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Abstract—In this paper, we propose a CVaR-constrained
Centralized-Training-Decentralized-Execution (CTDE) method:
C-HAPPO, which is a constrained variant of Heterogeneous-
Agent Proximal Policy Optimization (HAPPO). We study a three-
echelon serial supply chain with Poisson demand, and stochastic
lead times. We find a sharp median-tail trade-off: a CTDE
baseline (HAPPO) achieves excellent typical performance (low
median cost) by reducing the median cost of Robust BaseStock,
yet exhibits catastrophic tail outcomes inflating mean cost and
risk metrics. C-HAPPO mitigates tail failures while remaining
competitive on cost and service, reducing the mean cost and
the variance cost of Robust BaseStock by 4% and by 60%,
respectively, and providing a practical path to risk-aware CTDE
control under demand and lead-time uncertainties.

Index Terms—multi-echelon inventory, supply chain, MARL,
CTDE, HAPPO, CVaR, constrained RL, stochastic lead time,
stochastic demand, tail risk

I. INTRODUCTION

Multi-echelon inventory control features delayed feedback,
partial observability due to uncertainty and amplification
(bullwhip) [1]-[4]. With stochastic lead times and stochastic
demand, the effective uncertainty window expands and credit
assignment becomes harder [3]. Deep reinforcement learning
(DRL) can learn non-linear policies directly from simulation
[5], [6], and has shown promise in multi-echelon inventory
settings [7], [8]. In decentralized supply chains, multi-agent
RL (MARL) and CTDE stabilize learning while preserving
decentralized execution [9], [10].

Despite these advances, many studies emphasize expected
performance, whereas operations may be governed by tail
events: rare backlog cascades and extreme bullwhip realiza-
tions. A key practical difficulty is that CTDE policies can
look excellent on typical trajectories (e.g., median episode
cost) yet remain brittle in the tail under lead-time uncertainty,
where unlucky delay realizations align with demand surges,
which highlights the value of risk-aware approaches [2]. We
characterize and address the median—tail trade-off induced
by CTDE policies under stochastic lead times and stochastic
demand. We show that a coordinated multi-agent policy can

achieve excellent typical performance while remaining fragile
to rare but catastrophic delay realizations, and we propose
a constrained-learning mechanism that directly targets these
tail failures without sacrificing coordination benefits. CVaR
has already been used to enhance risk management in many
supply chain fields such as food industry as well as pharma-
ceutical supply chains. For these reasons, we use CVaR to
control tail risks in our model. In short, we provide a multi-
echelon MARL to frame demand and lead-time uncertainties
as a distributional risk-control problem rather than a pure
performance-optimization task. Using CTDE multi-echelon
inventory under stochastic demand and stochastic lead times
in our benchmark, we obserce 4% and 60% reductions in the
mean cost and variance cost, respectively, compared to Robust
BaseStock.

The main contributions of this paper are: (i) We expose
the median—tail trade-off of CTDE inventory control un-
der stochastic lead times. (ii) We introduce C-HAPPO, a
CVaR-constrained CTDE method using a primal-dual up-
date that surpasses a robust base-stock reference. (iii) We
provide controlled experiments on a 3-echelon serial envi-
ronment (Poisson demand, stochastic lead time), analyzing
mean/median/variance and tail diagnostics.

A literature review that led us to such a research gap is
presented in the next section. Section 3 details the problem
setting and its assumptions. Furthermore, we introduce the
methods conducted in section 4, and then the experimental
protocol in section 5. The results and comparison between the
RL variants and the baseline are specified in the penultimate
section. Finally, we conclude our study and suggest perspec-
tives for tackling the problem in further work.

II. RELATED WORK

Multi-echelon inventory control provides structural bench-
marks and motivates order-up-to (base-stock) policies for cou-
pled echelons [11], [12]. In practice, one of the most difficult
challenges in optimizing multi-echelon inventory comes from
the interaction of uncertainty sources. Stochastic demand and



stochastic lead times can together amplify variability [4], [13].
[7] provides a benchmark study dealing with these uncer-
tainties in several inventory settings (including multi-echelon
variants) that shows that Deep Reinforcement Learning (DRL)
can approach strong heuristic policies, but that reported gains
are strongly conditioned on the modeled assumptions (e.g.,
lost sales vs. backorders, sourcing options, topology) and on
the baseline chosen for comparison . A central reference for
our setting is [1], which studies multi-echelon decentralized
inventory management using heterogeneous-agent proximal
policy optimization (HAPPO) under demand uncertainty. In
the serial system considered there, the dynamics follows
periodic review with backlog and holding costs, and each
echelon observes local inventory and backlog together with
a fixed-length vector of in-transit orders, under a fixed lead
time assumption [1]. The study compares PPO with several
HAPPO variants that differ by training-time information (lim-
ited neighbor information, full observation during training,
and a fully centralized control-tower variant), showing that
increased training-time information improves both cost and
bullwhip mitigation. It also documents faster convergence as
more information is shared during training (e.g., for M = 3
echelons: about 260 episodes for centralized HAPPO, 299
for full-observation HAPPO, and 311 for limited-observation
HAPPO). The cost formulation in [1] includes fixed holding
and backlog costs without taking into account an ordering cost,
while other studies add an order-smoothing term to discourage
excessive order variability [14]. The smoothing term is a
principled way to internalize the dynamic and coordination-
related costs of unstable replenishment decisions. It can im-
prove ordering stability and, in some settings, inventory and
service performance as well [15], [16]. Other works have
also only stated the demand uncertainty, such as [17] where
multi-echelon network experiments trained with PPO report
cost reductions relative to heuristic baselines across different
topologies, with gains —16.4% on a linear chain, for example.
Several works emphasize that conclusions can change once the
uncertainty regime includes lead time randomness in addition
to demand uncertainty. [18] experiments larger distribution
systems (factory—DCs-retailers), where actor—critic methods
(A2C, PPO, DDPG, TD3) are compared to static inventory
rules (e.g., (s,Q)-type baselines) under stochastic demand
with additional lead-time uncertainty, and dynamic DRL poli-
cies improve average cost across tested configurations while
robustness differs across algorithms. [3] shows a benchmark-
style Multi Agent Reinforcement Learning (MARL) analysis
which further makes this point under explicit demand and lead-
time uncertainty by comparing multi-agent PPO variants be-
tween independent learners and centralized training decentral-
ized execution (CTDE) learners and showing that HAPPO can
remain competitive. In particular, under increasing stochastic
lead time uncertainty, the distributed model-based baseline
degrades sharply (e.g., mean episode reward falls by 75% from
416.8 to 102 as the lead time randomness parameter increases),
whereas MARL methods exhibit a smaller relative degradation
(roughly 42— 46% across the tested PPO variants), highlighting

the sensitivity of baselines that assume deterministic lead times
[3]. It is worth noting that these learned policies may strate-
gically protect downstream customer-facing stages and shift
part of the inventory and shortage upstream under asymmetric
downstream shortage penalties [19].

Beyond expected-cost optimization, risk-sensitive RL
targets low-probability, high-severity scenarios. [2] is a key
reference where distributional RL for multi-echelon inventory
demonstrates that optimizing a CVaR objective can improve
tail protection relative to expectation-only training, while
also improving sample efficiency compared to PPO and
outperforming shrinking-horizon mixed-integer formulations.
Quantitatively, the same work reports an expected performance
improvement of about 11% over PPO for comparable training
budgets, and shows that CVaR-optimized learning yields a
better tail metric (e.g., CVaR improvement reported as 7.2%
in their validation) [2]. More generally, CVaR objectives and
constrained/safe RL provide principled tools to control tail
outcomes through risk measures and primal-dual or trust-
region mechanisms [20], [21]. More broadly, recent MARL
work in supply chains highlights the need for coordinated
yet stable decision-making under uncertainty and delays,
reinforcing the importance of risk-aware control formulations

(2], [8].

To conclude, existing studies cover CTDE coordination,
demand uncertainty, or lead-time uncertainty separately, but
rarely combine them with explicit tail-risk control. In par-
allel, CVaR-based learning has rarely been instantiated as a
lightweight constraint inside a calibrated CTDE multi-echelon
benchmark that aligns with the serial setting of [1] while
adding explicit lead-time randomness. This work addresses
this gap by studying CVaR-constrained CTDE inventory con-
trol under stochastic demand and stochastic lead times. Then,
we adopt a three-echelon serial system closely aligned with
[1], but with both stochastic demand and stochastic lead
times explicitly modeled [3], and we integrate a CVaR-based
constraint [2] into a CTDE baseline to mitigate catastrophic
backlog cascades while preserving coordination benefits to
practically close this gap. We explain our problem setting in
the next section.

III. PROBLEM SETTING

In this section, we introduce our environment and then
explain our constraints and assumptions.

A. Supply Chain Environment

We consider a periodic-review serial supply chain with
M = 3 decision-making echelons between a downstream
customer and an upstream supplier, as illustrated in Fig. 1.
Echelons are indexed from downstream to upstream: demand
Dy is realized at echelon 1, and each echelon i € {1,..., M}
places a replenishment order to echelon ¢ + 1. Following
the standard Beer-Game-type abstraction, material flows are
delayed and backorders are allowed, so unmet demand accu-
mulates as backlog and is served when inventory becomes
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Fig. 1: Overview of a Three-echelon serial supply chain

TABLE I: Main notation used in the model

Symbol Description

Dy Customer demand observed at period t.

Of Replenishment order by echelon 4 at period ¢.

Li Realized lead time associated with an order of echelon 3.
{1: Quantity arriving at echelon 4 at period ¢.

D; Effective demand by echelon 7 at ¢, with previous backlog.
Sf Shipment made by echelon ¢ at period ¢.

I Z On-hand inventory level of echelon 7 at the end of period ¢.
B,L Backlog level of echelon ¢ at the end of period t.

h; Unit holding cost coefficient at echelon 3.

b; Unit backlog penalty coefficient at echelon 4.

kA Order-smoothing cost coefficient at echelon 7.

available. Table I summarizes the main notation used to
describe the serial multi-echelon inventory model. We assume
an infinite-capacity upstream supplier. To preserve compa-
rability across methods and uncertainty settings, we adopt
the same observation structure as in [1]: at each period t,
echelon i observes its local on-hand inventory I} and backlog
Bi, together with a fixed-length vector summarizing orders
currently in transit that are expected to arrive within the next
periods. This constant-dimensional representation captures the
essential delayed-receipt information required for decision-
making under replenishment lags, while avoiding variable-
length histories that complicate learning and evaluation.

In contrast to [1], which assumes a fixed lead time, we
model lead times as stochastic in order to reflect delivery-time
variability and to study its interaction with demand variability
in a controlled setting. Operationally, each placed order is
associated with a random delivery delay, while the in-transit
vector provides a finite-memory summary of forthcoming
receipts, keeping the observation interface unchanged across
realizations. Each echelon selects an order quantity O! €
{0,...,Omax}, which represents practical ordering limits.
Finally, downstream echelons have a single upstream source
so their effective replenishment is constrained by upstream
availability.

B. Flow conservation, backlog propagation, and costs

To account for backlogged demand, we define the effective
demand D! faced by echelon i at period ¢ as the new
requirement plus the previous backlog :

(1
2

Etl = Dy +B75171,

Di=0'+B |, i>1

Shipments and state variables then follow flow conservation:

Si=min(I{_, + Al, D}), (3)
Ii =1, + AL = S, 4)
B{ =D;-S;. (5)

The total per-period cost includes, for each echelon ¢ €
{1,2,3}, an inventory holding term h;I} and a backlog
penalty b; B}, where I} denotes on-hand inventory, B} the
backlog, and h; and b; their respective unit cost coefficients.
We also include an order-smoothing term per echelon i :
ka i |0i+—0O; 1|, whereO} is the replenishment order placed
at period ¢t and ka ; controls the strength of smoothing. As a
result, the total cost at period ¢t is

3
Co =Y (il + biBi + kadlO} - O}_y]).

i=1

(6)

In the next section, we specify the methods that we conduct.

IV. METHODS

In this section, we present the three methods conducted in
the experiments. We use a BaseStock (robust) that targets a
worst-case protection period Ly,,x = 5, i.e., it hedges against
the longest lead time realizations. This yields a strong and
interpretable reference under stochastic lead times, avoiding
an artificially weak “mean-LT” comparator.

We also consider HAPPO; this CTDE baseline uses de-
centralized recurrent actors (GRU) and a centralized critic
trained on the global concatenation of observations. Actors
execute locally, while the critic improves credit assignment
under delayed arrivals and coupled dynamics. We then intro-
duce C-HAPPO, a constrained variant of HAPPO: instead of
optimizing only expected performance, it enforces a CVaR tail
constraint to limit rare catastrophic episodes [2], [20]. Let the
episode total cost be

T
J(m) =Y _C. (7)
t=1
We constrain the tail at level 5 = 0.90 using a Robust
BaseStock limit

CVaRg(J(m)) <C5°,  B=10.90, (8)

where CBBS is estimated from robust BaseStock episodes and
kept fixed during training.



We estimate CVaRg from a rolling buffer of episode costs
{Ji} (empirical average of the worst (1 — ) fraction) and
optimize the Lagrangian relaxation

min E[J(m)] + A [C/\/\aRg(J(w)) - c}?s} A2 0.09

The multiplier A is updated with a smoothed primal-dual
rule using an Exponential Moving Average (EMA), so that
penalties increase only when the tail constraint is violated. In
practice, we keep the HAPPO training structure and apply an
episode-level penalty through a reward shift:

LT — AT, (10)
which discourages trajectories that contribute to the upper tail
while preserving the original clipped HAPPO updates. So we
conduct HAPPO and C-HAPPO, and compare them to Robust

BaseStock. The data-generation process is specified in the next
section.

V. EXPERIMENTAL PROTOCOL

First of all, we define on a horizon of 7' = 700 periods, the
customer demand in our system as Poisson:

D, ~ Poisson(A), X =40. (1D
Lead times are stochastic and independent:
L! ~ Unif{1,2,3,4,5}. (12)

We set the vector summarizing orders currently in transit
Lpipe = 5 periods, and we set the ordering limit at Opax = 80.

Training is performed for 300 episodes (i.e., 300 x 700 =
210,000 time steps). We then evaluate each trained policy on
Neval = 15 different independent traces. In our implementa-
tion, the dual update in C-HAPPO uses an EMA smoothing
factor p = 0.90, a dual stepsize 7, = 1079 to stabilize
training under noisy tail estimates. The effective dual stepsize
depends on the scale of the constraint violation; rescaling the
violation (e.g., dividing by BaseStock Cost) makes 7, directly
comparable across works. We use a damping factor § = 0.02,
and clipping Anax = 50; the smooth violation uses a softplus
parameter k = 1076,

We measure the total cost within three forms: mean cost,
median cost, and variance cost as we report the sample
variance across episodes.

The On-Time service level captures the average proportion
of period-t demand that is fulfilled without delay once the
backlog inherited from period t—1 has been cleared, while the
horizon service level evaluates the proportion of cumulative
demand satisfied over the full planning horizon. We define
the customer On-Time service SL°T and the Horizon service

S metrics, where Nt denotes the number of periods with
strictly positive demand :

T
N+£21{Dg>0}? (13)
t=1
o min(Dtl, max(S} — B}_1,0)>
QL,OT - ~ i , (14)
t:D!>0 t
T
SLH KN Zt=1 Stl ) (15)
i1 D

All time-series KPIs are computed within each evaluation
episode over the T' periods, and the reported values are then
aggregated across evaluation episodes (e.g., median or mean).
In the next section, we expose the results of KPIs for each
method such as Service-level metrics, the average stock and
the number of stockouts. These metrics help characterize the
behavior of the compared methods.

VI. RESULTS

In this section, we provide numerical results and related
discussions. We first present the KPIs listed in the previous
section, then we specify the tail diagnostic.

A. Key Performance Indicators

Table II summarizes KPIs for each method: the (mean,
median, var) cost, the two Service-level metrics, the average
stock and the average number of stockouts and Table III shows
the results (average stock and stockouts) analyzed echelon by
echelon.

Table II shows that the cost can be evaluated differently
between mean, median, and var. It can have different results.
To compare between the MARL methods (HAPPO and C-
HAPPO) and Robust BaseStock, we evaluate Deltas of Method
m (HAPPO, C-HAPPO) vs. BaseStock (%) defined by:

KBS - Km
Kgs

HAPPO achieves an excellent median cost (45% reduc-
tion vs. BaseStock, which is large), but exhibits extreme
tail episodes that inflate mean and especially variance (the
variance is dominated by rare outliers). C-HAPPO remains
competitive on mean/median cost by reducing mean BaseStock
cost by nearly 4% and significantly reducing variance relative
to BaseStock by nearly 60%, and remains consistent with
suppressing catastrophic runs.

Table II also shows that BaseStock and C-HAPPO have
better On-Time service than HAPPO by 5% and 4%, and a
similar gap for horizon service. Service-level metrics suggest a
robustness trade-off: C-HAPPO may sacrifice some On-Time
service relative to BaseStock to avoid tail disasters, while
maintaining near-perfect horizon service.

For the average stock, we note that C-HAPPO has the
highest average inventory levels and HAPPO the lowest, which
is predictable since risk-aware methods tend to maintain a
security margin for their stocks, whereas performance-based

AP (m) = 100 x (16)



TABLE II: Key KPIs per method

Method Cost(mean) Cost(median)  Cost(var)  On-time(mean) Horizon(mean) Avg stock(sum) Stockouts(mean)
BaseStock  5.273e+6 5.174e+6 4.652e+11 0.9535 0.9998 69.1913 46.3333
HAPPO 1.155e+8 2.829e+6 1.9e+17 0.9040 0.9599 64.6551 103.8
C-HAPPO  5.065e+6 5.099¢+6 1.893e+11 0.9389 1.0 81.8007 68.7333
TABLE III: C-HAPPO vs BaseStock : Inventory levels and B — N
stockouts per echelon aseStock | total_cos
407 —-—- median
Method Avg Stock E1  Stockouts EI  Avg Stock E2  Stockouts E2  Avg Stock E3  Stockouts E3
etho \Y toc! ockouts Ve OC] 'ockouts Ve [OC] ockouts 3 5 | o Rgo
BaseStock 70.13 8.64 73.88 2242 63.99 17.27 '
C-HAPPO 62.09 6.32 78.12 14.10 110.20 2245 1

methods, such as HAPPO, tend to reduce their stock levels to
reduce holding costs. Regarding stockouts, we observe that
HAPPO experiences more than twice as many BaseStock
stockouts due to catastrophic scenarios. C-HAPPO keeps an
intermediate level between BaseStock and HAPPO, which
confirms its combination of its performance-oriented nature
being a HAPPO variant and moderate risk awareness by using
moderate CVaR parameters. We observe that Average stock
and stockouts for C-HAPPO are higher than BaseStock, which
may initially appear to be a contradiction. But, examining the
echelon-level results as shown in Table III, we notice that C-
HAPPO reduces both inventory and stockouts at the customer-
facing echelon 1, where holding and backlog penalties are the
highest. Echelon 2 appears to play an intermediate buffering
role, while echelon 3 absorbs the largest part of the extra
inventory burden, where the associated cost impact is lower.
Therefore, C-HAPPO should not be interpreted as uniformly
improving all physical indicators at every stage; instead, it
protects the downstream stage that matters most for service
and penalty exposure, which makes it a shifting of inventory
to a less cost-sensitive echelon. This interpretation is consistent
with the idea that the best-performing HAPPO policies arise
when each agent optimizes a combination of local and system-
wide costs rather than a purely global objective, which induces
different echelon behaviors, and with cooperative MARL
that learn downstream prioritization policies under inventory
scarcity.

B. Tail diagnostics

We illustrate the tail diagnostics using the distributions of
episode total cost with median and CVaR 99 markers for each
method used. Figures 2-4 provide complementary insights
into the structure of the total-cost distribution under stochastic
lead times. These visual diagnostics highlight the fundamental
median—tail trade-off in CTDE-based inventory control.

Meanwhile BaseStock distribution in Fig. 2 is relatively
compact and stable, with moderate dispersion around the
median. This behavior reflects its conservative design: by
targeting a worst-case protection period, the policy absorbs
lead-time variability through higher inventory buffers. As a
result, tail costs remain bounded and extreme events are
limited. This confirms its role as a robust but conservative
baseline that prioritizes stability over cost optimality. The
HAPPO distribution in Fig. 3 reveals a strong asymmetry:
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Fig. 2: Distribution of Robust BaseStock episode total cost
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Fig. 3: Distribution of HAPPO episode total cost

most episodes cluster at very low cost levels, indicating
highly efficient coordination in typical regimes. However, a
small number of extreme outliers appear at very high cost
levels, producing a heavy-tailed distribution. This explains
the gap between the excellent median performance and the
very large CVaR and worst-case values. Operationally, these
rare episodes correspond to backlog cascades triggered by
unfavorable alignments of long lead times and demand spikes.

Fig. 4 shows that the C-HAPPO distribution is noticeably
more compact than HAPPO. While the median cost is slightly
higher than the best HAPPO realizations, the upper tail is
substantially reduced. The absence of extreme outliers indi-
cates that the CVaR-based constraint effectively suppresses
catastrophic backlog cascades. In other words, C-HAPPO
trades a small loss in aggressiveness for a significant gain in



CHAPPO | total_cost

T
---- median

---- CVaR90

1
1
1
1
|
1
1
1
1
1
1
1
1
1
1
1
T
1
1
1
1
1
1
1
1
1
1
]

4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8 6.0
le6

Fig. 4: Distribution of C-HAPPO episode total cost

robustness.

HAPPO achieves the lowest median cost, confirming its
strong coordination capability in typical trajectories, but ex-
hibits very large CVaR and worst-case values, indicating
vulnerability to rare but severe disruptions. This confirms
that explicitly constraining the tail during training effectively
stabilizes CTDE policies under stochastic lead times.

Taken together, the figures highlight that evaluating only
expected or median performance can be misleading in supply
chain settings with stochastic delays. The main operational risk
lies in rare extreme episodes rather than typical trajectories.
This behaviour of HAPPO is probably due to the intensity of
the order-smoothing term which can delay corrective reactions
during shock+delay alignments. By explicitly penalizing tail
events, C-HAPPO shifts the policy toward safer regimes,
resulting in a more favorable cost-risk trade-off. Thus, C-
HAPPO adds a training signal that is silent on typical episodes
but activates on the upper tail. To prevent tail violations, the
policy keeps slightly higher buffers or reacts more conserva-
tively, which makes it less profitable in typical episodes.

VII. CONCLUSION & PERSPECTIVES

This paper studies a controlled serial topology under two
sources of uncertainty and introduces C-HAPPO as a risk-
aware variant of HAPPO to mitigate catastrophic tails. In fact,
stochastic lead times along with stochastic demand induce a
strong median—tail trade-off in CTDE multi-echelon control:
a CTDE baseline (HAPPO) may look excellent on typical
trajectories yet remain brittle in rare backlog cascades that
dominate mean cost and risk. Empirically, C-HAPPO remains
competitive on mean cost (4% lower than Robust BaseStock)
and service, supporting risk-aware CTDE as a practical direc-
tion for robust multi-echelon inventory control. It achieves a
60% reduction in cost variance relative to Robust BaseStock.

Next steps include broader demand regimes (seasonality,
non-stationarity), alternative lead-time distributions, and larger
networks. A systematic sensitivity analysis of RL hyperpa-
rameters is particularly important for ensuring stable behavior

across regimes. Future work should also compare C-HAPPO
with other inventory-control policies and benchmarks.
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