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Abstract—This paper proposes a novel iterative learning con-
trol (ILC) scheme for unknown affine nonlinear systems by inte-
grating model-free feedback linearization with two-dimensional
(2D) structure of the controlled dynamics. The approach elimi-
nates the requirement for prior model knowledge by employing
model reference adaptive control (MRAC) and Q-learning to
achieve feedback linearization of unknown nonlinear systems.
A computationally efficient method is developed to estimate
feedback linearization parameters using historical data from
previous trials. Upon obtaining the linearized system represen-
tation, the control design is performed within the 2D system
setting, resulting in a set of linear matrix inequality (LMI)
constraints that leads to the ILC law. The efficacy of the
proposed approach is validated through numerical experiments
on an inverted pendulum system, demonstrating high-precision
trajectory tracking across iterative executions.

Index Terms—Iterative learning control, feedback lineariza-
tion, nonlinear systems, model reference adaptive control, Q-
learning, adaptive dynamic programming

I. INTRODUCTION

Iterative learning control has emerged as a powerful method-
ology for improving the performance of systems that execute
repetitive tasks over a fixed time interval. By leveraging data
from previous iterations, ILC systematically adjusts control
inputs to enhance tracking accuracy from cycle to cycle [1],
[2]. This approach has found significant applications in var-
ious industrial processes including robotic manipulation [3],
chemical batch processing [4], and precision manufacturing
[5], where operations are inherently repetitive in nature.

Traditional ILC schemes predominantly focus on linear sys-
tems or nonlinear systems with repetitive uncertainties. How-
ever, many practical systems exhibit substantial nonlinearities
and non-repetitive uncertainties that challenge conventional
ILC approaches. When applied to nonlinear systems with
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unknown dynamics or time-varying disturbances, the perfor-
mance of standard ILC methods may deteriorate significantly
due to their inherent linear assumptions [6].

Feedback linearization represents a fundamental nonlinear
control technique that transforms nonlinear system dynamics
into equivalent linear forms through appropriate coordinate
transformations and state feedback. This transformation en-
ables the application of well-established linear control theories
to complex nonlinear systems [7]. The conventional imple-
mentation of feedback linearization, however, heavily relies
on precise knowledge of system dynamics [8], which is often
unavailable in practical applications due to unmodeled dy-
namics, parameter variations, or completely unknown system
structures.

Recent research efforts have explored the integration of
ILC with linearization to address nonlinear systems. Several
adaptive ILC schemes have been developed that incorporate
dynamic linearization techniques to handle system nonlinear-
ities [9]. Other approaches have integrated neural networks
as compensators to mitigate the effects of non-repetitive un-
certainties [10]. While these methods demonstrate improved
performance, they typically require partial model knowledge
or must satisfy specific conditions such as Lipschitz continuity,
potentially limiting their practical applicability.

The advancement of machine learning, particularly rein-
forcement learning (RL), has opened new avenues for data-
driven control of complex systems without explicit model
knowledge. Recent works have investigated the combination
of RL with ILC to compensate for uncertainties and en-
hance learning performance. For instance, deep reinforce-
ment learning has been employed as a compensator within
2D ILC frameworks to achieve nearly perfect tracking [11].
Meanwhile, Koopman operator theory has been introduced
to lift nonlinear systems into high-dimensional linear spaces,
facilitating linear controller design [12]. Nevertheless, these
approaches often involve high-dimensional models and require
substantial data for training, which may be impractical for real-
time applications.

Despite these advancements, most existing methods still de-
pend on nominal models or extensive prior knowledge. To the



best of our knowledge, the problem of designing a completely
model-free ILC scheme for unknown affine nonlinear systems
remains largely unexplored. This paper aims to bridge this
gap by proposing a novel ILC strategy that integrates model-
free feedback linearization with an ILC framework. The main
contributions are summarized as follows:

• A model-free feedback linearization framework is devel-
oped using MRAC and Q-learning, which transforms un-
known nonlinear systems into linear equivalents without
requiring any prior model knowledge.

• ILC law design is performed with 2D system model and
results in LMI-based conditions for controller design.
And the complete control scheme is validated through
numerical simulations on a discretized inverted pendulum
system, demonstrating effective tracking performance un-
der repetitive operation scenarios.

The remainder of this paper is organized as follows. Sec-
tion II. formulates the problem and reviews preliminaries
on feedback linearization and ILC. Section III. details the
proposed model-free feedback linearization and ILC design
over 2D system setting. Section IV. presents simulation results
and analysis, and Section V. concludes the paper with future
research directions.

II. BACKGROUND AND PROBLEM FORMULATION

A. Iterative Learning Control

Consider the following discrete-time nonlinear time-
invariant system

xk(t+ 1) = f(xk(t)) + g(xk(t))uk(t), xk(0) = x0,

yk(t) = h(xk(t)),
(1)

where k denotes the trial index and t ∈ [0, N − 1] denotes the
time index along a trial of finite duration N . xk ∈ Rm, uk ∈
R, yk ∈ R denote the state, control input and system output on
trial k, respectively. It is assumed that at the end of each trial
the state vector resets to the same vector denoted by xk(0).
f(·), g(·) are unknown system functions.

For a discrete-time nonlinear system with unknown dynam-
ics, the task in this work is to iteratively determine a control
input sequence u(t), t ∈ [0, N−1], such that the system output
y(t) accurately tracks a predefined reference trajectory yd(t)
over the finite time horizon. Therefore, the goal is to construct
a sequence of control inputs {uk(t)} ensuring convergence of
the tracking error defined as

ēk(t) = yd(t)− yk(t) (2)

to 0 or else to within a specified tolerance after a finite number
of trials. After each trial, the control input is updated using the
information accumulated during the previous trial. The update
mechanism follows the general ILC law:

uk(t) = uk−1(t) + δuk(t), (3)

where δuk(t) represents the corrective term, which will be
specified subsequently.

While numerous ILC design strategies exist for linear time-
invariant systems, extending these methods to unknown non-
linear discrete-time systems like (1) poses significant chal-
lenges. However, if the nonlinear input-output dynamics of
system (1) can be transformed into a linear representation via
a model-free feedback linearization approach, then established
ILC design techniques, particularly those based on 2D system
framework, can be directly applied. This will significantly
reduce the design difficulty of ILC and provide a new and
effective solution to the ILC design problem for unknown
nonlinear systems.

B. Feedback Linearization

Assume the relative degree of system (1) is n. In order
to obtain the explicit representation relationship between the
system input and output, the difference Lie derivative of y(t+
n) is solved as follows:

yk(t+ n) = Lnfh(xk(t)) + LgL
n−1
f h(xk(t))uk(t), (4)

where L is the symbol of Lie derivative. Define vk(t) as the
new virtual control input. This can make the system output
and the virtual control input satisfy yk(t + n) = vk(t) by
designing the following feedback linearization controller

uk(t) = −
Lnfh(xk(t))

LgL
n−1
f h(xk(t))

+
vk(t)

LgL
n−1
f h(x(t))

. (5)

Define a(xk(t)) = LgL
n−1
f h(xk(t)) and b(xk(t)) =

−Lnfh(xk(t)), (5) can be rewritten as

uk(t) =
1

a(xk(t))
[b(xk(t)) + vk(t)] . (6)

By applying the feedback linearization controller to nonlinear
system (1), the nonlinear input-output relationship of (1) can
be transformed into a linear relationship as follows

yk(t)
yk(t+ 1)

...
yk(t+n−1)
yk(t+ n)

=


l1k (t)
l2k (t)

...
ln−1k (t)
lnk (t)

=


h(xk(t))
Lfh(xk(t))

...
Ln−1

f h(xk(t))

Ln
fh(xk(t))+LgL

n−1
f h(xk(t))uk(t)

 ,

(7)
where ljk(t), j = 1 . . . n represents the virtual linearization

state. Furthermore, the state-space equation of the virtual
linearized state can be written in the following standard form

lk(t+ 1) =Alk(t) +Bvk(t)

yk(t) =Clk(t),
(8)

where

A =


0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
0 0 · · · 0

 , B =


0
0
...
1

 , C = (1 0 · · · 0).

Based on the above derivation, if the feedback linearization
controller (6) can be obtained, then the nonlinear system (1)
can be corrected to the standard linear form as shown in (8).



Fig. 1: Model-free feedback linearization based ILC framework diagram

However, solving the feedback linearization controller relies
on the precise dynamics of the nonlinear system. For the
unknown nonlinear system (1), directly solving for a(x(t)) and
b(x(t)) is extremely difficult. To address the aforementioned
issues, in the next section, we will construct an MRAC-
based model-free feedback linearization framework and utilise
data-driven reinforcement learning algorithms to solve for the
feedback linearization controller.

III. MODEL-FREE FEEDBACK LINEARIZATION BASED ILC
STRUCTURE

In this section, a model-free feedback linearization frame-
work based on MRAC and Q-learning is established to correct
an unknown nonlinear system into a standard linear form. Then
an LMI-based ILC design method can be used to achieve
precise tracking of the reference signal by the nonlinear
system.

The diagram of the model-free feedback linearization based
ILC framework is shown in Fig. 1. On the right-hand side, a
model-free feedback linearization framework based on MRAC
is established. The feedback linearization controller is solved
by Q-learning algorithm, thereby correcting the input-output
dynamics of the unknown nonlinear system to a standard linear
form. On the left-hand side, an ILC controller is designed
based on the standard linearised system model and LMI,
ultimately achieving precise tracking of the unknown nonlinear
system’s output yk(t) with respect to the reference signal
yd(t). In the following we will describe in detail the process of
solving for the feedback linearization controller and designing
the ILC controller.

A. The MRAC-Based Model-Free Feedback Linearization
Framework

Firstly, a model-free feedback linearization control frame-
work based on MRAC is constructed. We select the feedback

linearized standard linear system (8) as the reference model.
The adjustable system consists of feedback linearization con-
troller (6) and unknown nonlinear system (1).

In the MRAC-based feedback linearization framework, the
virtual linearised states of the unknown nonlinear system
cannot be directly measured. Considering that the expected
dynamics of virtual states is the same as that of the standard
linear system (8), therefore a state observer is constructed as
follows to reconstruct the virtual linearised states

l̂k(t+ 1) = Al̂k(t) +Bvk(t) +K[yk(t)− ŷk(t)]

ŷk(t) = Cl̂k(t),
(9)

where K is the gain of the state observer.
We take the state observer as the reference model and

provide the same input signal vk(t) to the reference model
and the adjustable system, before the feedback linearization of
system (1) is completed, there will be an output error vector
as follows

ek(t) = lk(t)− l̂k(t). (10)

If and only if a(xk(t)) = LgL
n−1
f h(xk(t)) and b(xk(t)) =

−Lnfh(xk(t)) are satisfied, at this point the feedback lineariza-
tion controller (6) will precisely correct the system (1) to the
standard linear system as shown in (8), and then we can design
the observer gain K to make the tracking errors asymptotically
converge.

Next, we will solve a(xk(t)) and b(xk(t)) based on model-
free RL algorithm.

B. Q-Learning Based Feedback Linearization Controller De-
sign

1) First we consider a(xk(t)). It is not difficult to obtain

a(xk(t)) =
∂yk(t+ n)

∂uk(t)
. (11)



It should be noted that we cannot use the input-output data
from future moments to calculate ak(x(t) at the current
moment, but in ILC, we can use the data from future moments
in the previous trial to compute a(xk(t)) as follows

a(xk(t))

=
yk−1(t+n)−yk−1(t)−[yk−1(t+n−1)−yk−1(t−1)]

uk−1(t+n−1)−uk−1(t+n)
.

(12)
2) Next, a value iteration based model-free Q-learning

algorithm is applied to solve b(xk(t)). The performance index
function is defined as follows

J(ek(t)) =

N−t∑
β=0

γβUk(t+ β)

=

N−t∑
β=0

γβ‖ek(t+ β)‖2Q + ‖b(xk(t+ β))‖2R,

(13)

where Uk(t) ∈ R+ represents the utility function, Q ∈ Rn×n
and R ∈ R are positive definite constant matrices. Clearly,
our goal is to find a function b(xk(t)) that minimizes the
performance index function J(ek(t))).

As a model-free RL algorithm, Q-learning can iteratively
solve the optimal performance index function and the optimal
control strategy. Here, we regard b(xk(t)) as the control
strategy, and based on the Bellman optimality principle, the
optimal Q function satisfies the following equation

Q∗(ek(t),b(xk(t)))=Uk(t) +γ min
b(xk(t+1))

Q∗(ek(t+1),b(xk(t+1))),

(14)
where 0 < γ < 1 is the discount factor. Then the corre-
sponding optimal performance index function and the optimal
control strategy can be given as follows

J∗(ek(t)) = min
b(xk(t))

Q∗(ek(t), b(xk(t))), (15)

b∗(xk(t)) = arg min
b(xk(t))

Q∗(ek(t), b(xk(t))). (16)

In the continuous state-action space, it is usually not
feasible to precisely calculate the iterative Q function
Qi((ek(t), b(xk(t)))) and its associated policy bi(xk(t)). Typ-
ically, function approximators such as neural networks are
employed to approximate Qi(·) and bi(·), which are respec-
tively referred to as critic and actor networks. Therefore, we
use an approximator Q̂(ek(t), b(xk(t)), θi) to approximate the
iterative Q function, and the update rule for the approximate
Q function is given in the following.

Suppose that Qi(ek(t), b(xk(t))) is able to be approximated
by a continuous function as

Q̂(ek(t), b(xk(t)), θi) =

H∑
d=1

θi,dwd(ek(t), b(xk(t))), (17)

where θi ∈ RH represents the model parameter vector,
wd(ek(t), b(xk(t))) ∈ R is the homeomorphism mapping of
virtual state error and control.

For i = 0, 1, 2, . . . , the model parameter vector θi is updated
as

θi+1 = θi + αηic
T (ek(t), b(xk(t)), θi)

[
Uk(t)

+γ min
bk(t+1)

Q̂(ek(t+1), bk(t+1), θi)−Q̂(ek(t), b(xk(t)), θi)
]
,

(18)
where α ∈ R+ represents the learning rate,

c (ek(t), b(xk(t)), θi) =
∂Q̂(ek(t), b(xk(t)), θi)

∂θi
∈ RH ,

ηi=

[
I−γ diag

{
c (ek(t+1), b∗(xk(t+1))|θi , θi)

c (ek(t), b(xk(t)), θi)

}]T
∈RH×H ,

I ∈ RH×H is an identity matrix, b∗(xk(t + 1))|θi =
arg minb(xk(t+1)) Q̂(ek(t+ 1), b(xk(t+ 1)), θi).

When θi converges to the optimal model parameter vector
θ∗, then the corresponding optimal control strategy b∗(xk(t))
can be derived from the optimal approximate Q function as
follows

b∗(xk(t)) = arg min
b(xk(t))

Q̂(ek(t), b(xk(t)), θ∗). (19)

The executable algorithm for the value iteration based Q-
learning algorithm is presented in Algorithm 1.

Algorithm 1 Value Iteration Based Q-Learning Algorithm.

Initialization
1: Give 0 < ε < 1 as the parameter of greedy policy for

control selection
2: Let iteration index i = 0
3: Start with an initial state xk(t) and an initial virtual state

error ek(t), k = 1, t = 0
4: while not terminated do
5: if t < N then
6: Choose a control b(xk(t)) by using greedy policy

with parameter ε
7: Compute Uk(t) + γminbk(t+1) Q̂(ek(t + 1), bk(t +

1), θi)− Q̂(ek(t), b(xk(t)), θi)
8: Compute θi+1 by (18)
9: i← i+ 1, t← t+ 1

10: else
11: k ← k + 1, t = 0
12: end if
13: if ‖θi−θi−1‖ ≤ ζ, where ζ is a small positive constant

then
14: θ∗ ← θi
15: break
16: end if
17: end while
18: Calculate the optimal performance index function as

J∗(ek(t)) = min
b(xk(t))

Q̂(ek(t), b(xk(t)), θ∗)

19: Calculate the optimal control policy as b∗(xk(t)) =
arg min

b(xk(t))
Q̂(ek(t), b(xk(t)), θ∗)



C. LMI-Based Controller Design for ILC scheme

After convergence of the value iteration based Q-learning
algorithm, the feedback linearization controller can correct the
nonlinear system (1) into the linear form (9). By designing
an appropriate observer gain K, the dynamics of system (9)
can be corrected to that of the standard linear system (8).
Subsequently, an LMI-based ILC input vk(t) is designed based
on the standard linearization form (8). Since the input-output
relationship of the nonlinear system (1) has been corrected
to match that of system (8), thus the ILC law enables the
output of the unknown nonlinear system to precisely track the
reference signal.

Let us define the iterative control law as

vk(t) = vk−1(t)+K1(lk(t)−lk−1(t))+K2ēk−1(t+1). (20)

Note that the above formula is a version of (3) where the
corrective term is computed as a combination of state feed-
back and the previous error feedforward. Clearly the goal is
design K1 and K2 for both trial-to-trial error convergence and
stability along the trial. To achieve this we use a 2D systems
setting for ILC analysis. Firstly, it follows from (2) and (8)
that

ēk(t)−ēk−1(t) = −CAδlk(t)− CBδvk(t− 1), (21)

where

δlk(t)= lk(t−1)−lk−1(t−1), δvk(t)=vk(t)−vk−1(t). (22)

Secondly, one can find that

δlk(t+ 1)= Aδlk(t) +Bδvk(t− 1) (23)

and hence the controlled dynamics can be written as

δlk(t+1) =(A+BK1)δlk(t)+BK2ēk−1(t)

ēk(t) =(−CA−CBK1)δlk(t)+(I−CBK2)ēk−1(t).
(24)

The above set of equations has the form of a 2D Roesser
model where δlk(t) plays the role of horizontal state vector
and ēk(t) plays the role of the vertical state vector. Hence 2D
Roesser model stability results can be applied for computing
K1 and K2 which ensure both trial-to-trial error convergence
and along the trial performance. Note that the system (8)
has a relative degree ρ equal to the number of virtual states.
Consequently, CAρ−1B is nonsingular, while CB through
CAρ−2B are zero matrices. To compensate for the effect of
ρ, a anticipatory gain operator can be incorporated, and ILC
law (20) can be rewritten as

vk(t)=vk−1(t) +K1δlk(t+ 1) +K2ēk−1(t+ ρ). (25)

and hence (24) is transformed to (see [2] for details)

δlk(t+ 1) =(A+BK1)δlk(t) +BK2ēk−1(t+ p− 1),

ēk(t+ p− 1) =(−CAρ − CAρ−1BK1)δlk(t)

+ (I − CAρ−1BK2)ēk−1(t+ p− 1).
(26)

Following result characterizes asymptotic stability of 2D
model (26) and hence simultaneously guarantees the trial-to-
trial convergence and transient response goals.

Lemma 1: [2] An ILC scheme described as Roesser model
of the form (26) is asymptotically stable and hence trial-to-
trial error convergence occurs if there exist X1 � 0, X2 � 0,
M1 and M2 such that the following LMI is feasible

−X1 0 (?) (?)
0 −X2 (?) (?)

AX1+BM1 BM2 −X1 0
−CAρX1−CAρ−1BM1 X2−CAρ−1BM2 0 −X2

≺0,

(27)
where (?) denotes transposed elements. Moreover, the required
K1 and K2 are computed as

K1 = M1X
−1
1 , K2 = M2X

−1
2

IV. SIMULATION BASED CASE STUDY

In order to verify the performance of the proposed model-
free feedback linearization based ILC approach, numerical
simulations are conducted on a discretized inverted pendulum
system with the following dynamics[
x1k(t+1)
x2k(t+1)

]
=

[
x1k(t) + 0.1x2k(t)

0.1 g` sin(x1k(t))+(1−0.1κ`)x2k(t)

]
+

[
0
0.1
m`2

]
uk(t)

yk(t) = x1k(t),
(28)

where m = 1/2 kg and ` = 1/3 m are the mass and
length of the pendulum bar, respectively. Let κ = 0.2 and
g = 9.8 m/s2 be the frictional factor and the gravitational
acceleration, respectively. The above parameters and model
structure are unknown to the learning process.

The desired trajectory for yk(t) is yd(t) = sin(0.1πt). Sub-
sequently, the MRAC-based model-free feedback linearization
framework needs to be established. The system matrix of the
reference model (9) are designed as follows

A =

(
0 1
0 0

)
, B =

(
0
1

)
, C =

(
1 0

)
.

The weight matrices Q and R in the utility function are
designed as [10, 0; 0, 1] and 1. The gain of observer K =
[10, 0; 0, 20]. Denote e1k(t), e2k(t) and b(xk(t)) as e1, e2 and
b respectively, the structure of the approximate Q function is
designed as follows

Q̂(e, b, θi)=θi,1e
2
1+θi,2e

2
2+θi,3b

2+θi,4e1e2+θi,5e1b+θi,6e2b,

where θi,1 ∼ θi,6 represent the model parameters. Set the
discount factor and learning rate to γ = 0.99 and α = 0.05
respectively.

Next, an ILC law (20) for the standard linear system is
designed based on solution to LMI (27) and the subsequent
controller gain matrices are K1 = [0.2,−0.1], K2 = 0.03.

Before the convergence of the value iteration based Q-
learning algorithm, the output trajectories of the nonlinear
system (28) and the desired trajectory are shown in Fig. 2.
Due to the presence of the observer gain K, the system is
able to maintain bounded stability under the control signal
generated with ILC law. However, due to the structural mis-
match between the nonlinear system and the reference model,
the desired trajectory cannot be precisely tracked.



Fig. 2: Output trajectories of nonlinear system before feedback
linearization

After 1000 iterations of Q-learning, the output trajectories of
the nonlinear system (28) under the proposed control scheme
are presented in Fig. 3, the corresponding tracking errors are
illustrated in Fig. 4, the input trajectories are presented in
Fig. 5. It can be observed from Fig. 3 that, as the iteration
index increases, the system output progressively converges
to the desired trajectory. The maximum steady-state tracking
error and tracking root mean square error (RMSE) for the
10th and 50th trials are 0.7262, 9.382e-4 (steady-state error)
and 0.5147, 0.0806 (RMSE), respectively. By the 50th trial,
the output almost perfectly matches the reference signal across
the entire time horizon.

These results validate that, once the model-free feedback
linearization is accomplished via Q-learning, the LMI-based
ILC controller (designed for the reference model system)
effectively enables the original unknown nonlinear system
to achieve high-precision tracking of the repetitive reference
trajectory.

Fig. 3: Output trajectories of nonlinear system after feedback
linearization

Fig. 4: Tracking error trajectories of nonlinear system after
feedback linearization

V. CONCLUSION

This paper has presented a novel model-free ILC framework
for unknown affine nonlinear systems. By integrating model-

Fig. 5: Input trajectories of the feedback linearization control
framework based on MRAC

free feedback linearization with ILC, the proposed approach
successfully addresses the challenge of controlling nonlinear
systems without prior model knowledge. The combination
of MRAC and Q-learning enables effective feedback lin-
earization, while the LMI-based design procedure produces
controllers for stability and convergence. Simulation studies
on an inverted pendulum system demonstrate that the method
achieves precise trajectory tracking performance. Future re-
search will focus on extending this approach to more general
nonlinear systems and enhancing its robustness against mea-
surement noise and non-repetitive disturbances.
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