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Abstract— This paper introduces a special class of dynamic
systems represented by block controllable canonical form,
whereby its blocks are strictly Metzler matrices. Such systems
appear in diverse applications including electromechanical
systems, circuits, structural vibration control, robotics, and
aerodynamics, in which stabilization and robust performance
are required. Since the coefficient matrices in their model
representations have special structures, recognized as Metzler
matrices, it is important to maintain their structural properties
while designing the control systems. We initially provide an
important stability result pertaining to continuous-time positive
systems known as Metzlerian systems. Then, we define dy-
namic systems in Metzlerian block controllable canonical form
(MBCCF) and investigate their stability. Finally, we outline
procedures for stabilization of systems in block controllable
canonical form using state feedback control law such that the
closed-loop systems are imposed to be in MBCCEF.

I. INTRODUCTION

The models of many dynamical systems are described by
second- or higher-order vector differential equations. Their
state-space representations are commonly written in block
controllable canonical form (BCCF). Block modal matrices
and BCCF tie with polynomial matrix theory and matrix
fraction description. They provide important insights on
stability analysis and state space realization of multi-variable
dynamic systems [1]-[4]. As pointed out in the abstract of
this paper, a collection of various applications admit these
types of model structures, which require robust stability
and control design [5]-[12]. It is interesting to note that
their associated system matrices are in block companion
form with blocks of Metzler matrices, which may also be
symmetric. Metzler matrices have very impressive stability
properties, and they are associated with continuous-time
positive systems or Metzlerian systems. Positive systems
are important class of dynamic systems that have their own
special appearance in many diverse applications [13], [14].
The response of positive systems to positive excitations
remains positive. Stability robustness, positive stabilization,
and control design of positive systems have been reported
in [15]-[23], which include extensive references. This paper
attempts to establish a generalization of Metzler systems to
BCCF and to provide stabilization and eigenvalue assignment
techniques for them.
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We initially extend the previous results on stability of
Metzler matrices to the polynomial matrices with coefficients
belonging to the class of M-matrices. After summarizing
preliminary results in Section II, we give a new result on
stability of Metzlerian block controllable canonical form
in section III. Section IV outlines the available results
for Metzlerian stabilization of a regular system using state
feedback. We take advantage of it as an initial step to
solve the unsolved problem of eigenvalue assignment for
Metzlerian systems. Two possible procedures are obtained,
which require several transformations and conversions to
allow qualified eigenvalues to be assigned. Finally, Section V
provides stabilization and eigenvalue assignment for systems
in BCCF and MBCCF. Numerical examples in Section VI
support the theoretical results. Before closing this section, we
define the notation > 0 (> 0) for positive (nonnegative) num-
bers, vectors, and matrices. Thus, A > 0 (A > 0) represents
a positive (nonnegative) matrix, which is distinguished from
A >0 (A > 0) for a positive definite (positive semidefinite)
symmetric matrix. Furthermore, we define the notation |A|
for det in section III and |A(¢, j)| for elementwise magnitude
of a matrix.

II. PRELIMINARY DEVELOPMENT AND BASIC RESULTS

Many dynamical systems in applications are modeled by
high—order vector—valued differential equations of the form

r—1
v+ Ay D) =Y Biul(), (1<) 1)
1=0

i=0

where y € R™ and v € R? are output and input vectors,
respectively. The associated coefficient matrices are A; €
R™*™ and B; € R™*4, For simplicity, we assume g = m
and | = r. If we denote A(s) = I,,s" + S.—, A;s’, and
B(s) = Zé:o B;s', then (1) can be written as A(s)y(s) =
B(s)u(s), and the transfer function from w(s) to y(s) is
given by a matrix fraction description (MFD), G(s) =
A(s)71B(s).

The characteristic equation of the open-loop system is
a(s) = det A(s) with deg(a(s)) = mr. Assuming the
system (1) is unstable, one immediate problem of interest
is to stabilize the system by pole assignment using state
feedback controller of the form

u(t) = Ly, yTO@); ult), ..., uV(@6 ) @)

such that the closed—loop system consisting of (1) and (2)
admits a set of desired poles. This problem can conveniently
be reformulated in terms of state—space realizations of (1).



The solution of the problem require both the derivative of
inputs and outputs in state feedback control law (2), which
has been treated in [24], [25]. Now, let us consider the special
case of [ = 0 and obtain the following first—order state—space
model of high—order vector—valued differential equation

0y, I, Op, -+ O O
0, Om I, - O O
)= | : : : : z(t)+] -
O O O0p, - I, O,
—-Ay —Ay A —Ar_1 By
—_——
A B
3)

where y(t) = Cz(t) with

y(t)
y(t)

y=h ()

The state—space representation (3) is known as the block

controllable canonical form. In this paper, we concentrate on
a special structure of (3) with —A;’s, (i = 0,1,...,7r — 1)
constrained to be strictly Metzler matrices.
There exist a collection of electromechanical systems that
are modeled by a special structure of the form (3) with
blocks of strictly Metzler matrices. For example, a model
of a drive train containing three flywheels, two dash pots
and two springs can be represented by J6 + DO + S0 = T,
where 6 is a vector of angular displacement, 7 is the torque
vector, J is a diagonal inertia matrix, and the pair {D, S}
represent symmetric damping and stiffness matrices, given
by

d1 —d1 0 S1 —S81 0
D= |—-dy di+dy —-ds|,S=]|—51 s1+82 —s2
0 —dy do 0 —S82 52

The same type of matrices appear in mechanical systems
described by My + Dy + Sy = u, where M, D,S are
symmetric matrices of mass, dash pot, and spring; u is the
forcing vector function; and y is the displacement vector.

The matrices with off-diagonal nonnegative and diagonal
positive entries are known as M -matrices. The negatives
of such matrices become strictly Metzler matrices, which
we will formally define them below and elaborate on their
connections to the special structure of dynamic systems
represented by (3).

Definition 1. A matrix is called Metzler if its off-diagonal
elements are nonnegative i.e. a;;, ¢ # j. It is called strictly
Metzler if in addition a;; < 0, which satisfies the necessary
condition of Hurwitz stability of A.

Definition 2. A dynamic system

&= Ax + Bu
y=Cx+ Du 4)

where z € R", 4 € R™, and y € RP with a Metzler matrix
A and nonnegative matrices B > 0, C' > 0, D > 0 is called

u(t)

positive continuous-time system or Metzlerian system. The
response of Metzlerian system to positive initial condition
and positive inputs remains in positive orthant of state space.

Theorem 1. The Metzlerian system (4) is asymptotically
stable if and only if the following equivalent conditions is
satisfied:
1) The matrix A is strictly diagonal dominant i.e. |a;;| >
Z;‘L:Lj;si |ai;|, i # J.
2) All leading principal minors of —A are positve.
3) The matrix A is nonsingular and —A~1 > 0.
4) There exists a positive definite diagonal matrix P such
that ATP + PA < 0.
5) There exists a positive vector v such that Av < 0.

Definition 3. The system (3) with strictly Metzler matrices
—A;’s is formally defined as the Metzlerian block control-
lable canonical form (MBCCF).

It is important to note that the Hurwitz stability of strictly
Metzler matrices —A;’s in (3) does not imply Hurwitz
stability of the matrix A. Therefore, it is of interest to
establish simple stability conditions in terms of A;’s. Let us
consider the scalar—valued differential equation from (1) by
replacing {A;, B;} with {a;,b;} and let r = n with proper
assumption | = n. Then, defining a(s) = s" + > 1 a;s’,
b(s) = Y1 b;s', the transfer function G(s) = zgi; = 2((59%
admits a state—space realization in the standard controllable
canonical form (CCF), where

0 1 0 0 0
0 0 1 - 0 0
A = ) B = )
0 0 0 1 0
—ap —am —ag —Qp_1 1
4)
C= [bO - aOb'ru 7bn71 - anflbn] 5 D= bn

We may refer to (5) as Metzlerian controllable canonical
form, which is the special case of (3) with —a;’s < 0
representing scalar Metzler terms. This implies the necessary
stability condition of (5). Thus, the Metzlerian block com-
panion matrix A in (3) is reduced to the Metzler companion
matrix in (5).

III. STABILITY OF METZLERIAN BLOCK CONTROLLABLE
CANONICAL FORM (MBCCF)

The stability of MBCCF can be investigated using the
polynomial matrix

r—1
A(s) = Iys™ + Z A;s (6)
i=0
The stability of A(s) is determined by the application of
Hurwitz criterion to the polynomial

afs) = det(A(s)) = s" + z_: a;s',  n=deg(d(s)) = mr
i=0
(7



However, it is of interest to obtain simple stability condi-
tions in terms of A;s. Initial effort shows the possibility
of achieving this goal, which requires careful analysis. For
the important second order polynomial matrix, simplified
stability conditions can be established.

Lemma 1. The polynomial matrix A(s) = Ays®+ Ajs+ Ag
associated with the second order vector differential equation
representation of a dynamic system is stable if symmetric
matrices A;’s, i = 0, 1,2, are positive definite. Alternatively,
if —A;’s are stable Metzler matrices, then the system is
stable. Furthermore, the system is positively stable if in
addition |A1(i, )| > |Ao(i, 7)| with the assumption of Ay =
I, based on the defined notation of (3) and (6).

The above lemma shows that the response of positively
stable second-order MBCCEF to positive initial condition and
positive input remains in the nonnegative orthant of the state
space. Thus, one can conclude the possibility of connecting
systems with companion system matrix to Metzlerian sys-
tems. See example 1 for more details.

IV. STABILIZATION OF METZLERIAN SYSTEMS
A. Stabilization of Metzlerian Systems by State Feedback

The problem of stabilization of Metzlerian systems by
state feedback has been solved completely based on LMI and
LP in [17]-[19]. We recap the main result for the purpose
of its utilization in subsequent sections.

Let the state feedback control law

u(t) = v(t) + Kx(t) (8)

be applied to the system (4). Then the closed-loop system
becomes
&= (A+ BK)z + Bv )

Theorem 2. There exists a state feedback control law (8) for

the system (4) such that the closed-loop system (9) becomes
Metzlerian stable if and only if

1) The following LMI has a feasible solution with respect
to the variables Y and Z:

AZ+BY + ZAT +YTBT <0
(AZ+BY)ij 20 fori#j

(10)
(11)
where Z = 0 is a diagonal positive definite matrix.

Furthermore, the gain matrix K is obtained from

K=YZ! (12)

2) Or; the following LP has a feasible solution with respect
to the variables z = [z1,22,...,2,)7 € R" and y; €
R™ forallt=1,...,n:

Az—l—BZyi <0, z2>0
i=1
aijzj +biy; 20, iF ] (14)
where A = la;j] and B = [b1,ba,...,b,|T. Further-
more, the gain matrix K is obtained from
K- [y v y]

b) ) )
21 %2 Zn

13)

5)

B. Eigenvalue Assignment of Metzlerian Systems

The problem of eigenvalue assignment for Metzlerian
systems is not trivial and no concrete result is available to
solve the problem. The best known result was reported for
single-input discrete-time positive systems represented in
controllable canonical form [26]. Using [26], we propose
an indirect design procedure for eigenvalue assignment of
continuous-time positive systems (Metzlerian systems).

Indirect Design Procedure:

1) Let the single-input unstable Metzlerian system (4) be
stabilized using Theorem 1, and define the stabilized
system by the pair {A,, B} and specify the feasible
eigenvalue region. This initial step guarantees that pos-
itive stabilization is possible.

2) Convert the stable continuous-time system pair
{4, Bs} to discrete-time pair {A4, By} using the
standard state space conversion given by A; =
eAT By = fOT e Byda = A7Y(eAT — I)B,.
Note that A > 0 is a nonnegative matrix when A is
Metzler. Similarly, By > 0 using the above expression.
Also, convert \;’s to discrete eigenvalues p;’s.

3) Select the desired eigenvalue \;’s and convert them to
discrete eigenvalues p;’s using bilinear transformation.

4) Transform the pair {Ag4, B;} to CCF and apply the
eigenvalue assignment technique of [26] provided the
associated conditions on u;’s are satisfied to obtain K.

5) Convert Ay + ByKy4 back to continuous-time closed-
loop system matrix A, = Ay + B,K and recover K.

Remark 1. Successful completion of the above procedure up
to Step 4 guarantees that the desired selection of eigenvalues
can be employed after step 1 for the pair {As, Bs}. Thus,
one may use the entire eigenstructure assignment to recover
K by

K=[n ¢ gnllvr V2 v)”t (16)

where v; and ¢; are obtained from the kernel or null space
of the matrix equation

vi (17)

(A~ NI Bl [ } —0, i=12...n
which is directly derived from closed-loop eigenvalues and
eigenvector relationship (A+ BK)v; = \jv;, with ¢; = Kv;.

V. STABILIZATION OF MBCCF SYSTEMS BY
EIGENVALUE ASSIGNMENT

A. Constrained Stabilization of Systems in BCCF

The systems in BCCF are constrained by their structures
as described in Section II, whereby block matrices A;’s
are M -matrices, which make —A;’s Metzler matrices. Due
to the appearance of physical parameters such as stiffness
and damping terms in these block matrices, it is required
to maintain their structures when modifying the associated
parameters in control design. This observation leads to the
fact that the control law

u=v+Kr=v+[Ky, K; K,z (18)



be applied to the controllable system represented by BCCF
(3). Assuming for simplicity Bo = Iy, the closed-loop
system matrix denoted by A = A + BK should be stable

and preserve the block companion structure, where
—A;=—-A,+K,;, fori=0,1,.. (19)

We propose the following lemma to generate the stable
matrix A.

Lr—1

Lemma 2. Let us define a system with the pair {A, B}
extracted from the BCCF (3), where

i<[8]. 0--[¢]

with A, representing the first n — m rows of the block
companion matrix A in (3). Then there exists a matrix As

such that i
A= |1

bz

is Hurwitz stable. Furthermore, the required feedback gain

matrix can be obtained by A = A + BK with the aid of
(19).

(20)
] 21

Proof: The proof is obvious by writing

m :@+@AQ

(22)

A B

Then, there exists a matrix 1212 such that (22) is Hurwitz
stable by employing an eigenvalue assignment to the pair
{A, B}. The resulting matrix A, specifies the blocks —A;
of the matrix A. Consequently, K can be obtained from (19).

Lemma 2 is a simple elegant result that can be used for
stabilization of systems represented by BCCF (3). However,
the distribution of blocks A; in the matrix A does not impose
any further constraints on their structures, e.g., —Ai’s to be
Metzler matrices. The next section provides a method to
achieve MBCCEF stabilization by eigenvalue assignment.

To achieve constrained stabilization of systems in BCCF
with stable block Metzler matrices, one can construct stable
Metzler matrices with a given set of desired eigenvalues.
The stability result of Section III facilitates to construct
stable block companion matrices A with guaranteed stable
block Metzler matrices. This can be done by a sequence
of stabilization process using section IV applied to A;’s.
However, this approach is rather lengthy for high-order
systems. It is convenient to be used for second-order systems
in BCCF with the aid of lemma 1. The following section is
a more elegant way to perform stabilization with eigenvalue
assignment for systems in BCCF or MBCCEF.

B. Stabilization by Eigenvalue Assignment for Systems in
MBCCF

It is evident that if the state feedback control law (18) is
applied to the system (3) represented by BCCEF, it should
preserve the BCCF structure of the closed-loop system.
Therefore,

A=A+ BK

is required to be a stable Metzlerian block companion matrix,
whereby —A;’s are strictly Metzler matrices.

Let the unstable system (3) with the pair { A, B} is either
in BCCF or MBCCEF. For simplicity we assume that By =
I,,,, otherwise a simple transformation is needed to realize it.
Clearly, the corresponding characteristic polynomial matrix
of Ais

r—1
AN =LA+ ) AN (23)
i=0
We define the block structure matrix
K I, 0 .- 0
o F I, - 0
F=]: : : (24)
o o0 - 0 I,
o o0 -+ 0 F,,4

with stable block diagonal matrices F;’s. The matrix, F' is
considered as a linearization of A(A) and the coefficients of
A()) can be related to F;’s using the following theorem.

Theorem 3. The stable Metzlerian block companion matrix
A defined by A;’s is similar to the matrix F, i.e. F =
PAPY, where the transformation matrix P is a lower
triangular matrix with (i,j) blocks P;; = I, for i # j
and P;; for i > j satisfying a set of chain equations.

Proof: One can establish the proof by substituting the
defined matrices into F'P = PA. Here, we show this for one
special case with

0 I 0 F, I 0
A= 0 0 I |, F=|0 F I},
|—4p —A; —A 0 0 KR

(I 0 0

P=|Py I 0

| P31 P I
(25)

Thus, we substitute /1, F, P matrices in FFP = PA and
obtain the following set of chain equations,

F0+P21:O,

..................... (26)
Ao = —Fa P31,

Ay = P31 — FaPsa,

Az = P3y — F>

The chain equation can solve for the unknown F;; and sub-
sequently A;’s can be computed. This theorem shows that by
defining the desired set of eigenvalues and distributing them
in matrix F', one can easily obtain a stable block companion
matrix with the same desired eigenvalues. Consequently, the
following lemma is an immediate conclusion of Theorem 3.



Lemma 3. Let F;’s, i = 0,...,r — 1 be chosen such that
U:;Ol AF;) = Q, where ) is the prescribed set of desired
eigenvalues. Then the m x m coefficient matrices of (23) are
given by

A,y = (=18 (Fy, Fy,y... Fry)

where S; can be considered as a generalized elementary
symmetric function associated with the set F}’s.

27

The proof of this lemma is obvious by equating A()) in (23)
to H::_(Jl (M — F;). Let us apply this for the special case of
(25). So, we have
A) = (M = Fy)(\ — Fy)(M — F)
=1\ — (Fy + Fy + Fy) \?
—_———

As (23)
+ (F()Fl + FoFy + F1F2) A— FyF Fy,
——
Ay Ao

and (27) follows for the general case.

Using the above development, we summarize the follow-
ing design steps for eigenvalue assignment of systems in
MBCCFE.

1) Choose the set of desired eigenvalues 2.

2) Construct stable Metzler matrices F;’s such that
U::_Ol AF;) = Q, Select F;’s to guarantee Metzler
structures for —A; (see below for selection strategy).

3) Compute —A;’s using (27).

4) Obtain the state feedback gain matrix K from (19).

The strategy for selecting F;’s in Step 2 should be a set of
block diagonal stable matrices, each with multiple Metzler
blocks of order 2 or 1 such that, for even or odd m, the blocks
are completely distributed. It is easy to show that for m = 2,
the product of two Metzler matrices becomes an M-matrix;
the product of an M-matrix with a Metzler matrix remains a
Metzler matrix; and the sum of two or more Metzler matrices
(alternatively, M-matrices) maintain its structure. Since (27)
is constructed based on sum and product of Metzler matrices,
—A;’s remain Metzlerian. Note that for m > 2, define block
diagonal stable Metzler matrices F;’s such that each block
is fit with Metzler matrices of size 2 or 1.

VI. ILLUSTRATIVE EXAMPLES

Example 1: Let (3) be in MBCCF with » = 2 and m = 2,
where

2 -1 4 =2
A0:|:_1 3:|7 A1:|:_2 5:|7 BOZIQ'

The stability of the system can be determined by the second-
order matrix polynomial A(s) = Is? + Ays+ Ay, since Ag
and A; are positive definite Metzler matrices. Furthermore,
using Lemma 1 one can also conclude that MBCCEF represen-
tation of (3) is positively stable, since |A1 (4, j)| > |Ao (4, j)]
for all ¢,7. In fact, it is easy to plot the response of the
system with positive initial condition and positive input and
to confirm the positive response.

This example motivates one to consider the possibility of
expanding the class of positive systems beyond Definition 2.
Consider two single-input single-output systems with

e 0 1 - 0 1
Al = |:_3 _4:| y A2 = |:_4 _3:| ’

Both systems {fll,NB,C} and {A,, B, C} are stable. How-
ever, the system {A;, B, C'} admits positive response, since
ay =4 > ag = 3. If we transform {A;, B, C} with

0 1
p-l 4

the resulting system becomes Metzlerian with
-2 1 = 1
) 2], B_pB_H,
C=Ccp'=[1 0].
So, all stable second-order systems in CCF with a; > ag
represent positive systems.

A = PAP ! = [

Example 2: Consider the unstable BCCF
10 I |0
A=l S]e=la)

3 1 2 4
o=fa 3] =)

Let /11 = [0 IQ] anEi define (20). Then construct A from
(21) with unknown A,. Solving the stabilization problem
(22) for the pair

=[] a-[}) s

where

0 Iy

one possible solution was obtained as

-2 -1 -7 1
K{S -1 1 —1}’

which makes A + BK stable with eigenvalues
—7.374, —0.4414, —0.0920 £ ;0.5466. The required
state feedback gain matrix for the pair {A, B} can be
computed from (19), whereby K = flg = [—Ao — 1211]
specifies the blocks fll and /12. Thus,

. D |

—5] = |-3 -6
: 7 1], [-2 —4] _[-9 -3
Ki=—ditdi = [ 1 —1%{—3 —7} - [—2 —8} !

and K = [K( K] stabilizes A = A+ BK and maintains the
BCCF structure. Note that A is not in MBCCF. However,
one can apply the design of section V-B to guarantee
the structure of MBCCF. Since this system is in second
order BCCF, one can also employ lemma 1 and apply twice
stabilization of section IV for Ay and A; to achieve MBCCEF.



Example 3: Consider the following system in BCCF (3)
with m = 2 and r = 3, where

1 -1 2 4 -1 2

S e B |
It is not difficult to see that the system is unstable. Let
us apply the procedure of Section V-B to stabilize the
system by eigenvalue assignment such that the closed-
loop system becomes MBCCF with desired eigenvalues
-1, =2, =3, —4, —5, —6. Using these eigenvalues, the ma-
trix F' in (24) can be constructed with the following Metzler
matrices:

-2 1 -2 0 -5 1
Sl P B P B P

Applying Theorem 2 with the aid of (25) and (26), we get
Pyr = —Fy, P31 =FFy,, Psx=—Fy— I, and

9 =2
-2 12|’

25 14
—14 46 |’

Ay=—(Fy+FL+ F) =

A= FoFy + FoFy + Y Fy = {
A 25 =29

Ag = —FoFlFQ = |:20 592 :| .

Thus, the matrices —fli’s, 1 = 1,2, 3 become strictly Metzler
matrices and A will be the Metzlerian block companion
matrix. Finally, the required state feedback gain matrix can
be obtained from (19) as

-8 1 =23 18

K=y _j0 17

—-34 27
—47 22 —64|°

Hence, the closed-loop system results in MBCCF with the
desired eigenvalues.

VII. CONCLUSIONS

In summary, we introduced generalized Metzlerian sys-
tems formulated in block controllable canonical form and
defined it as Metzlerian Block Controllable Canonical Form
(MBCCEF). A central stability criterion for continuous-time
positive Metzlerian systems was used to serve as the foun-
dation for the development of stabilization methods. A state-
feedback control design strategy was outlined to demonstrate
how the closed-loop dynamics can be stabilized to maintain
the MBCCF structure. The theoretical results were further
supported by illustrative examples, confirming the practical-
ity and effectiveness of the proposed approach.
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