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Abstract— This paper proposes a fuzzy adaptive boundary-
layer sliding-mode controller for stabilizing fractional-order
chaotic Lorenz systems modeled using Grünwald-Letnikov
derivatives. The controller combines a fractional-memory slid-
ing surface, adaptive fuzzy gain scheduling, nominal dynamics
cancellation, and linear stabilization. Stability is verified using
Matignon’s criterion, while simulations show convergence to
target equilibria, bounded control effort, chattering reduction,
and chaos suppression through Lyapunov-exponent analysis.
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I. INTRODUCTION

Fractional-order dynamical systems have gained signifi-
cant attention as effective models for processes with memory
and long-range temporal dependence, arising in viscoelas-
ticity, anomalous diffusion, and biological signal processing
[1], [2]. The Lorenz system remains a canonical benchmark
for chaotic dynamics and control performance validation
[3]. However, extending classical control methodologies to
nonlinear fractional-order systems introduces substantial the-
oretical and computational challenges [18].

Sliding mode control (SMC) is well known for its robust-
ness and finite-time convergence in integer-order systems,
yet its application to fractional-order chaotic dynamics re-
mains limited [4], [5]. Moreover, classical SMC suffers from
chattering caused by discontinuous control actions, which
can degrade performance and excite unmodeled dynamics
[6]. Fuzzy logic–based gain adaptation has been shown
to mitigate chattering through smooth control modulation
[7], but its integration with fractional-order dynamics and
rigorous stability guarantees is still underexplored.

Stability analysis of fractional-order systems requires tools
beyond standard Lyapunov theory, with the Matignon crite-
rion providing necessary and sufficient conditions for asymp-
totic stability via eigenvalue argument constraints [8], [9].
However, its systematic use in nonlinear adaptive control
remains limited [10]. Existing chaos control approaches
often rely on linear or PD-type feedback and assume full-
state availability [11], [12], motivating hybrid designs that
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combine memory-aware sliding surfaces, adaptive gains, and
nominal cancellation [19]. To address practical limitations
due to partial and noisy measurements, observer-based strate-
gies such as EKF-assisted state estimation for fractional
model predictive control have also been investigated [20].

This paper addresses these gaps through a case-study
control design for the fractional-order Lorenz benchmark.
The proposed controller is not intended as a universal
plug-and-play control law for arbitrary nonlinear fractional
systems; rather, it illustrates how fractional-memory sliding
surfaces, smooth reaching laws, and lightweight adaptive
gain scheduling can be combined for a fully actuated chaotic
system with matched inputs.

The rest of the paper is organized as follows. Sec-
tion II presents the fractional-order Lorenz system and its
Grünwald–Letnikov discretization. Section III introduces the
proposed fuzzy–adaptive sliding-mode controller. Section IV
establishes stability using a discrete fractional Lyapunov
approach and the Matignon criterion. Section V reports
numerical results validating performance and robustness.
Section VI concludes the paper and outlines future research
directions.

II. PRELIMINARIES

A. Grünwald-Letnikov Fractional Derivative

For a continuous function f(t) and fractional order α ∈
(0, 1), the GL derivative is defined as [1]:

Dαf(t) = lim
h→0+

1

hα

∞∑
j=0

(−1)j
(
α

j

)
f(t− jh), (1)

where h is the step size and the binomial coefficients encode
the fractional memory. With h = ∆t, the discrete GL
approximation is [1]:

Dαf(n) ≈ 1

hα

n∑
j=0

w
(α)
j f(n− j), (2)

where the binomial coefficients w
(α)
j are recursively com-

puted as

w
(α)
0 = 1, (3)

w
(α)
j = −w(α)

j−1

α− (j − 1)

j
, j ≥ 1. (4)

The GL weights exhibit alternating signs and algebraic
decay, producing the long-memory behavior characteristic of
fractional-order systems [1], [2], [17].



The fractional integral of order β > 0 is the inverse
operation, defined as [1]:

Iβf(t) =
1

Γ(β)

∫ t

0

(t− τ)β−1f(τ)dτ, (5)

where Γ(·) is the gamma function. In GL discrete form with
coefficients v

(β)
j computed analogously to Eqs. (3)–(4):

Iβ(n) = hβ
n∑

j=1

v
(β)
j f(n− j),

v
(β)
1 = 1,

v
(β)
j = − v

(β)
j−1

β − (j − 1)

j
, j ≥ 2.

(6)

For the control design in this work, we define β = 1−α,
enabling fractional-order error integration within the sliding
surface formulation.

B. Matignon Stability Criterion

For a commensurate (all fractional derivatives in the
system have the same order α ∈ (0, 1)) fractional-order
linear system

Dαx = Ax, (7)

the system is asymptotically stable if and only if all eigenval-
ues λi of the system matrix A satisfy the Matignon criterion
[8], [9]:

| arg(λi)| >
απ

2
. (8)

This criterion defines a wedge-shaped stability region in
the complex plane. For α < 1, the wedge boundary makes
an angle of απ/2 with the positive real axis. Eigenvalues
whose arguments satisfy Eq. (8) guarantee exponential decay
of perturbations. In the discrete-time setting employed in this
work, the criterion applies to the eigenvalues of the Jacobian
matrix evaluated at the target equilibrium point.

C. Fractional-Order Lorenz System and Controlled Plant

The fractional-order Lorenz system is defined as:

Dαx = σ(y − x), (9)
Dαy = x(ρ− z)− y, (10)
Dαz = xy − βz, (11)

The above equations describe the autonomous, uncon-
trolled plant. In the control problem considered in this paper,
the control action is assumed to enter additively through each
state equation, yielding the affine controlled fractional-order
system

Dαx = σ(y − x) + ux, (12)
Dαy = x(ρ− z)− y + uy, (13)
Dαz = xy − βz + uz, (14)

where ux, uy, uz are the control inputs to be designed. The
control objective is to construct ux, uy, uz such that the state
x = [x, y, z]T converges to a prescribed equilibrium x∗

while suppressing the chaotic behavior of the uncontrolled
fractional-order Lorenz dynamics.

Here, x = [x, y, z]T , α ∈ (0, 1), and σ > 0, ρ > 0,
β > 0 are the Lorenz parameters. In this work, we employ
the classical values σ = 10, ρ = 28, and β = 8/3. The
autonomous system in Eqs. (9)– (11) is used for equilibrium
and open-loop stability analysis, while the affine system in
Eqs. (12)– (14) is the plant used for controller synthesis.

1) Equilibrium Points of the Uncontrolled System: Setting
Dαx = 0, the equilibria of the uncontrolled system satisfy:

σ(y − x) = 0, (15)
x(ρ− z)− y = 0, (16)

xy − βz = 0. (17)

The origin 0 = [0, 0, 0]T is always an equilibrium. For
ρ > 1, two additional symmetric non-trivial equilibria exist:

E+ = [xe, xe, ρ− 1]T , (18)

E− = [−xe,−xe, ρ− 1]T , (19)

where

xe =
√
β(ρ− 1) =

√
8

3
(28− 1) =

√
72 ≈ 8.485. (20)

Thus, the non-trivial equilibria are located at approxi-
mately E± = [±8.485,±8.485, 27]T and are unstable. The
control objective is to stabilize the system at the positive
equilibrium branch x∗ = E+ = [8.485, 8.485, 27]T .

2) Discrete-Time Formulation of the Controlled Plant:
Using GL explicit Euler discretization with step size h =
∆t = 0.002, the affine controlled Lorenz dynamics become:

x(n) = hα
[
σ
(
y(n− 1)− x(n− 1)

)
+ ux(n− 1)

]
−

n−1∑
j=1

w
(α)
j x(n− j), (21)

y(n) = hα
[
x(n− 1)

(
ρ− z(n− 1)

)
− y(n− 1) + uy(n− 1)

]
−

n−1∑
j=1

w
(α)
j y(n− j), (22)

z(n) = hα
[
x(n− 1)y(n− 1)− βz(n− 1) + uz(n− 1)

]
−

n−1∑
j=1

w
(α)
j z(n− j). (23)

For efficient implementation, the GL memory can be
truncated to a finite window M [17]:

x(n) ≈ hαf(x(n− 1))−
min(n−1,M)∑

j=1

w
(α)
j x(n− j). (24)

In the simulations, M = n − 1 is used, so no truncation
error is introduced.

For embedded use, admissible M values follow from the
algebraic decay:

|w(α)
j | ≤ Cαj

−(1+α), j ≥ 1,



for some constant Cα > 0. If the closed-loop trajectory is
bounded, i.e. ∥x(n)∥ ≤ Xmax, then the discarded memory
tail is bounded as

∥εM (n)∥ =

∥∥∥∥∥∥
n−1∑

j=M+1

w
(α)
j x(n− j)

∥∥∥∥∥∥ ≤ Xmax

n−1∑
j=M+1

|w(α)
j |.

Using the integral estimate for the algebraic tail gives

∥εM (n)∥ ≤ CαXmax

α
M−α.

Therefore, for a prescribed tolerance εtol, it is sufficient to
choose

M ≥
(
CαXmax

αεtol

)1/α

.

Thus, M can be selected from this tail-error bound for
embedded implementation.

3) Jacobian and Stability Analysis at E+: The Jacobian
of the autonomous fractional-order Lorenz system at an
arbitrary point is

J =

 −σ σ 0
ρ− z −1 −x
y x −β

 . (25)

Evaluated at the target non-trivial equilibrium E+ =
[xe, xe, ρ−1]T , with xe = 8.485, ρ = 28, σ = 10, β = 8/3,
and the Jacobian becomes

JE+
=

 −10 10 0
1 −1 −8.485

8.485 8.485 −8/3

 . (26)

Computing the characteristic polynomial and solving for
eigenvalues yield: λ′

1 ≈ −11.826, λ′
2,3 ≈ 0.413±10.195i.

The eigenvalues λ′
2,3 have positive real parts and violate

Matignon’s criterion for α = 0.995, since | arg(λ′
2,3)| ≈

87.7◦ < απ/2 ≈ 89.5◦. Hence, the equilibrium E+ is
unstable in the uncontrolled fractional-order Lorenz system.
The control objective is therefore to design the additive
inputs ux, uy, uz in Eqs. (12)–(14) so that x→ x∗, si → 0,
and the closed-loop eigenvalues lie inside the Matignon-
stable region.

III. CONTROL LAW DESIGN

This section designs the inputs ux, uy, uz for the affine
plant in Eqs. (12)–(14). The controller combines a GL
memory-based sliding surface, adaptive fuzzy reaching law,
linear stabilization, and nominal dynamics cancellation to
stabilize the fractional-order Lorenz system.

A. Sliding Surface Construction with Memory-Dependent
Fractional Integral

1) Motivation and Design Principle: Classical integer-
order sliding mode control uses surfaces such as

si = ei + ηiėi, (27)

where ei = xi − x∗
i . However, this form only captures

instantaneous error and rate information. For the fractional-
order Lorenz system Dαx = f(x), the dynamics include

power-law memory through the GL convolution, making a
memory-dependent sliding surface more appropriate.

Hence, we propose a commensurate sliding surface that
respects the system’s fractional-order nature:

si(n) = ei(n) + ηiI
1−α
i (n), (28)

where ei(n) = xi(n)−x∗
i , ηi > 0 is the sliding coefficient,

and I1−α
i (n) is the GL fractional integral of the error. In the

simulations, ηi = 0.8, α = 0.995, and 1− α = 0.005.
2) Fractional Integral Computation: The fractional inte-

gral of error is computed as [1], [2]:

I1−α
i (n) = h1−α

n−1∑
m=1

v(1−α)
m · ei(n−m), (29)

where h = ∆t = 0.002 s and the GL integral coefficients
v
(β)
m with β = 1− α = 0.005 are recursively defined:

v
(1−α)
1 = 1, (30)

v(1−α)
m = −v(1−α)

m−1 ·
(1− α)− (m− 1)

m
, m = 2, 3, . . .

(31)

3) Physical and Mathematical Interpretation: When si =
0, the error satisfies ei(n) = −ηiI1−α

i (n), so the sliding
manifold preserves the GL memory structure through alge-
braically weighted past errors [1], [2].

B. Adaptive Fuzzy Reaching Law Synthesis

1) Motivation for Lightweight Fuzzy Logic: Traditional
Takagi–Sugeno fuzzy SMC often requires multi-rule lin-
earization and LMI-based tuning, increasing computational
cost [4], [6]. Here, a lightweight three-level adaptive fuzzy
gain is used to retain robustness while remaining compatible
with explicit GL discretization [10], [13], [16].

2) Fuzzy Gain Definition: The adaptive fuzzy gain is
defined as a three-level, piecewise-constant function of the
sliding surface magnitude |si|:

Ki(|si|) =


Kmin = 0.5 if |si| < ϵ1 = 0.05,

Kmid = 1.5 if ϵ1 ≤ |si| < ϵ2 = 0.3,

Kmax = 3.0 if |si| ≥ ϵ2.

(32)

Interpretation: The gain scheduling assigns low gains
near the equilibrium to reduce chattering, moderate gains
for intermediate errors to balance transients, and high gains
for large deviations to ensure fast reaching and strong dis-
turbance rejection, thereby increasing control authority with
error magnitude while maintaining smooth convergence near
the target.

3) Fuzzy Reaching Law: The fuzzy-based reaching law
for the sliding surface is:

ui,fuzz = −Ki(|si|) · tanh(si), (33)

where Ki(|si|) is the adaptive gain and tanh(si) provides
smooth bounded saturation.

The fuzzy rule in Eq. (33) is used as a lightweight gain-
scheduling mechanism rather than a Takagi–Sugeno fuzzy



model. Hence, no LMI-based optimality or global fuzzy-
model stability claim is made. Its role is to increase the
reaching gain for large sliding errors and reduce it near the
equilibrium to limit chattering and control effort.

Compared with the discontinuous sign function, tanh(·)
gives a bounded and smooth correction, reducing chattering
and improving numerical implementation.

C. Three-Part Control Architecture

For each state, the control input is decomposed as

ui(n) = ui,nom(n) + ui,lin(n) + ui,fuzz(n). (34)

The design assumes a fully actuated matched-input bench-
mark; underactuated, partial-state, and cancellation-free ro-
bust designs are left for future work.

1) Part (A): Linear Stabilization Gains:

ui,lin = −ki(xi(n)− x∗
i ), (35)

where ki > 0 are linear feedback gains selected within the
Matignon-stable region. For the reduced dynamics Dαei =
−kiei, the eigenvalues are λi = −ki, so | arg(λi)| = π >
απ/2 for all α ∈ (0, 1). The values k = [15, 15, 12]T are
chosen to obtain a suitable transient response with bounded
control effort, while xi(n)− x∗

i denotes the state error.
2) Part (B): Nominal Dynamics Cancellation: Since the

controlled plant in Eqs. (12)–(14) is affine in the inputs, the
nominal nonlinear vector field can be compensated through
the model-based term

ux,nom = −σ
(
y(n)− x(n)

)
, (36)

uy,nom = −
[
x(n)(ρ− z(n))− y(n)

]
, (37)

uz,nom = −
[
x(n)y(n)− βz(n)

]
. (38)

This cancellation is used here for the fully actuated bench-
mark case. The remaining terms provide error stabilization
and smooth reaching dynamics.

D. Complete Control Law

The complete control input is written explicitly as

ux(n) = −σ
(
y(n)− x(n)

)
− k1

(
x(n)− x∗)

−K1(|s1|) tanh(s1(n)), (39)

uy(n) = −
[
x(n)(ρ− z(n))− y(n)

]
− k2

(
y(n)− y∗

)
−K2(|s2|) tanh(s2(n)), (40)

uz(n) = −
[
x(n)y(n)− βz(n)

]
− k3

(
z(n)− z∗

)
−K3(|s3|) tanh(s3(n)). (41)

E. Closed-Loop System Dynamics

Substituting Eqs. (39)–(41) into Eqs. (12)–(14) yields the
closed-loop error dynamics

Dαex(n) = −k1ex(n)−K1(|s1|) tanh(s1(n)), (42)
Dαey(n) = −k2ey(n)−K2(|s2|) tanh(s2(n)), (43)
Dαez(n) = −k3ez(n)−K3(|s3|) tanh(s3(n)). (44)

The nominal nonlinearities are compensated in the fully ac-
tuated benchmark, and the remaining closed-loop dynamics
are expressed directly in terms of the tracking errors.

Key observation: The closed-loop decouples into three
fractional-order subsystems, each with negative-definite con-
trol, ensuring convergence to equilibrium [8], [9].

F. Discrete-Time Implementation Algorithm

Algorithm 1 Discrete-Time Control Loop for Fractional-
Order Lorenz System

Require: x(n − 1), y(n − 1), z(n − 1), target equilibrium
x∗ = y∗ = 8.485, z∗ = 27

Ensure: Control inputs ux(n), uy(n), uz(n)
1: Step 1: Compute error components
2: ex(n)← x(n−1)−x∗, ey(n)← y(n−1)−y∗, ez(n)←

z(n− 1)− z∗

3: Step 2: Update fractional integral of error
4: for m = 1 to min(n− 1,M) do
5: I1−α

x ← I1−α
x + v

(0.005)
m · ex(n−m)

6: I1−α
y ← I1−α

y + v
(0.005)
m · ey(n−m)

7: I1−α
z ← I1−α

z + v
(0.005)
m · ez(n−m)

8: end for
9: Scale by hβ = (0.002)0.005

10: Step 3: Compute sliding surfaces
11: s1(n)← ex(n) + 0.8 · I1−α

x , and similarly for s2, s3
12: Step 4: Compute adaptive fuzzy gains based on |si|

thresholds
13: Step 5: Compute control inputs using Eqs. (39)–(41)
14: return ux(n), uy(n), uz(n)

For the numerical results in Section V, Algorithm 1 is
evaluated in the full-memory configuration by taking M =
n−1. The notation min(n−1,M) is kept to show the general
implementation form, where a smaller M may be selected
according to the truncation-error bound derived in Section II.

IV. STABILITY ANALYSIS

This section provides rigorous stability verification us-
ing three complementary tools: (i) a fractional Lyapunov
argument, (ii) Matignon’s eigenvalue criterion, and (iii) a
convergence synthesis combining both.

A. Discrete Fractional Lyapunov Analysis

Consider the sliding energy function

V (n) =
1

2

3∑
i=1

s2i (n). (45)



Using the smooth reaching term

ui,fuzz = −Ki(|si|) tanh(si), (46)

with Ki(|si|) ≥ Kmin > 0, the product si tanh(si) is
non-negative for all si. Therefore, in the nominal case, the
reaching term is dissipative and yields

∆V (n) ≤ −Kmin

3∑
i=1

|si(n)| | tanh(si(n))|. (47)

Because tanh(si) is continuous, the controller is interpreted
as a boundary-layer SMC rather than an ideal discontinuous
SMC; therefore, finite-time ideal sliding is not claimed. In the
nominal case, the smooth reaching term and linear feedback
ensure asymptotic decay, while bounded disturbances lead to
practical convergence or uniform ultimate boundedness.

Since V (n) is positive definite and non-increasing, the
sliding variables remain bounded and are driven toward si =
0. On this manifold, the reduced fractional error dynamics
satisfy Matignon’s criterion, ensuring asymptotic stability of
the equilibrium.

B. Linearization and Matignon Criterion

Once on the sliding manifold, the linearized fractional
error dynamics reduce to Dαei(n) ≈ −kiei(n), yielding
eigenvalues λi = −ki. For α = 0.995, Matignon’s criterion
requires | arg(λi)| > απ/2 ≈ 89.51◦, which is satisfied for
all closed-loop eigenvalues, providing an approximate 53◦

robustness margin and admissible gains down to kmin = 12.
Numerical simulations confirm stability, with the tracking
error converging to |e| < 10−3 within 4 s and the maximum
Lyapunov exponent decreasing from 0.756367 to λmax ≈
−1.17× 10−3.

C. Convergence Synthesis

A discrete fractional Lyapunov argument ensures a mono-
tonic decrease of V (n) in the nominal case and drives
the sliding variables toward a small boundary layer around
si = 0. The use of tanh(si) avoids chattering but replaces
ideal finite-time sliding by smooth practical reaching. Once
on the sliding manifold, the closed-loop eigenvalues satisfy
Matignon’s criterion with a large stability margin, yielding
fractional-order exponential decay and asymptotic conver-
gence of the trajectories to the equilibrium x∗ from arbitrary
initial conditions.

D. Robustness to Uncertainties

For bounded uncertainties satisfying ∥∆(n)∥+ ∥d(n)∥ ≤
0.15, the fuzzy gain scheduling improves robustness while
keeping the control bounded [5], [11], [12]. The low gain
Kmin = 0.5 reduces chattering near the sliding manifold,
whereas Kmax = 3.0 strengthens correction during large-
error transients, with |ui,fuzz| ≤ Kmax. The thresholds ϵ1 =
0.05 and ϵ2 = 0.3 define the gain regions; their systematic
optimization is left for future work.

V. SIMULATION RESULTS AND EXPERIMENTAL
VALIDATION

The controller is simulated for N = 15000 samples with
∆t = 0.002 s using full GL memory M = n − 1. The
figures focus on the transient interval, where convergence
and control activity are most visible.

A. Phase Portrait and Trajectory Convergence

(a) Convergence to E+ (b) Convergence to the origin

Fig. 1: Closed-loop phase portraits from different initial
conditions.

Figure 1 shows 3D phase portraits where trajectories start-
ing from [−8, 8, 25]T and [12,−3, 5]T converge smoothly to
the target equilibrium and the origin. The results indicate set-
point–independent stabilization with chattering-free, tanh-
saturated control and convergence within 5–10 s.

(a) State trajectories (b) Error trajectories

Fig. 2: State and error dynamics under fuzzy–sliding control.

Figure 2a shows the state evolution over the transient
interval, where all states rapidly converge from chaotic initial
conditions to the target equilibrium. The shortened time axis
emphasizes the effective convergence process instead of the
uninformative steady-state portion after settling. Transients
decay rapidly, after which the system settles smoothly on
the sliding manifold with negligible steady-state error.

Figure 2b shows errors converging rapidly: the norm drops
from ∼ 16.8 to < 0.5 in 2 s and below 10−3 after 10 s,
following fractional-order decay |e(t)| ∼ t−0.995.

Figure 3a shows bounded initial transients (50–100 steps)
with |ui,fuzz| ≤ Kmax; signals smooth after 0.1 s and decay
near zero by 4 s with no chattering.

B. Matignon Stability Verification and Eigenvalue Analysis

Figure 3b verifies Matignon stability for α = 0.995. The
uncontrolled complex pair λ′

2,3 ≈ 0.413 ± 10.195i violates
the criterion since | arg(λ′

2,3)| ≈ 87.7◦ < 89.5◦. Under
control, all closed-loop eigenvalues satisfy | arg(λc,i)| ≈



(a) Control inputs
(b) Matignon stability: eigen-
value placement

Fig. 3: Control effort and stability verification.

143.02◦ > 89.55◦, giving a robustness margin of about
53.47◦.

C. Robustness and Uncertainty Analysis

Additional robustness simulations were performed with
parameter mismatch and bounded disturbances. The con-
troller was designed with nominal parameters (σ, ρ, β) =
(10, 28, 8/3), while the plant used σp = 1.1σ, ρp = 0.9ρ,
βp = 1.1β, and di(t) = 0.05 sin(2t), i = x, y, z. The
closed-loop trajectories remained bounded and converged
to a small neighborhood of the target equilibrium, with
slightly increased settling time and a small residual error,
consistent with the smooth boundary-layer reaching law.
From an implementation viewpoint, the controller is digitally
realizable through explicit GL convolution; using a finite
memory length M , the cost is O(M) per state, while fuzzy
gain evaluation requires only threshold comparisons.

D. Applications and Limitations

The framework is relevant for fractional-order circuits,
chaotic secure communication, viscoelastic vibration attenu-
ation, and hereditary biological models. However, it is devel-
oped for a fully actuated matched-input Lorenz benchmark;
underactuation, actuator limits, partial measurements, and
experimental validation remain future work.

VI. CONCLUSION AND FUTURE SCOPE

A GL-based fuzzy boundary-layer sliding controller was
developed for a fully actuated fractional-order Lorenz bench-
mark. The method combines memory-dependent sliding sur-
faces, lightweight fuzzy gain scheduling, nominal cancella-
tion, and Matignon-based stability verification. Simulations
confirmed convergence, bounded control, chattering reduc-
tion, and chaos suppression. Future work will address under-
actuated systems, observer-based implementation, actuator
constraints, and experimental validation.
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