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Abstract— Control schemes for multi-agent systems are often
designed to be decentralized to increase their fault robustness
and reduce computational costs compared to a centralized
scheme. The literature on consensus problems and, more gen-
erally, decentralized control is extensive. However, most work
assumes knowledge of quantities related to the communication
topology. These quantities are centralized because each agent
does not have access to them solely through its own information
and that of its neighbors. Therefore, it is necessary to estimate
them in a distributed manner to obtain fully decentralized
control laws. In this paper, the problem is detailed and
illustrated with examples. A review of existing methods for
estimating the Laplacian matrix of a graph or the number
of agents in the network is then presented. Some interesting
research directions are also discussed.

Index Terms— Multi-agent systems, Distributed estimation,
Laplacian matrix.

I. INTRODUCTION

Networked systems are used in many applications [1].
Sensor networks monitor physical or environmental condi-
tions such as temperature, sound, vibration, or pressure better
than isolated sensors. Indeed, the network can achieve an
accurate estimate of the variables of interest with a lower
computational cost by exchanging local information with
neighbors. Molecular devices can be combined to create a
molecular dynamical system. The latter produces chemical
reactions used for transitioning between several stable states
of a molecule. The structure of social networks is also studied
in theoretical sociology, organizational studies, and socio-
linguistics, as well as the impact of the dynamic of an
agent on the network. Complex networks of heterogeneous
power system elements are often used to deliver energy from
generators to machines. In particular, smart grids have been
widely studied for using energy in a more efficient manner.

Multi-agent systems usually pursue a common objective
or distributively complete a task using local data exchanges.
Each agent is only aware of its own information and that
of its neighbors. The communications among agents are
represented using graph theory, and the set of edges in the
graph describes the communication topology. An important
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element related to this topology is the Laplacian matrix,
because it gives information about the connectivity of the
network [2]. In fact, the set of neighbors of each agent and
the weight of each communication link are directly obtained
from the Laplacian matrix. Furthermore, its spectrum is often
involved in the parameterization of control laws for multi-
agent systems [3], [4], [5]. The smallest non-zero eigenvalue
of the Laplacian matrix describing an undirected graph,
called algebraic connectivity, is particularly important as it is
a crucial variable used for connectivity maintenance [6], [7]
or network analysis, especially the study of controllability,
observability, or connectivity [8]. The number of agents
present in the system is also a global variable that each agent
does not necessarily know, especially in the case of open
multi-agent systems, i.e. networked systems with a variable
number of nodes.

To obtain a completely decentralized scheme, it is neces-
sary to distributively estimate any topological information,
such as the spectrum of the Laplacian matrix or the number
of agents.

The rest of the paper is organized as follows. Some
important graph-theoretic concepts are summarized and
the problem is introduced and illustrated in Section 2.
In Section 3, a review of some methods for estimating
topological information is presented, i.e. the spectrum of the
Laplacian matrix, specifically the algebraic connectivity, and
the number of agents. Section 4 proposes some directions
for deepening the research concerning the decentralized
estimation of global topological quantities.

Notations: Symbols R,R+,N denote the sets of real
numbers, positive real numbers, and natural numbers, respec-
tively. Vectors are written in bold, and matrices in capital
letters. As examples, 1 = [1, . . . , 1]T , 0 = [0, . . . , 0]T ∈
NN , IN is the identity matrix of N , and 0N is the matrix of
size N filled with zero entries, with N ∈ N. λmin(A) and
λmax(A) denote the smallest and the greatest eigenvalues of
a square matrix A, respectively. A∗ is the conjugate transpose
of matrix A. For p ∈ N ∪ {∞}, ∥u∥p denotes the p-norm
of a vector u ∈ RN . Given a finite set X , symbol card(X)
denotes its cardinality.

II. PRELIMINARIES AND PROBLEM
FORMULATION

Some graph-theoretical concepts will be recalled. A com-
munication network is represented by a graph denoted G =
(V, E), with V = {v1, . . . , vN} the set of nodes (agents) and
E ⊆ V × V the set of edges whose elements are written
as eij = {vi, vj}. The graph can be weighted and denoted



G = (V, E , w), where w : E → R+ is a function associating
a weight to each edge. The set of out-neighbors N+

i =
{vj ∈ V | (vi, vj) ∈ E} contains the N+

i = card(N+
i ) ≤ N

agents to which the agent i sends information. The set of
in-neighbors N−

i = {vj ∈ V | (vj , vi) ∈ E} contains the
N−

i = card(N−
i ) ≤ N agents from which the agent i

receives information.
The graph G is undirected if ∀i, j ∈ {1, . . . , N}, eij =

eji. Otherwise, the graph is directed. For an undirected graph,
N−

i = N+
i = Ni and N−

i = N+
i = Ni.

A path is a sequence of edges of the form eij , ejk, . . . .
A directed graph is said to be strongly connected if there is
a path from every node to every other node. An undirected
graph is called connected analogously. A directed graph is
weakly connected if it is connected when the edge eji is
added to the set E for every eij ∈ E .

The adjacency matrix represents the communication net-
work and is defined as A ∈ RN×N with aij = w(eij) >
0 if (i, j) ∈ E and aij = 0, otherwise. If the graph
representing the network is undirected, aij = aji. If the
graph is unweighted, w(eij) = 1 for every (i, j) ∈ E . The
degree matrix D ∈ RN×N with entries dii =

∑N
j=1 aij is a

diagonal matrix. The Laplacian matrix associated with graph
G is defined by L = D − A. L is a positive semidefinite
matrix and its eigenvalues are denoted λ1 ≤ λ2 ≤ · · · ≤ λN .
The Laplacian matrix of an undirected graph is symmetric
and 0 = λ1 < λ2 if the graph is connected, with λ2

the algebraic connectivity and v2 an associated eigenvector
whose elements are denoted v21 , . . . , v2N ;

To demonstrate the purpose of this survey, some examples
of control laws for multi-agent systems are considered. In [3],
a weighted connected undirected graph is considered whose
nodes are agents with double-integrator dynamics:

ξ̇i = ζi,

ζ̇i = ui,

ui =
∑

vj∈Ni

aij(γ0(ξj − ξi) + γ1(ζj − ζi)),

where ξ = [ξ1, . . . , ξN ]T ∈ RN , ζ = [ζ1, . . . , ζN ]T ∈ RN

and ui ∈ R. As γ0 > 0 is given, the maximum consensus
speed is achieved as

γ1 =
2
√
γ0λN√

λ2(2λN − λ2)
.

In [4], the authors consider a leader-follower consensus
problem. The dynamics of each follower and of the leader
are given by

ẋi = f(t,xi) + ui, i = 1, . . . , N,

ẋ0 = f(t,x0) + u0,

where x0 ∈ Rm is the virtual leader state, u0 is its control
input satisfying ∥u0∥ ≤ l, xi ∈ Rm is the state of the agent
vi, ui is its control input, and the continuous in t function
f : R+ ×D → Rm is the uncertain nonlinear dynamics of
the agents, D ⊂ Rm being a domain containing the origin.

Furthermore, there exist positive constants l1, l2, l3 such that
∀x1,x2 ∈ D, ∀t ≥ 0

∥f(t,x1)−f(t,x2)∥2 ≤ l1+ l2∥x1−x2∥2+ l3∥x1−x2∥4.

The communication network among followers is rep-
resented by a connected undirected weighted graph. The
matrix H = L + diag(a10, . . . , aN0) describes the entire
communication topology, where ai0 > 0 if the leader state
is available to the i-th agent and ai0 = 0 otherwise. If at
least one ai0 > 0, then the consensus is achieved with the
control protocol

ui = α

 N∑
j=0

aij(xj − xi)


2

+ β

N∑
j=0

aij(xj − xi) + γ sign

 N∑
j=0

aij(xj − xi)

 ,

where the function ⌊a⌉b is described as ⌊a⌉b = |a|bsign(a),
and the parameters are defined as

α =

√
l3(λmax(H))3/2

(λmin(H))7/2
+

ϵ
√
N

(2λmin(H))3/2
,

β =

√
l2

λmin(H)
,

γ = l +
√
l1N + ϵ

√
λmax(H)

2λmin(H)
,

with ϵ > 0.
In [5], the authors consider a connected weighted undi-

rected graph representing a network of N agents whose
dynamics are described by

ẋi(t) = Axi(t) +Bui(t) + f(xi), i = 1, . . . , N,

where xi ∈ Rp is the state of the agent vi, ui ∈ Rq is its
control input, f(.) : Rp → Rp is a nonlinear function, and
A ∈ Rp×p, B ∈ Rp×q express the matrices of the system.
The following event-triggered control protocol is designed to
achieve consensus:

ui(t) = cK
N∑
j=1

aij (x̃i(t)− x̃j(t)), i = 1, . . . , N,

where K is a feedback matrix, c > 0 satisfies c ≥ ξ
λ2

with
ξ > 0, and x̃i(t) = eA(t−tik)xi(t

i
k) is the state estimation of

xi(t) for the i-th agent, with tik (t
i
0 = 0) the k-th triggering

instant of the i-th agent.
From these three examples, one can see that the infor-

mation related to the communication topology is necessary
for defining the parameters of decentralized control laws for
multi-agent systems. Therefore, in the following, techniques
for distributively estimating the spectrum of the Laplacian
matrix and the number of agents interacting in the network
are going to be reviewed, as well as schemes designed
specifically to estimate the algebraic connectivity.



III. DISTRIBUTED ESTIMATION OF TOPOLOGICAL
INFORMATION

A. Spectrum of the Laplacian matrix

Some studies aim to estimate the entire spectrum of the
Laplacian matrix. These are powerful because some control
laws are parametrized depending on different eigenvalues of
the topology matrix. Indeed, most of those works estimate
the eigenvalues of a matrix related to the graph but not
necessarily the Laplacian one. In the following, the notation
W is used to refer to a matrix describing the communication
topology, for instance the adjacency matrix or the Laplacian
matrix. In [9], the topology matrix W representing a strongly
connected directed graph is transformed into a nonsingular
matrix W̄ , and the eigenvalues of W can be inferred from
those of W̄−1. The principle is then to compute W̄−1

distributively using a consensus-based update law to make an
estimator matrix converge to this inverse. The main drawback
of this method is its computational cost because each agent
needs to store N2 values.

More works focus on using observations of the update
law. The authors of [10] consider Ki + 1 observations of a
linear update law evolving under a connected unweighted
undirected graph, where Ki is a quantity related to the
observability for the agent vi. It can be upper-bounded by
N − Ni. The observations are then gathered to create a
matrix whose left singular vectors can be retrieved. From
these vectors, it is possible to compute the eigenvalues of the
topology matrix. The estimation is precise, but depending on
the connectivity of the graph, it is possible that some nodes
cannot observe the eigenvalues. Also, relying on observations
requires the state to be updated a certain number of times
before starting the procedure of spectrum estimation.

The observations can also be used together with opti-
mization problems. In [11], a cost function is proven to
be minimal only if all distinct eigenvalues of the Laplacian
matrix can be retrieved from the set of all step sizes used
during optimization. The authors propose an algorithm that
tests each step size to determine if it is linked to one of
the distinct eigenvalues of L. The output of this algorithm
is a set from which all distinct eigenvalues can be inferred.
The approach of [12] relies on using the discretized wave
equation as the update law for the agents. From the history
of states, a data-driven model is identified by solving an
optimization problem in a distributed manner. A polynomial
is then constructed using the optimizing quantities as co-
efficients, and the eigenvalues of the normalized Laplacian
matrix can be inferred from its roots.

In the same idea as [12], some studies aim to create a
polynomial whose roots are related to the eigenvalues of the
topology matrix. The following dynamics are considered in
[13]:

x(k + 1) = Wx(k),

where W is the topology matrix associated with a connected
weighted undirected graph. As the system is discrete, one
can write x(N) = WNx(0) and use the Cayley-Hamilton

theorem

WN = −y(0)IN − y(1)W − · · · − y(N−1)WN−1,

where y(i) is the i-th coefficient of the characteristic poly-
nomial of W . Therefore, the following equalities hold:

x(N) = (−y(0)IN − y(1)W − · · · − y(N−1)WN−1)x(0),

−x(N) = y(0)x(0) + y(1)x(1) + · · ·+ y(N−1)x(N − 1),
−x1(N)
−x2(N)

...
−xN (N)

=


x1(0) x1(1) . . . x1(N − 1)
x2(0) x2(1) . . . x2(N − 1)

...
...

. . .
...

xN (0) xN (1) . . . xN (N − 1)




−y(0)

−y(1)

...
−y(N−1)

,
b = Xy∗.

If the matrix X is nonsingular, then the multi-agent system is
able to cooperatively find y∗ such that the previous equality
holds by using the following dynamics:

ẏi(t) = −αi(Xi
Tyi(t)− bi)Xi −

∑
j∈Ni

βij(yi(t)− yj(t)),

where yi(t) = [y
(0)
i (t), y

(1)
i (t), . . . , y

(N−1)
i (t)]T is the esti-

mate of y∗ of the agent vi, Xi
T is the i-th row of the matrix

X , bi is the i-th element of b, and αi > 0 ∀vi ∈ V and
βij > 0 ∀{i, j} ∈ E are parameters. yi(t) exponentially
converges to y∗. Therefore, each agent can continuously
estimate the roots of the following polynomial, i.e. the
spectrum of W :

det(λIN −W ) = (λ− λ1)(λ− λ2) . . . (λ− λN )

= λN + y(N−1)λN−1 + · · ·+ y(1)λ+ y(0).

The authors also propose a method to perturb the matrix W
to almost ensure that the matrix X is nonsingular. This paper
presents a rather simple method, illustrating some similar
works that can be found in the literature, such as in [14] that
is based on the minimal polynomial of a matrix.

The drawback of these studies is often that the proposed
method is not scalable by definition: if the goal is to estimate
all the eigenvalues of a matrix, then if the number of agents
increases, the size of the matrix and the number of its eigen-
values do so. Indeed, the scalability of the communication in
Table I should be considered together with the scalability of
the computational cost and the scalability of the memory
storage. The latter is difficult to properly quantify. For
instance, in [10], [11], the maximum number of observations
increases linearly with the size of the network, but the
minimum number of observations needed is not studied. In
[14], the storage of a matrix is needed. The maximum size
of the matrix is N ×N , but the minimum necessary size is
not given. The scalability of the computational cost is also
difficult to quantify because it depends on the method that is
used. For example, a root-finding algorithm is needed in [12],
[13], and the computational cost depends on the algorithm
that is considered. It is also hard to estimate the cost of the
computation of the left singular vector of a matrix [10] or
of the kernel of a matrix [14].



TABLE I
COMPARISON OF THE PRESENTED METHODS FOR THE ESTIMATION OF

THE SPECTRUM OF THE TOPOLOGY MATRIX.

Reference Communication
scalability Decentralization Convergence

[9] O(N2)
Fully

decentralized Exponential

[10] O(1)
Fully

decentralized Finite-time

[11] O(1)
Need for the

final consensus
value

Linear

[12] O(1)
Fully

decentralized Asymptotic

[13] O(1)
Fully

decentralized Exponential

[14] O(1)
Fully

decentralized Finite-time

B. Algebraic connectivity

As the algebraic connectivity λ2, among the whole spec-
trum of the Laplacian matrix, is playing a particularly impor-
tant role for network analysis and connectivity maintenance,
some studies focus on estimating this particular eigenvalue.
In [15], the authors propose to estimate a lower and an
upper bound to λ2, written λ̌2 and λ̂2, respectively. The
error between the actual value of λ2 and the bounds λ̌2 and
λ̂2 is bounded. This method relies on exploiting the role
of λ2 in achieving consensus by distributively computing
the discrepancy between the state of the agents. Although
this method works with weakly connected directed graphs,
obtaining a set of possible values may not be precise enough
depending on the application.

Most studies are based on the power iteration algorithm.
Consider a diagonalizable matrix A and a vector bk. The sets
{λ1, . . . , λn} and {v1, . . . , vn} are the sets of eigenvalues
and associated eigenvectors of A, respectively, with λn the
greatest eigenvalue of the set. If b0 has a nonzero component
in the direction of vn, then

bk+1 =
Abk

∥Abk∥
,

µk =
bk

∗Abk

bk
∗bk

,

exponentially converge to vn and λn, respectively. As −λ2

is the second greatest eigenvalue of −L, this algorithm is
relevant to estimate it. In fact, it is possible to construct a
matrix whose greatest eigenvalue is λ2 by using a deflation
technique that computes a matrix whose undesired eigenval-
ues become 0.

In [16], the authors deflate the Laplacian matrix and then
use a decentralized modified version of the power iteration
algorithm to acquire information about λ2 through a vector
similar to bk. The algebraic connectivity can be estimated
from the relation between the last three instances of bk.
This method is computationally expensive because it requires
2N decentralized estimators and an algorithm to solve a
set of linear equations. However, it works with strongly
connected directed graphs and can estimate both a real and

complex eigenvalue. The method presented in [17] has the
same advantages and is more scalable. Indeed, only four
estimators are used to decentralize the proposed generalized
power iteration algorithm.

A continuous-time version of the power iteration algorithm
has been developed in [18] and has been the basis of other
studies for its simplicity, scalability, and efficiency. The
authors consider the following dynamics:

ẋ = −k1
N

11Tx− k2Lx− k3

(
xTx

N
− 1

)
x, (1)

where x = [x1, . . . , xN ]T is the state of the estimator for
all agents and k1, k2, k3 are positive constants. The first
term of (1) prevents the model from converging to the
eigenvector v1 = 1 associated with λ1 = 0; it is similar
to a deflation. The second one makes the model converge to
an eigenvector v2 associated with λ2 which is considered the
leading eigenvalue because of the first term. The third term
stabilizes the norm of the estimation. As long as v2x(0) ̸= 0
and the gains satisfy

k1 > λ2k2, k3 > λ2k2,

x converges to an eigenvector v̄2 of L associated with λ2 and
satisfying ∥v̄2∥ =

√
N k3−k2λ2

k3
. This scheme is centralized

due to terms 1Tx and xTx which require that each agent
knows all xi. As these quantities are averages, the authors
propose to use PI average consensus estimators to estimate
them in a decentralized manner:

żi = γ(αi − zi)−KP

∑
j∈Ni

(zi − zj)

+KI

∑
j∈Ni

(wi − wj),

ẇi = −KI

∑
j∈Ni

(zi − zj).

All αi converge to
∑N

i=1 αi

N . In the context of this article, two
estimators are needed and α

(1)
i , α

(2)
i are, respectively, xi and

x2
i . Using these estimators, a decentralized and continuous

version of the power iteration algorithm is obtained. As x
converges to v̄2, it is possible for each agent to compute an
estimate λ2i of λ2 as follows:

lim
t→∞

z
(2)
i =

∥x∥22
N

=
k3 − k2λ2

k3
,

λ2i =
k3
k2

(1− z
(2)
i ).

In [19], faster estimators are proposed, improving the
efficiency of the method. However, these estimators converge
asymptotically, which implies a perpetual error of estimation
in the centralized scheme. To ensure that the latter is retrieved
and that the convergence is ensured, the authors of [20]
use estimators that converge in finite-time. Other centralized
continuous versions of the power iteration algorithm are
proposed in [21], [22]. Following the same principle, some
estimators are used to approximate the centralized terms of
the schemes considered.



TABLE II
COMPARISON OF THE PRESENTED METHODS FOR THE ESTIMATION OF

THE ALGEBRAIC CONNECTIVITY.

Reference Scalability Decentralization Convergence

[15] O(1)
Fully

decentralized

Asymptotic
convergence of

bounds. The
final distance
between the
bounds is
bounded.

[16] O(N)
Fully

decentralized Polynomial

[17] O(1)

Need for
another method

for the
computation of

a left
eigenvector of

L

Asymptotic

[18] O(1)
λ2 in the

parametrization Asymptotic

[19] O(1)
λ2 in the

parametrization Asymptotic

[20] O(1)
λ2 in the

parametrization Asymptotic

[21] O(1)
Fully

decentralized Asymptotic

[22] O(1)
Fully

decentralized Asymptotic

In this section, the scalability is better than in the previous
one, because only one value is estimated regardless of the
size of the network. Moreover, none of the presented methods
requires the history of the states or a specific algorithm
that has an additional computational cost. Thus, the column
”Scalability” in Table II represents the general scalability
of the method, taking into account the communication, the
memory storage and the computational cost.

C. Number of agents

In addition to the connectivity of the graph, the number
of vertices is also a global information that an individual
agent does not necessarily possess, especially if it varies over
time such as in the case of open multi-agent systems. To
the best of my knowledge, most existing studies are based
on statistical methods and are not necessarily decentralized.
For example, the capture-recapture method presented in [23]
considers a network of size N among which M nodes
receive a seed. N ′ nodes are then queried, and M ′ nodes had
received a seed among them. It is expected that M

N = M ′

N ′ ,
from which N can be computed. Another example is the
random walk method presented in [24]. The most simple
version of this method defines an initial node vi with a
counter value X = ϕ(i)

di
where ϕ(i) = 1 for all i and

di is the number of neighbors of the node vi. This node
sends its number i and its value X to a neighbor vj that
increments X by ϕ(j)

dj
. This process is repeated until node

i receives the message and the latter computes the estimate
of the system size ϕ̂ = diX . This version can be derived to
obtain a continuous-time version of the random walk method
that is based on the time elapsed before the information

returns to the initial node. This type of method is designed
for the analysis of large scale networks. Therefore, it is not
decentralized and is significantly less efficient for smaller
systems.

The method presented in [25] has a greater level of de-
centralization. The authors consider a scheme that converges
to the number of agents N only if a parameter k satisfies
k > N3. The dynamics of every agent are the same except
for one of them. The two problems are to choose the one
that has different dynamics in a distributed manner and
to set k properly. The proposed solution is to give each
agent a unique natural identifier and estimate the greatest.
Indeed, the largest identifier is at least equal to N , which is
sufficient to set k, and each agent can set the dynamics of
its network size estimator depending on its identifier and
the estimated largest. This method is scalable and works
for smaller systems. The problem of giving each agent a
unique identifier can be solved by taking the one of the
communication device, i.e. the MAC addresses.

In [26], the general update law x(k + 1) = Px(k) is
considered, where P is a column stochastic matrix whose
entries are positive and smaller than 1. Each agent vi chooses
the values of the i-th row of P . Based on this update law,
the two following expressions are derived:

yj(k + 1) = pjjyj(k) +
∑

i∈N−
j

pjiyi(k),

zj(k + 1) = pjjzj(k) +
∑

i∈N−
j

pjizi(k).

If the directed graph representing the considered network is
strongly connected, and if y(0) = 1 and all zj(0) = 0 except
one zj(0) = 1, then

lim
k→∞

zj(k)

yj(k)
=

∑N
i=1 zi(0)∑N
i=1 yi(0)

=
1

N
. (2)

To satisfy the initial condition of z, the authors propose that
each agent sets zj(0) = 1 and randomly initializes another
variable wj(0). The latter is updated according to a max-
consensus algorithm. The first time wj(k + 1) ̸= wj(k), the
agent vj subtracts 1 from zj(k+1). When the max-consensus
is achieved, the property (2) is retrieved. This method is
also derived for asynchronous communication. This work
is scalable, but no method for setting the weights of the
column-stochastic matrix P is clearly presented.

IV. CONCLUSION AND DISCUSSION

Several methods already exist for distributively estimating
topological information. However, many research directions
are interesting to extend the studies that have been presented.

For instance, many works that consider directed commu-
nication links assume that the network is strongly connected,
which is a strong assumption. The weakest assumption is that
the graph is weakly connected. Indeed, a graph that does
not satisfy this condition contains an isolated node which
can be considered outside the system as it cannot update its
information according to the rest of the agents.



TABLE III
COMPARISON OF THE PRESENTED METHODS FOR THE ESTIMATION OF

THE NUMBER OF AGENTS.

Reference Scalability Decentralization Convergence

[23] O(N) for the
central unit Centralized Not formally

analyzed

[24] O(N) for the
central unit Centralized Not formally

analyzed

[25] O(1)
Fully

decentralized

Finite time
estimation of N

with
exponential rate

by rounding

[26] O(1)

Need for a
column

stochastic
topology matrix

Asymptotic

Another possible research direction is to design scalable
estimation methods. In fact, most of the works presented
in this paper are decentralized, but the computational cost
of some becomes heavier as the number of agents in the
system increases. This is a problem for many applications
with a large number of agents, as one of the goals of a
decentralized approach is to make the system scalable.

The most important direction is the dynamic communi-
cation topology. All of the studies considered in this survey
consider a constant graph, but in reality communication links
may be broken or created during the execution, and weights
of each link can vary over time depending on the quality
of the communication between two agents, for example.
The exchange of information might also be delayed or
asynchronous. These cases are common in a realistic context
and, therefore, must be studied in the future.
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