the approximate optimal ADP controller
under ideal conditions. Future work will focus on scaling this
architecture to robotic manipulators with multiple-joints, and
consider practical models with non-ideal system dynamics.
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