
  

  

Abstract— This paper presents an automatic differentiation 
framework based on finite nilpotent hypercomplex algebra for 
computing higher-order rigid-body motion fields. Derivative 
information is embedded into hypercomplex joint increments 
and propagated through the product-of-exponentials 
representation of a serial chain. The formulation is stated for an 
arbitrary finite order n, while the symbolic example is reported 
for n=3, yielding velocity, acceleration, and jerk fields. The 
method is applied to a selected link of the KUKA LBR iiwa 7 
R800 manipulator. For the reported case, direct symbolic 
differentiation confirms the result exactly, with residuals 
simplifying identically to zero. 

Keywords— Lie group SE(3), automatic differentiation, 
nilpotent hypercomplex algebra, higher-order motion fields, 
serial chains. 

I. INTRODUCTION 

Automatic Differentiation (AD) computes derivatives by 
propagating derivative information through elementary 
algebraic operations. It avoids the truncation and step-size 
errors of finite differences and reduces the need for repeated 
symbolic differentiation of increasingly complex expressions 
[1]– [5]. These properties are relevant in robotic kinematics, 
where rigid-body motion must often be described beyond pose 
and velocity, including acceleration, jerk, and higher-order 
motion fields [6]– [8]. 

Hypercomplex and nilpotent algebraic structures provide a 
compact way to embed derivative information directly into 
computational variables. Dual numbers, hyper-dual numbers, 
quaternions, and related tools have been used in rigid-body 
kinematics, automatic differentiation, and higher-order 
derivative computation [9]– [14]. Higher-order rigid-body 
kinematics can also be formulated on the Lie group 𝑆𝐸(3) 
through invariant motion fields, represented at each order by a 
tensor-vector pair [15], [16]. Related hyper-dual, multidual, 
and product-of-exponentials formulations have been 
developed for higher-order differentiation and rigid-body 
kinematics [17]– [22], while a general nilpotent-algebraic 
framework was introduced in [23]. 

This paper applies this framework to serial kinematic 
chains. The derivatives of the joint variables are encoded into 
nilpotent hypercomplex increments and propagated through 
the product-of-exponentials representation. The normalized 
hypercomplex homogeneous transformation then contains, in 
its coefficients, the invariant motion-field quantities of the 
selected rigid body. Hence, velocity, acceleration, jerk, and 
higher-order fields are obtained by coefficient extraction, 
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without finite-difference approximation or separate 
differentiation of the complete forward-kinematics expression 
at each order. 

The formulation is stated for an arbitrary finite order 𝑛, 
while the symbolic expressions reported here are limited to 
𝑛 = 3 for compactness. The MATLAB implementation is 
order-parametric and can generate higher-order quantities by 
increasing the multidual order, subject to symbolic 
complexity. The method is tailored for serial chains by 
utilizing screw generators transferred to the fixed frame and 
hypercomplex joint increments. It has been implemented on a 
specific link of the KUKA LBR iiwa 7 R800 manipulator.  
Direct symbolic differentiation confirms the reported results 
exactly, with residuals simplifying identically to zero. 

II. HIGHER-ORDER ACCELERATION FIELDS OF RIGID-BODY 
MOTION 

Consider a rigid body motion in three-dimensional 
Euclidean space 𝔼!, represented by a one-parameter curve in 
the Lie group 𝑆𝐸(3). The corresponding homogeneous 
transformation is written as 

 𝐠(𝑡) = +𝐑(𝑡) 𝐫"(𝑡)
𝟎 1

0, (1) 

where 𝐑(𝑡) ∈ 𝑆𝑂(3) is the rotation tensor and 𝐫"(𝑡) ∈ ℝ! 
is the position vector of a reference point 𝑄 attached to the 
rigid body. Let 𝑛 ≥ 1 be a fixed finite differentiation order. In 
what follows, the functions 𝐑(𝑡) and 𝐫"(𝑡) are assumed to be 
sufficiently differentiable up to order 𝑛 on the time interval 
𝑡	 ∈ 𝕀 ⊆ ℝ. 

The 𝑗 -th order motion field of the rigid body is an affine 
vector field. Its value at an arbitrary point of the body, 
characterized by the position vector 𝐫 ∈ 𝕍!, is written as 

 𝐚𝐫
(%) = 𝐚% +𝚽%𝐫, 𝑗 = 1, . . . , 𝑛. (2) 

Here, 𝚽% is the corresponding 𝑗-th order invariant tensor, 
while 𝐚% is the corresponding 𝑗-th order invariant vector 
associated with the translational component of the rigid-body 
motion field [15]. These quantities are defined as follows: 

 𝚽% = 𝐑(%)𝐑' , 𝑗 = 1, . . . , 𝑛, (3) 

 𝐚% = 𝐫"
(%) −𝚽%𝐫" , 𝑗 = 1, . . . , 𝑛. (4) 
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The tensor 𝚽% describes the rotational contribution of the 
𝑗-th order motion field, whereas 𝐚% represents the 
corresponding invariant vector contribution. The vector 𝐚% 
should not be interpreted as the direct 𝑗-th derivative of the 
position vector of the reference point [15], [22], [23]. It is 
obtained from 𝐫"

(%) after subtracting the rotational contribution 
𝚽%𝐫". Therefore, the pair A𝚽% , 𝐚%B gives the invariant 
description of the complete 𝑗 -th order vector field over the 
rigid body. 

The complete set of higher-order motion fields up to order 
𝑛 is denoted by  

 ℋ((𝐠) = DA𝚽% , 𝐚%B	|	𝑗 = 1, . . . , 𝑛F. (5) 

The recursive construction of these invariant quantities is 
discussed in [15], while their representation by nilpotent 
multidual algebra is developed in [23]. In the present paper, 
the fields are not computed recursively. Instead, they are 
recovered simultaneously from the coefficients of a 
hypercomplex homogeneous transformation. 

The formulation above is kept for an arbitrary finite order 
n. In the symbolic application reported in this paper, the 
selected order is 𝑛 = 3. Consequently, the explicitly reported 
fields are 

 ℋ!(𝐠) = {(𝚽), 𝐚)), (𝚽*, 𝐚*), (𝚽!, 𝐚!)}. (6) 

These fields correspond respectively to the velocity, 
acceleration, and jerk fields.  

This formulation is stated at the level of an arbitrary rigid-
body motion and an arbitrary finite order 𝑛. The subsequent 
sections specialize it to a serial manipulator by using a 
hypercomplex homogeneous representation and screw 
generators transported to the fixed frame. In the symbolic 
example, the computation is performed for a selected link of 
the KUKA LBR iiwa 7 R800 manipulator. However, the 
mathematical construction is not restricted to that link or to the 
third order; the third-order case is used because it provides 
compact symbolic expressions suitable for explicit reporting. 

III. HYPERCOMPLEX NILPOTENT DIFFERENTIAL 
TRANSFORM 

The complete construction of multidual numbers, 
multidual vectors, multidual tensors, and the associated 
differential transform is given in [23]. In the present paper, 
only the algebraic notation required for the hypercomplex 
homogeneous-matrix formulation is recalled. The notation is 
kept consistent with the previous section: 𝑛 denotes a fixed 
finite differentiation order, while 𝑗 denotes the extracted 
coefficient order. 

Let 𝑛 ≥ 1 be fixed. The finite nilpotent hypercomplex 
algebra used in this work is defined by 

 ℝI = ℝ⊕ 𝜀ℝ⊕ 𝜀*ℝ⊕. . .⊕ 𝜀(ℝ, 𝜀 ≠ 0, 𝜀(+) = 0. (7) 

A generic element 𝑥O ∈ ℝI  can be written in the form 

 𝑥O = ∑ 𝑥%𝜀%(
%,- , 𝑥- = 𝑥, 	𝑥% ∈ ℝ,			𝑗 = 0, . . . , 𝑛. (8) 

The real part of 𝑥O is denoted by 

 𝑅𝑒(𝑥O) = 𝑥, (9) 

while its nilpotent part is 

 𝑀𝑢(𝑥O) = Δ𝑥O = 𝑥O − 𝑥 = ∑ 𝑥%𝜀%(
%,) . (10) 

If [𝜀%] denotes the coefficient extraction operator, then 

 [𝜀%]𝑥O = 𝑥% , 𝑗 = 0, . . . , 𝑛. (11) 

The multiplication of the nilpotent basis elements of ℝI  is 
governed by  

 𝜀.𝜀/ = 𝜀/𝜀. = X𝜀
.+/, 𝑘 + 𝑝 ≤ 𝑛,
0, 𝑘 + 𝑝 ≥ 𝑛 + 1. (12) 

Thus, all algebraic expressions are automatically truncated 
at order 𝑛 by the nilpotency condition. This finite-dimensional 
structure is the algebraic mechanism used to encode a finite 
number of derivatives in a single hypercomplex quantity. 

Let 𝑓: 𝕀 ⊆ ℝ → ℝ, 𝑓 = 𝑓(𝑡), be sufficiently differentiable 
up to order 𝑛. The hypercomplex differential transform of 𝑓 is 
defined by 

 𝑓_(𝑡) = 𝑓(𝑡) + 𝜀𝑓̇(𝑡) + 0!

*!
𝑓̈(𝑡)+. . . + 0"

(!
𝑓(()(𝑡). (13) 

Equivalently, 

 𝑓_(𝑡) = ∑ 0#

%!
𝑓(%)(𝑡)(

%,- . (14) 

Therefore, the derivative of order 𝑗 is recovered from the 
coefficient of 𝜀% by 

 𝑓(%)(𝑡) = 𝑗! [𝜀%]𝑓_(𝑡), 𝑗 = 0, . . . , 𝑛. (15) 

The same transform is applied component-wise to vector 
and matrix functions. Thus, for a vector function 𝐚(𝑡), 

 𝐚c(𝑡) = ∑ 0#

%!
𝐚(%)(𝑡)(

%,- , (16) 

and a matrix function 𝐀(𝑡), 

 𝐀e(𝑡) = ∑ 0#

%!
𝐀(%)(𝑡)(

%,- . (17) 

The transform is compatible with the standard algebraic 
operations used in kinematic mappings. For functions that are 
sufficiently differentiable and allow these operations, 

 (𝑓 + 𝑔)g = 𝑓_ + 𝑔c, (18) 

 (𝑓𝑔)g = 𝑓_𝑔c, (19) 

 (𝜆𝑓)g = 𝜆𝑓_, ∀𝜆 ∈ ℝ, (20) 

 (𝑓 ∘ 𝛼)g = 𝑓(𝛼c), 𝛼 ∈ 𝐶((𝕀). (21) 

Consequently, derivative information is propagated 
through algebraic operations in ℝI , without finite-difference 
approximations and without separately differentiating the final 
expressions. 

For the symbolic application reported in this paper, the 
selected order is 𝑛 = 3. In this case, Eq. (13) becomes 

 𝑓_(𝑡) = 𝑓(𝑡) + 𝜀𝑓̇(𝑡) + 0!

*
𝑓̈(𝑡) + 0$

2
𝑓m(𝑡), 𝜀3 = 0. (22) 



  

Thus, the third-order hypercomplex representation 
contains the value and the first three derivatives of each 
transformed quantity. This is the finite-order algebraic tool 
used in the subsequent homogeneous-matrix formulation. 

IV. HYPER-STATE OF A RIGID BODY USING THE 
HYPERCOMPLEX DIFFERENTIAL TRANSFORM 

Consider the rigid-body motion introduced in Eq. (1). The 
real pose of the rigid body is described by the homogeneous 
transformation 𝐠(𝑡), while the hypercomplex differential 
transform introduced in Section III gives the corresponding 
hypercomplex homogeneous matrix 

 𝐠c(𝑡) = +𝐑
e(𝑡) 𝐫c"(𝑡)
𝟎 1

0. (23) 

Here, 𝐑e(𝑡) and 𝐫c"(𝑡) are obtained by applying the 
hypercomplex differential transform component-wise to 𝐑(𝑡) 
and  𝐫"(𝑡), respectively. The matrix 𝐠c(𝑡) contains the pose and 
its time derivatives up to the selected finite order 𝑛. In the 
present formulation, the invariant motion-field quantities are 
obtained after normalization with respect to the real pose. For 
compactness, the explicit time argument is omitted in the 
following equations. 

The normalized homogeneous hypercomplex matrix is 
defined as 

 𝐡o = 𝐠c𝐠4).			 (24) 

The inverse homogeneous transformation is 

 𝐠4) = +𝐑
' −𝐑'𝐫"
𝟎 1

0.			 (25) 

Hence, one obtains 

 𝐡o = +𝚽I 𝐚O
𝟎 1

0, (26) 

where 

 𝚽I = 𝐑e𝐑' , (27) 
and 

 𝐚O = A𝐫c" − 𝐑e𝐑5𝐫"B = 𝐫c" −𝚽I𝐫" . (28) 

Using the definitions introduced in Section II, the 
hypercomplex tensor 𝚽I  and the hypercomplex vector 𝐚O have 
the coefficient expansions 

 𝚽I = ∑ 0#

%!
𝚽%(

%,- , 𝚽- = 𝐈, (29) 

 𝐚O = ∑ 0#

%!
𝐚%(

%,- , 𝐚- = 𝟎. (30) 

Consequently, the invariant motion-field quantities are 
recovered by coefficient extraction as follows: 

 𝚽% = 𝑗! [𝜀%]𝚽I 	, 𝑗 = 1, . . . , 𝑛, (31) 

 𝐚% = 𝑗! [𝜀%]𝐚O, 𝑗 = 1, . . . , 𝑛. (32) 

For an arbitrary point of the rigid body, characterized by 
the position vector 𝐫, the associated hypercomplex point-field 
representation is obtained as 

 q𝐲O𝐫1 s = 𝐡o q𝐫1s. (33) 

Therefore, 

 𝐲O𝐫 = 𝚽I	𝐫 + 𝐚O. (34) 

Using Eqs. (29) and (30), this becomes 

 𝐲O𝐫 = 	𝐫 + ∑ 0#

%!
A𝐚% +𝚽%𝐫B(

%,) . (35) 

From Eq. (2), the term between parentheses is precisely the 
value of the 𝑗-th order motion field at the point characterized 
by 𝐫. Hence, 

 𝐲O𝐫 = 	𝐫 + ∑ 0#

%!
𝐚𝐫
(%)(

%,) . (36) 

Thus, the normalized hypercomplex matrix 𝐡o  contains the 
invariant motion fields of the rigid body up to the selected 
finite order 𝑛. The real pose is represented by 𝐠, while 𝐡o  
contains the associated invariant field information. Therefore, 
the finite-order hyper-state may be represented by the pair 
A𝐠, 𝐡o B, or equivalently by the hypercomplex homogeneous 
transformation 𝐠c together with its normalized form. 

For the symbolic application reported in this paper, the 
selected order is 𝑛 = 3. In this case, Eqs. (29) and (30) become 

 𝚽I = 𝐈 + 𝜀𝚽) +
0!

*
𝚽* +

0$

2
𝚽!, (37) 

 𝐚O = 𝜀𝐚) +
0!

*
𝐚* +

0$

2
𝐚!. (38) 

Accordingly, the point-field representation is 

 𝐲O𝐫 = 𝐫 + 𝜀𝐚𝐫
()) + 0!

*
𝐚𝐫
(*) + 0$

2
𝐚𝐫
(!). (39) 

The terms multiplying 𝜀, 𝜀*/2, and 𝜀!/6 correspond 
respectively to the velocity, acceleration, and jerk fields of the 
point characterized by 𝐫. regardless of how the rigid-body 
motion is produced. 

V. HIGHER-ORDER MOTION FIELDS OF SERIAL CHAINS 
USING HYPERCOMPLEX ALGEBRA 

Consider a spatial serial kinematic chain composed of rigid 
bodies 𝐶-, 𝐶), . . . , 𝐶6, where 𝐶- denotes the fixed base. Let 𝐶7,
𝑠 = 1, . . . , 𝑚, be the selected rigid body of the chain. Its pose 
with respect to the fixed frame is described by the product-of-
exponentials mapping 

 
𝐠7 = 𝑓7(𝐪7)

	= exp( 𝐒𝟏∧	
- 𝑞)) exp( 𝐒𝟐∧	

) 𝑞*)…exp( 𝐒7∧	
74) 𝑞7) ,

	𝑠 = 1,… ,𝑚.
 (40) 



  

Here, 

 𝐪7 = [𝑞), 𝑞*, … , 𝑞7]' (41) 

is the vector of joint variables associated with the motion of 
𝐶7. The vector 𝐒.	.4)  denotes the screw coordinate vector of 
joint 𝑘, expressed in the reference frame attached to 𝐶.4), 
while 𝐒.∧	

.4) ∈ 𝑠𝑒(3) denotes its corresponding matrix 
representation. The joint variables 𝑞. = 𝑞.(𝑡), 𝑘 = 1,… , 𝑠, 
are assumed to be sufficiently differentiable up to the selected 
finite order 𝑛. 

For compactness, we define the partial forward kinematic 
map 

 
𝐟- = 𝐈3,

𝐟.4) = exp( 𝐒𝟏∧	
- 𝑞))…exp( 𝐒.4)∧

	
.4* 𝑞.4)) ,

𝑘 = 2,… , 𝑠.
		 (42) 

The spatial screw vector associated with joint k, expressed 
in the fixed frame, is obtained through the adjoint 
transformation 

 𝐉. = Ad𝐟%&' 𝐒.	.4) , 𝑘 = 1,… , 𝑠,		 (43) 

with 𝐉) = 𝐒)	- . The quantities 𝐉. are used here as screw 
generators transported to the fixed frame. Although they may 
be arranged column-wise as a screw Jacobian, the present 
construction does not rely on a velocity-level geometric 
Jacobian relation. If 

 𝐉. = q
𝐮.
𝐮-.s , 𝑘 = 1,… , 𝑠, (44) 

then the corresponding matrix representation in 𝑠𝑒(3) is 

 𝐉.∧ = +𝐮�.
	 𝐮-.
𝟎' 0

0 , 𝑘 = 1,… , 𝑠, (45) 

where 𝐮�.	  is the skew-symmetric matrix associated with 𝐮.. 
The hypercomplex joint increment associated with the 𝑘-

th joint is defined as 

 Δ𝑞c. = 𝑞c. − 𝑞. = ∑ 0#

%!
𝑞.
(%)(

%,) , 𝑘 = 1,… , 𝑠, 𝜀(+) = 0.	 (46) 

The zero-order term is not included in Δ𝑞c., because the 
real configuration is already contained in the real pose 𝐠7. 
Therefore, only the derivative information of the joint 
variables is carried by the nilpotent part. 

For the symbolic application reported in this paper, the 
selected order is 𝑛 = 3. In this case, 

 Δ𝑞c. = 𝑞̇.𝜀 +
)
*
𝑞̈.𝜀* +

)
2
𝑞.𝜀!, 𝑘 = 1,… , 𝑠, 𝜀3 = 0. (47) 

The normalized hypercomplex homogeneous matrix 
associated with the selected body 𝐶7 is then obtained as 

 𝐡o 7 = exp(𝐉)∧Δ𝑞c)) exp(𝐉*∧Δ𝑞c*)…exp(𝐉7∧Δ𝑞c7). (48) 

Equation (48) is the serial-chain specialization of the 
normalized hypercomplex matrix introduced in Section IV. It 

combines the screw generators transported to the fixed frame 
with the hypercomplex joint increments. The end-effector case 
is obtained by setting 𝑠 = 𝑚, while for an intermediate rigid 
body only the first 𝑠 active joints are involved. 

Applying the hypercomplex differential transform to the 
POE mapping in Eq. (40) gives 

 𝐠c 7 = exp( 𝐒𝟏∧	
- 𝑞c)) exp( 𝐒𝟐∧	

) 𝑞c*)…exp( 𝐒7∧	
74) 𝑞c7), (49) 

where 

 𝑞c. = 𝑞. + Δ𝑞c. , 𝑘 = 1,… , 𝑠. (50) 

The inverse of the real transformation 𝐠7 is 

 𝐠74) = exp(− 𝐒7∧	
74) 𝑞7)…exp(− 𝐒𝟐∧	

) 𝑞*) exp(− 𝐒)∧	
- 𝑞)), (51) 

Using 

 𝐡o 7 = 𝐠c 7𝐠74), (52) 

and the adjoint transformation properties in 𝑆𝐸(3), Eq. (48) 
follows. Thus, the higher-order derivative information is 
propagated algebraically through the ordered product of 
hypercomplex screw exponentials, without explicitly 
differentiating the complete POE mapping. 

The matrix 𝐡o 7 has the block form 

 𝐡o 7 = +𝚽I 7 𝐚O7
𝟎 1

0, (53) 

Consequently, 

 𝚽I 7 = ∑ 0#

%!
𝚽7,%

(
%,- , 𝚽7,- = 𝐈, (54) 

 𝐚O7 = ∑ 0#

%!
𝐚7,%(

%,- , 𝐚7,- = 𝟎. (55) 

The invariant motion-field quantities of body 𝐶7 are 
recovered by coefficient extraction: 

 𝚽7,% = 𝑗! [𝜀%]𝚽I 7, 𝑗 = 1, . . . , 𝑛, (56) 

 𝐚7,% = 𝑗! [𝜀%]𝐚O7, 𝑗 = 1, . . . , 𝑛. (57) 

For the selected rigid body 𝐶7, the 		𝑗 -th order motion field 
is evaluated at an arbitrary point characterized by the position 
vector 𝐫 as 

 𝐚7,𝐫
(%) = 𝐚7,% +𝚽7,%𝐫, 𝑗 = 1, . . . , 𝑛. (58) 

For 𝑛 = 3, the normalized hypercomplex representation of 
this point becomes 

 𝐲O7,𝐫 = 𝐫 + 𝜀𝐚7,𝐫
()) + 0!

*
𝐚7,𝐫
(*) + 0$

2
𝐚7,𝐫
(!). (59) 

The terms multiplying 𝜀, 𝜀*/2, and 𝜀!/6 are the values of 
the velocity, acceleration, and jerk fields at the point 
characterized by 𝐫 on the selected rigid body 𝐶7. 



  

VI. COMPUTATIONAL ALGORITHM AND SYMBOLIC 
EXAMPLE 

This section presents the symbolic computational 
procedure used to determine the higher-order motion fields of 
the KUKA LBR iiwa 7 R800 manipulator. The procedure 
follows directly from the hypercomplex formulation of the 
serial-chain motion introduced in Section V. The index 𝑠 
denotes the selected rigid body/link of the manipulator, while 
𝑗 denotes the derivative order. For the KUKA LBR iiwa 7 
R800 manipulator, 𝑠 ∈ {1	, . . . , 7}. The symbolic example 
reported below is given for 𝑠 = 2 and 𝑛 = 3, which yields the 
velocity, acceleration, and jerk fields. 

The computation is symbolic. No numerical trajectory is 
prescribed for the joint variables. The joint coordinates 𝑞. and 
their time derivatives 𝑞̇. , 𝑞̈. and 𝑞. are treated as independent 
symbolic variables at a generic time instant. Consequently, the 
obtained expressions are closed-form exact algebraic 
expressions and can be evaluated afterward for any admissible 
differentiable motion law. The MATLAB implementation is 
order-parametric; the restriction to 𝑛 = 3 is used here only to 
keep the reported symbolic expressions compact. 

The computational procedure is the following. 
Algorithm 1. Symbolic computation of higher-order motion 
fields 

Input: selected link 𝑠, multidual order 𝑛, DH parameters of 
the KUKA LBR iiwa 7 R800, and symbolic joint 
variables 𝑞.(𝑡),	𝑘 = 1,… , 𝑠.  

Step 1. Construct the homogeneous transformation matrices 
of the serial chain using the standard DH model. 

Step 2. Determine the screw generators of the active joints 
and transport them to the fixed frame according to 
Eqs. (43)–(45). 

Step 3. For each active joint, construct the hypercomplex 
joint increment Δ𝑞c. using Eq. (46), or Eq. (47) for 
𝑛 = 3. 

Step 4. Build the ordered product in Eq. (48). 
Step 5. Extract the block components according to Eq. (53). 
Step 6. Recover the invariant motion-field quantities using 

Eqs. (56) and (57). 
Step 7. Validate the symbolic result by checking the 

structural identities of the screw axes and of the 
rotational hypercomplex matrix. An additional 
independent check is performed by differentiating 
the standard forward-kinematics map of the 
selected link and comparing the result with the fields 
obtained by the hypercomplex procedure. 

 For the reported example, the active variables are 𝑞), 𝑞* 
and their derivatives up to order three. The geometric 
parameters are expressed in millimetres. The compact notation 

 c. = cos 𝑞., s. = sin 𝑞. (60) 

is used in the symbolic expressions. For compactness, the 
selected-link subscript is omitted in the following coefficients, 
i.e. 𝚽% = 𝚽7,% and 𝐚% = 𝐚7,%, with 𝑠 = 2. 

For 𝑠 = 2 and 𝑛 = 3, the first-order field coefficient is 

 𝚽) = �
0 −𝑞̇) c)𝑞̇*
𝑞̇) 0 s)𝑞̇*

−c)𝑞̇* −s)𝑞̇* 0
� (61) 

 𝐚) = �
−380c)𝑞̇*
−380s)𝑞̇*

0
� (62) 

The second-order field coefficient is 

 𝚽! = #
−c"!𝑞̇!! − 𝑞̇"! −c"s"𝑞̇!! − 𝑞̈" c"𝑞̈! − 2s"𝑞̇"𝑞̇!
−c"s"𝑞̇!! + 𝑞̈" −𝑞̇"! − s"!𝑞̇!! s"𝑞̈! + 2c"𝑞̇"𝑞̇!

−c"𝑞̈! −s"𝑞̈! −𝑞̇!!
, (63) 

 𝐚* = �
760s)𝑞̇)𝑞̇* − 380c)𝑞̈*
−380s)𝑞̈* − 760c)𝑞̇)𝑞̇*

380𝑞̇**
� (64) 

The third-order field coefficient is 

 𝚽! = �
𝚽!,)) 𝚽!,)* 𝚽!,)!
𝚽!,*) 𝚽!,** 𝚽!,*!
𝚽!,!) 𝚽!,!* 𝚽!,!!

� (65) 

where 

 𝚽!,)) = −3c)*𝑞̇*𝑞̈* + 3s)c)𝑞̇)𝑞̇** − 3𝑞̇)𝑞̈) (66) 

 𝚽!,)* = 𝑞̇)! + 3𝑞̇)𝑞̇**s)* − 3c)s)𝑞̇*𝑞̈* − 𝑞) (67) 

 
𝚽!,)! = −3c)𝑞̇)*𝑞̇* − 3s)𝑞̇)𝑞̈*														

																															−c)𝑞̇*! − 3s)𝑞̈)𝑞̇* + c)𝑞*
 (68) 

 𝚽!,*) = −3c)*𝑞̇)𝑞̇** − 3s)c)𝑞̇*𝑞̈* − 𝑞̇)! + 𝑞) (69) 

 𝚽!,** = −3c)s)𝑞̇)𝑞̇** − 3s)*𝑞̇*𝑞̈* − 3𝑞̇)𝑞̈) (70) 

 	
𝚽!,*! = −3s)𝑞̇)*𝑞̇* + 3c)𝑞̇)𝑞̈*														

																																−s)𝑞̇*! + 3c)𝑞̈)𝑞̇* + s)𝑞*
 (71) 

 𝚽!,!) = c)𝑞̇*! − c)𝑞* (72) 

 𝚽!,!* = s)𝑞̇*! − s)𝑞* (73) 

 	𝚽!,!! = −3𝑞̇*𝑞̈* (74) 

The corresponding third-order vector coefficient is 

 𝐚! = �
𝐚!,)
𝐚!,*
𝐚!,!

� (75) 

with 

 
𝐚!,) = 1140c)𝑞̇)*𝑞̇* + 1140s)𝑞̇)𝑞̈* + 380c)𝑞̇*!
																																					+1140s)𝑞̈)𝑞̇* − 380c)𝑞*

 (76) 

 
𝐚!,* = 1140s)𝑞̇)*𝑞̇* − 1140c)𝑞̇)𝑞̈* + 380s)𝑞̇*!
																																				−1140c)𝑞̈)𝑞̇* − 380s)𝑞*

 (77) 

 	𝐚!,! = 1140𝑞̇*𝑞̈*                                       (78) 

These expressions show that the proposed hypercomplex 
automatic-differentiation procedure generates the complete 
higher-order motion fields directly in symbolic form. The 
result is not restricted to a prescribed numerical trajectory; the 
obtained fields remain valid for arbitrary differentiable 
functions 𝑞.(𝑡). 

The symbolic implementation also performs consistency 
checks. The screw-axis unit-norm residuals, the screw-axis 
orthogonality residuals, the first-order skew-symmetry 
residual of 𝚽), and the hypercomplex rotational orthogonality 
residuals are identically zero. In addition, the fields obtained 
from the hypercomplex computation are compared with those 
obtained by direct symbolic differentiation of the standard 
forward-kinematics map of the selected link. The direct 
reference fields are obtained from 



  

 𝚽%>?@ = 𝐑	(%)𝐑	' ,				𝐚%>?@ = 𝐫"
(%) −𝚽%>?@𝐫"	 . (79) 

For 𝑗 = 	1,2,3, the residuals 𝚽% −𝚽%>?@ and 𝐚% − 𝐚%>?@ 
simplify identically to zero. This confirms that the 
hypercomplex formulation produces the same higher-order 
motion fields as direct symbolic differentiation, while 
obtaining all derivative orders through a single algebraic 
computation. 

VII. CONCLUSION 
This paper presented a nilpotent hypercomplex automatic-

differentiation formulation for higher-order rigid-body motion 
fields. The method represents the finite-order hyper-state by a 
normalized hypercomplex homogeneous transformation, 
whose coefficients directly provide the invariant tensor-vector 
quantities at each differentiation order. The formulation was 
stated for an arbitrary finite order n and specialized to serial 
kinematic chains by using screw generators transported to the 
fixed frame and hypercomplex joint increments. 

The symbolic case study was carried out for a selected link 
of the KUKA LBR iiwa 7 R800 manipulator, with n=3. The 
obtained closed-form expressions give the velocity, 
acceleration, and jerk fields. The third-order case was selected 
only for compact reporting; the mathematical model and 
MATLAB implementation remain order-parametric. 

The results were verified by independent direct symbolic 
differentiation of the standard forward-kinematics map. For 
the reported orders, all residuals simplify identically to zero. 
This confirms that the proposed procedure gives exact 
algebraic higher-order motion fields, without finite-difference 
approximation and without separately differentiating the 
complete product-of-exponentials expression for each order. 

Future work will address numerical implementations for 
snap and higher-order derivatives, focusing on computational 
efficiency, structural consistency, and extension to broader 
serial multibody and robotic systems. 

CODE AVAILABILITY 
The MATLAB source code and command-window output 

supporting the reported symbolic results are archived in 
Zenodo [24]. 
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