Some results on scaled consensus over directed graphs

Elena Panteley

Abstract— We study the problem of controlled scaled con-
sensus, which consists on making a network of cooperative
systems achieve a multiconsensus state determined both by their
initial conditions and preassigned weights. The problem is well-
documented in the literature, but our main contributions reside
in providing strict Lyapunov functions to establish global expo-
nential stability of the synchronization manifold, for first and
second-order systems interconnected over strongly connected
graphs. We also provide some useful observations pertaining
to graph theory, particularly, to Laplacians corresponding to
graphs with self loops. The problem setting, as we broach it
here is inspired from problems appearing in control of electrical
networks.

I. INTRODUCTION

In the realm of multi-agent systems, that is, groups of
systems interconnected in a manner that each so-called agent,
receives information from a set of “neighbors”, consensus
is the steady state in which all the systems states achieve a
common equilibrium point. Therefore, consensus is, in a way,
a state of synchronization. The achievement of consensus is
particularly desired in the case of cooperative systems, but
it is also a phenomenon that may appear spontaneously in
self-organized networks of physical systems.

Achieving consensus, generally speaking, depends on the
network’s topology (e.g., whether it is time-varying or static),
the nature of the interconnections (which may be directed
or undirected), and the intensity of the latter. Indeed, in
the latter case, the network couplings may have different
gains. In the simplest case, it is well-known that consensus
is reached if and only if the network contains a spanning
tree (there exists at least one node from which any node
can be reached). Moreover, for simple integrator systems,
the consensus equilibrium is uniquely defined by the initial
conditions of the node’s states. However, in other cases,
such as in lack of spanning tree [1l], the network may
achieve a steady state of multiconsensus [2], [3]. In this
case, subnetworks are formed, each of which achieves its
own consensus equilibrium.

Closely related to multiconsensus is the so-called scaled
consensus problem [4]. Scaled consensus is a state in which
each individual node achieves an assigned proportion of
a common value that depends on a weighted average of
the initial conditions. Such assigned proportions correspond,
roughly, to weights that factor the individual nodes states,
and they are independent of the individual coupling strengths
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between pairs of nodes [5]. For instance, in a network of
cooperative systems the weights may be assimilated to the
importance of an agent’s state value, while the coupling
strength may be assimilated to the power of the transmission.
In a more concrete setting, such as that of formation control
of ground autonomous vehicles, the weights may be designed
as functions of the physical distances between pairs of robots
[6].

Scaled consensus also has a strong motivation that stems
from electrical networks [7], but it also leads to interesting,
more abstract, problems of network analysis. For instance,
while the individual weights in the network have a clear
interpretation in power networks, their introduction in the
consensus algorithm leads to a modification of the so-called
Laplacian matrix which describes the network’s topology in a
manner that, without actually changing the interconnections
among the nodes, self-loops are added. Mathematically, this
changes many properties that one often relies on in the
analysis of networked systems [8], but also, the self-loops
can be assimilated to grounding effects in terms of electrical
networks [7].

Beyond [4], scaled consensus has been studied, e.g., in
[9], [10], [11]. In [9] the context is that of networks with
switching topology, in a scenario in which the topology
commutes from one not necessarily connected configuration
to another, but they form, altogether, a connected graph—
cf. [12]. In [10] scaled consensus is established for first-
and second-order systems, over static topologies, under the
condition that there exists a spanning tree; for second-
order systems, the focus is on full state (“position” and
“velocity”) consensus. In [11] scaled consensus is addressed
for strongly connected networks of first-order systems, under
the assumption that the state measurements are saturated.

As in [11], [10], [9], [4] in this paper we focus on driftless
systems; both of first and second order as in [11], [10], [9].
We assume that the topology is static and the networks is
strongly connected, but our main contribution is that we
establish scaled consensus via Lyapunov’s direct method.
That is, we provide for both first- and second-order systems,
strict Lyapunov functions (positive definite with negative
definite derivatives in the space of the synchronization errors)
from which one can conclude global exponential stability
of the synchronization manifold. This is significant because
our results may serve as starting point to further extensions
to consider the analysis of scaled consensus in networks of
complex (nonlinear) systems, such as networks of oscillators

[5].



II. PROBLEM FORMULATION AND
MATHEMATICAL SETTING

Let us consider a network of interconnected systems,
defined as

T; = Uy, iE{l,Q,...,N}
U; = —Zaij(aci—xj), Qi ZO
J#i
where, for simplicity, x; € R. We assume that, in general,
the interconnection coefficients a;; # a;;, so the underlying

graph is directed and, moreover, it contains a spanning tee.
That is, for (1) we have—see e.g., [13],

(1a)
(1b)

tlggo zilt) = tlggo zj(t) = ze, @
where z. := v] z(0), x := [x1 -+ o], and v, is the left
eigenvector of the Laplacian matrix L := [(;;] € RV*N,

associated to the unique zero eigenvalue of L, \;(L) = 0.
The entries of L are defined as

D Qi i=]

—aij 1F#7,
where AV; C 7Z is the set of indexes corresponding to nodes
that are neighbors of the ith agent. Then, we consider the
scaled consensus problem; a network is said to achieve scaled
consensus if, asymptotically, the ratios between the state
variables reach specified constants.

Definition 1 (Scaled consensus, [4]): We say that the
states © := [z ---xx]' of a network achieve scaled
consensus (at x,,) with weights w = [w; --- wx] ', where
w; >0 forall i € {1,2,..., N}, if

lim z;(t) = wixy, Vie{l,2,...,N}. “4)

t—o0
[ ]
Remark 1: The scaled-consensus problem may be recast
as that of the asymptotic stabilization of the manifold

S = {xGRN N “TN} 5)
w1 w2 wN
To see this, consider an arbitrarily fixed point z,, € R. Then,
(4) holds if

*

7 W1 T,
o : (6)
T WN Lo,
is an attractive equilibrium for the network system. On the
other hand, (6) is equivalent to
r] T TN

— —_— .. = ::L‘m, (7)
w1 Wo wN

That is, the asymptotic stability of the manifold S in (5)
implies the achievement of scaled consensus. The interest of
this observation is that the problem may be addressed via
Lyapunov stability theory. °
Problem statement: In the present setting, we are interested
in achieving scaled consensus for a given network, without
changing its topology. That is, it is assumed that the graph is

given or, more precisely, the coefficients a;; and cannot be
modified; in particular, edges cannot be added nor removed.
The approach must consist in modifying the individual
control inputs (1) so as to achieve (4), for any given set
of weights w € RJ>VO. To that end, we pose the ansatz

uiz—zaij(ﬂijxi_ﬂ;jxj)7 ie{l,2,....N} (8

where 3, @{j : Rsg — Ry, depend on w;. To define them,
we observe the following.
The closed-loop equations (1a)-(8) read

ii=— Y aiy(Bijzi — Byxy), i€{1,2,...,N}, (9
i
so to address the scaled consensus problem as one of
stabilization, z* := [z1 - :c}‘v}T in (6) must be a solution
of (9). This is the case if

Bijr; = B}
Therefore, after (6) we see that (10) holds if and only if
(11)

In turn, the latter holds if and only if, for any k;; > 0, we
define

vi,je{1,2,....N}. (10

Vi,je{1,2,...,N}.

J ¥hat)

ﬁlj ) 57{] = -

w; w

Vi,je{1,2,...,N}. (12)

Next, replacing (12) in the closed-loop equations (9) we
obtain

jji:_zaijkij(%_ﬁ)7 i€{1727---7N}a
i

W,
i ’

(13)

In multi-variable form we have

T = —Lsx
N . . _ / _ /
2j—2 1By —a12f1, NPy
N
I —a2135 Z_j;éz az;fa; - —aan By
s . .

/ / N-1 /

—an1fy1 —an2fy, ‘ 2,7:1 an;B;

The matrix L, above has a structure similar to that of
a Laplacian matrix, but L, may not be considered as such
because in the present context 3;; # f;;; consequently, L
is not row stochastic (the sum of the elements of each row
does not necessarily equal to zero). Nonetheless, the matrix
L possess certain properties, inherited from the Laplacian
L, that are useful to analyze (14). This is because the
introduction of the individual weights 3;; and f3;; on the
measurements x; and z; in (8) do not modify the graph.
More precisely, 8;; > 0 and B{; > 0 if and only if a;; > 0.
In the literature—see e.g., [14]—matrices such as L are
known as generalized or scaled Laplacian.

In general, scaled (by W) Laplacians may be defined
as follows. Given a graph G with corresponding adjacency
and Laplacian matrices be denoted A and L € RN*N



respectively. Then, defining W = diag[w;]|, where w; > 0
are given weights, the scaled Laplacian is given as

_wy _wp
l11 w2112 w"llN
_wy _wh
) w2l oo o
WLWL = s
w w.
=il —32INe oo NN

and a simple inspection shows that the matrix above corre-
sponds exactly to the matrix in (14a), under (12). That is,

Ly=WLW™!, (16)

which means that its off-diagonal entries are defined as
= (17)
wj

ls,ij

For subsequent development, we remark the following.

Proposition 1 (Properties of the scaled Laplacian matrix):

(i) The matrices L and L, have the same eigenvalues, so
the matrix L has a unique null eigenvalue, A (Ls) =
0, while all the others are positive;

(ii) the right and left eigenvectors of L,, which are
denoted by v, ,, vs, associated to A\ (Ls) = 0 have
the form

—1
Vs =w, Vg1 =Wy,

s

where v; is the left eigenvector of L associated with
A1 (L) =0;

(iii) if the underlying graph G is strongly connected, then
vs,1 > 0, i.e, all the components of v, ; are positive.
O
Proof: Ttem (i): that the matrices L and L have exactly
the same eigenvalues follows from the fact that the Jordan
decomposition of L, yields L = UAU —1. Hence, the matrix
L, can be written as L, = WUAU W1, so it admits the
Jordan decomposition Ly = U AU L where Uy, = WU,

where W is diagonal, hence full rank.

Item (ii): direct computations show that, for the right
eigenvector, we have Lgv,, = L,w = [VVLVV*1 w =
W L1y = 0. Then, for the left eigenvector, we have v, ;L =
WLy =0 WHWLW ] =v/ LW =0.

Item (iii): that v, ; >~ O follows directly from the fact that
all the components of the vector v;, which is the first left
eigenvector of L, are positive, and the definition of v, ;—
see the proof of Item 2. [ ]

III. MAIN RESULTS

In what follows, we focus on multi-agent systems inter-
connected over a strongly connected graph. This assumption
enables us to establish constructive proofs of scaled consen-
sus for networks of first and second order systems, that is,
based on Lyapunov’s direct method to establish exponential
stability of the synchronization manifold (5).

With that under consideration, the Laplacian L, whose
elements are defined in (3) is an irreducible singular M-
matrix and its left and right eigenvectors associated with
the unique eigenvalue A = 0 satisfy v, > 0 and v; > 0

respectively. Furthermore, without loss of generality, it is
further assumed that v; and v,. are normalized, that is vlT Uy =
1.

Then, for Laplacians of strongly directed graphs we have
the following.

Lemma 1: [15] Let L be the Laplacian matrix correspond-
ing to a strongly connected digraph G, let v; € RY denote
the left eigenvector associated with the unique eigenvalue
ML) = 0, and define W := diag[vy;]. Then, Ao(WL +
LTW) > 0. O

Lemma 2: [16] Consider a a strongly connected graph G
with associated Laplacian matrix L. Let v; := [vy; -+ vin] T
and v, := [v,1 -+ v.n] | denote its left and right eigenvec-
tors associated with the unique eigenvalue A\ (L) = 0. Then,
the matrices

Pi=diaglp; pii=—, i<N
Q:=PL+L'P
satisfy: P > 0 and @ > 0. O

A. First-order systems

Proposition 2: Consider the system (14), where Ly is a
scaled Laplacian matrix. If the underlying graph is strongly
connected, then the synchronization manifold S defined
in (5) is globally exponentially stable. Consequently, the
synchronization errors, defined as

€; = X — WiXyy, ZSN7 (18)
where x,, = vllx, converge to zero exponentially. |
Proof: Consider the Lyapunov function
V(e) =e' Pe, (19)
where the matrix P is defined as
P diag | 201 | _ gigg [(0o)i] (20)
(Us,r)i w;

Notice that since the underlying graph is strongly connected,
all the entries of the vector v;; are positive. Hence, the matrix
P is well defined for strongly connected graphs. We denote

PM o= max{(vs’l)i}, P = min{(izl)i}. 2n

i<N w; i<N i

Then, since the scaled Laplacian matrix is defined as in
(15) for any Laplacian matrix L, from Claim 1, it follows
that v, ., = w; and v, ;; = vi;(L)/w;. Then, the matrix P
takes the form

P = diag {U“’(QL )
w

%

} = diag[v;(L)]W 2. (22)

Next, we evaluate the derivative of V(e) along solutions
of € = —L,e. We obtain
(23)

where
(24)



Then, after (16) and (22), we have
L, =w"" [diag[vl(L)]L + L7 diaglvy(L)] } WL,

We stress that since the matrix L is a standard Laplacian
matrix, Q := diag[v;(L)]L + LT diag[v;(L)] > 0—see
Lemma 2. Moreover, () has only one zero eigenvalue, which
corresponds to Aj(L), and the corresponding eigenvectors
v(Q) = v-(Q) = 1n. Then, we see that L, = W 1QW !
has only one zero eigenvalue with corresponding eigenvec-
tors v, = vs; = w, and all the others are positive. After
Lemma 1, V(e) < —Aa(L,)|e/?. Global exponential stability
of {e = 0} and, equivalently of the manifold S in (5),
follows from the latter and (23). |

B. Illustrative example

For illustration, we present below, the results of a simple
simulation of a network of five first-order systems intercon-
nected over a directed-ring topology. In the numerical test,
the initial conditions are set to: z1(0) = 2.5, z2(0) = 1,
x3(0) = —0.5, 24(0) = 1.4, z5(0) = —1.2 with respective
weights w; = 0.1, wey = 0.15, wg = 0.2, wy = 0.3,
and ws = 0.25. As expected, all the systems converge to
a consensual value that equals to the sum of the initial
conditions, factored by their respective weights.

5F agents | -

. — — — sum
= 3.8 E
AT e e e e
26 E

time [s]

Fig. 1. Leaderless scenario of scaled consensus
C. Second-order systems

Consider a network of second-order systems intercon-
nected over a directed strongly connected graph, as follows:

.7'}@'1 = T;2, 1€ {1,2,...,N} (258.)

Ti2 = Ug, (25b)

U; = — Zaij(ﬁijxi - ﬂz/'jxj) — VT2, (25¢)
JAi

where a;; > 0, v > 0, and 5;; and ﬂl’»j are defined in (12).
In multi-variable form, the closed-loop system is:

(26a)
(26b)

X1 = Xa,
).(2 = _Lsxl - X2,
where L is a scaled Laplacian matrix, as defined by (15)-

(16); its right eigenvector corresponding to the unique null
eigenvalue \; (L) = 0, is given by v,] = [wy, ..., w,].

Proposition 3: Consider the system (26), where Ly is a
scaled Laplacian matrix corresponding to a strongly con-
nected graph. Then, the synchronization manifold—cf. (5),

TN1

x x
SIZ{wERN L2 I const
w1 wa wN
27

is globally exponentially stable and, in particular, the syn-
chronization errors

€1; = X1; — WiXm1, (28a)
€2; = X2; — WiXm2, (28b)
where X,,; = vSTlxi with ¢ = 1,2, converge to zero
exponentially. O

Proof: The dynamics of the synchronization errors
e, ey in (28) is given by
(29a)
(29b)

€] = ey,
éQ = 7Lsel — "}/62.

Then, for this system consider a Lyapunov function defined
as

1 1
Vier,es) = ieILpel + §e;—Pe2 + ee1 Pey,

where matrices L, and P are defined in (20) and (24)
The Lyapunov function defined in (30) is positive definite
and radially unbounded if

(30)

mA2 (L
€< M_ (31)
Pm
Indeed,
1 o 1 2
V(er,e2) > §A2(Lp)|ell +§pm\ezl —epaler] es], (32)
that is,
1 2 1 2
Viei,e2) > Z>\2(Lp)|e1| + me|62|

S P el ]

and the matrix above is positive definite if

< )\2 (L;D )pm )
2pm

Next, we evaluate the derivative of V(e1,es) along the
trajectories of (29). This is

V(e,es) = e [L, — PL, — L,P]es — ce] PLge;

1
—ey [25Lp +(y—- e)P} ey — eye] Pey,

and, in view of (24), we obtain

€
V(er,e2) < — 5)\2(Lp)\e1\2 + evpurlen| |ez]
1

26)\2([11,) — 6p1y1i| |e2|2.

- [vpm +

Hence, we see that V(el, e3) < 0 is negative definite if

\//\Q(Lp)/2pM > €

(33)



and
€
—5)\2(Lp)|el|2 — Ypmle2l® + evpurler| le2] <0, (34)

which in turn holds if
2Xa(L,) p
€< 2( g) DPm )
TPy

Thus, the Lyapunov function V' (ey, e2) defined in (30) is
positive definite and radially unbounded provided that

¢ < min { \/pmAQ(Lp) \/AQ(LP) 2)‘2('[’?) Pm } )

DM " 2pm YP3,

The latter, however, holds without any restriction neither on
the control gain v nor on the network’s topology. [ ]

D. Scaled leader-follower consensus

We consider now a scenario of leader-follower consensus
for second-order systems that consists in making a given
network of N agents with states z; € R2?, with i €
{1, 2, ..., N} interconnected over a strongly connected
graph G, follow a leader. The state of the latter is denoted by
x, € R2. That is, in particular, the network’s graph contains
a rooted spanning tree and the leader node acts upon the root
node of the followers network. More precisely, we impose
the following.

Assumption 1: The digraph G corresponding to the fol-
lowers network contains a spanning tree, and at least the
root node receives information from the leader node, that is,
the input to the ith node includes a term of the form

v; = —ay(zin — ), aie > 0. (35)

The interconnection term a;, > 0 if the leader node acts on
the ith node and a;; = 0 otherwise. °
Remark 2: As per Assumption 1, ap > 0. °
Motivated by scenarii that are common in electrical net-
works, we assume that dynamics of the leader node is of the
form

(36a)
(36b)

Tg1 = Ty
Epp = —a(x1 — ") — Py,

where «, 3, c¢* > 0. That is, it is assumed that the leader node
is controlled to make its first state variable converge to a pre-
imposed reference point c¢*. Clearly, the equilibrium point
{(xpn = ¢*,xp2) = (0,0)} is globally exponentially stable.
The leader-node dynamics can be viewed as those of an elec-
trical bus whose operating point must be regulated despite
the presence of a connected load. A set of interconnected
generator nodes (followers) contributes to this regulation by
injecting controlled power into the bus, each providing a
prescribed share of the total demand. The coordinated action
of all generators ensures that the aggregate injected power
balances the load, thereby achieving power (or current)
sharing as a collective control objective.

The follower nodes use consensus controllers similar to
that defined in (25¢), but with an additional term of the form
given in (35). More precisely, we have the following.

Proposition 4: Consider the systems (25) with u; rede-
fined as

wi ==Y ai(Bijwi— Blws) =y — (v —zn), (37)
i#i

where a;; > 0, a; > 0, for all 7, 7 < N, aie, v > 0, and

xp1 is defined in (36). Then, the synchronization manifold S

in (5) is globally exponentially stable and, moreover, z; —

w;c*, £; — 0 for all 1 < N. O

Proof: We start by writing the overall closed-loop
network system in multi-variable form, that is,

(38a)
%y = diagw]dpzn — [Ls + diag[de]]x; — yx2, (38b)

X] = X2,

where the vector dy; € RZ, contains the coefficients a;g
defined above. B

Remark 3: Since the network of the followers is strongly
connected, then to ensure that the overall network has a
spanning tree it is enough to have at least one element of
the vector dy; # 0. The latter holds under Assumption 1. e

For the sequel, we define X := [z xlT]—r e RN+ and
X9 1= [T42 X3 | T € RN+ (0 denote the overall state of the
network, including the leader node’s. In these coordinates,

we write the dynamics of the systems (36)-(38) together, as
il = )_(27
- —a(X11 — ¢*) — Bx = _
%y = { ( 110N 1) B 22:|—L3X1—’YIfX2,
X

where the matrices [y € RWHDXN+D and L, €
RWHDXNHD) are defined as

;. _fo0 = _ 0 O1xN
f 0L,|° ¢ diaglw]dy, —L.—diag[d]

The matrix L, defined above has one zero eigenvalue
A1(Ls) = A1(Ls) = 0, and the corresponding eigenvectors
Vp1 = [1 ’LUT]T and 1_)51 = [1 0 --- O]T
As before we can rewrite the system in terms of errors
coordinates that take the form
_ _ _ T- _ _
€1 = X1 — Ur1Vp X1 = X1 — Ur12¢1
€2 = Xg — W2,
that is, €1, é; € RV*!. Notice that with this defined errors,
we have that €;; = 0 and €;; = 0. Hence we can write
dynamics in terms of the coordinates
€] = X1 —wxyy
€2 = X2 — WTy2,
that is, €, &y € RY. In these coordinates, the synchroniza-
tion error dynamics takes the form
él = €y
é = —[L, + diag[ds] ey — ver
—c1(ze1 — ¢ )w — cozppw.

Now, since the origin is globally exponentially stable
for the dynamics of the leader node, (38) and the latter



is independent of that of the followers, we can employ a
cascades argument: global exponential stability of the origin
(e1, €2) = (0,0) for the overall system follows if (e;, e3) =
(0,0) is also globally exponentially stable for the system

(39a)
(39b)

él = €
ég = — [Ls + dlag[da} ]el — Yeq.

To see this, we stress that, by assumption, the non-negative
vector dy; has at least one non-zero element, then using
Lemma 3 from the Appendix, and arguments similar to those
used in Theorem 3, we can show the the origin is globally
exponentially stable for the system (39). [ |

E. Illlustrative example

5+ S T e T SRR ]

& S followers
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Fig. 2. Leader follower scenario of scaled consensus

For illustration, we present next the results of a simulation
involving a network of five first-order systems interconnected
over a directed-ring topology, to which a leader node is
added as described above. In the numerical test, the initial
conditions of the follower nodes are set to the same values
as in the previous example, i.e., 1(0) = 2.5, xz2(0) = 1,
23(0) = —0.5, 24(0) = 1.4, 25(0) = —1.2 and with the
same respective weights w; = 0.1, we = 0.15, ws =
0.2, wy = 0.3, and ws = 0.25. However, a leader node
is controlled to stabilize at the set point c* := 5. As
before, all the systems converge to scaled consensual values;
the sum of their steady states equals to the desired value
(imposed by the leader node). This scenario is illustrative
of an electrical network in which a group of generators are
meant to contribute with a fraction of the demanded power
(represented by the leader node’s reference set-point).

IV. CONCLUSIONS

We presented some results on scaled consensus that remain
somewhat preliminary since they are limited to the problem
of classical consensus over static-topology networks and
are restricted to first- and second-order driftless systems.
However, we believe that our results are useful in as much
as they provide strict Lyapunov functions to establish strong
stability properties. Therefore, they may be the starting point
to analyze problems inspired from domains such as Elec-
trical networks engineering and Robotics, where problems
of scaled consensus of multi-agent systems arise naturally.
Current research is carried out in these directions.

APPENDIX

The following is a paraphrasis of [8, Lemma 14].
Lemma 3: Let L be the Laplacian matrix corresponding
to a connected digraph containing a spanning tree. Under
Assumption 1, the matrix L+ Ay, where A, := diag[a;¢] = 0,

is non-singular. Furthermore, define

q:=[L+A] "Iy =t[g1 - qn]"
1
P :=diag[p;], pi:= []

3

Q:=P[L+ A+ [L+ AP
Then, P > 0 and @ > 0. O
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