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Abstract— Distributed learning strategies in competitive
multi agent systems with uncertainty and asymmetric resources
is challenging, as gradient-based methods often fail to reach
global optima, suffer from instability or poor convergence. We
propose a mean-field-type learning (MFTL) framework that
operates on agent distributions, enabling collective adaptation
through game theoretic interactions. By unifying exploration
and coordination, MFTL improves robustness and stability. The
framework is evaluated in a competitive electric cab scenario of
two companies with unequal fleet sizes and energy constraints,
where simulations show smoother revenue dynamics and im-
proved coordination over classical gradient-based methods.

Keywords: Mean-Field Learning, Multi-Agent Systems,
Game Theory, Distributed Optimization, Stochastic Dynam-
ics.

I. INTRODUCTION

EARNING optimal strategies in distributed and multi-
L agent systems remains a fundamental challenge in
control and machine intelligence. Deterministic gradient-
based methods often become trapped in local minima, while
stochastic approaches with fixed noise levels can exhibit per-
sistent instability, limiting convergence to globally optimal
solutions. These issues are particularly acute in large-scale,
interacting agent environments.

To address these limitations, we propose a mean-field-type
learning (MFTL) framework that bridges deterministic and
stochastic learning through a distributional formulation of
the learning dynamics. Rather than updating only individual
parameters, agents learn the evolution of their associated
probability distributions, naturally incorporating interactions
through the mean field. This collective adaptation promotes
efficient exploration, mitigates variance-induced instability,
and enables convergence beyond local extrema capabilities
that standard methods such as ADAM or fixed-noise stochas-
tic descent often lack. The effectiveness of the proposed
approach is demonstrated through a competitive scenario
involving two electric cab companies with unequal fleet sizes
operating in the same urban environment.

Related works

The work in [1] analyzes Gibbs measures and shows
concentration of probability mass on global minimizers. The
asymptotic role of the spectral gap in simulated annealing
convergence is studied in [2]. In [3], the authors propose
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swarm-based gradient methods in the Monge-Kantorovich
space, with guarantees of convergence to global minimizers
and extensions of simulated annealing via particle interac-
tions. Convergence of Langevin simulated annealing with
multiplicative noise in non-convex settings is established in
[4]. Finally, [5] introduces "One swarm per Queen" algorithm
for stochastic games based on inter-swarm communication,
closely related to our mean-field-type learning framework.

Contribution

We introduce mean-field-type learning (MFTL), a dis-
tributed framework unifying deterministic and stochastic
gradient dynamics at the distributional level. Inspired by
swarm behavior, MFTL enables implicit exploration and
coordination through mean-field interactions. We prove con-
centration of the stationary distribution on global minimizers,
even for non-convex costs, with convergence rate guarantees.
Unlike virtual-agent methods, MFTL operates directly on
distributions, improving efficiency, stability, and reliability.

Table I displays the notations used in the manuscript.

Notation Meaning

t time

e(t) vanishing function with time

0 parameter

c(0) cost function

ci cost at ¢

wu(t,do) density of 6 at time ¢ also called
mean-field

LT(R) the set of Lebesgue-integrable
functions

L(R?T,RF) set of linear operators from R?
to R¥ represented by matrices in
]Rd Xk

P(S) set of probability measures on S

Py the probability law of the random
variable =

divg >0,

fo O f

foe Og0 f

TABLE I: Notations used in the manuscript

II. BOLTZMANN-GIBBS DISTRIBUTION

We start with the Boltzmann-Gibbs distribution that is
behind the MFTL algorithm and show that Boltzmann-Gibbs
distribution is concentrated only at the global minimizers. Let
€(t) > 0, Vt > 0 and consider the replicator equation

I
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(a) Non-convex cost function

Distribution pi10(t,0) for t = 10.

0.5

Unnormalized ji10(t, 6)

(b) Intermediary step of the algorithm

Distribution 4(t, 6) for t = 100

ormalized p(t, 0)

Unn

(c) Only global minima stay in the distribution

Fig. 1: 2D plots of c¢;(0) = (1,1)(2,0.95)(3,0.92)
(4,0.92)(5,0.98)(6,0.99)(7, 0.55)(8, 0.52)
(9,0.52)(10, 0.68) (11, 0.69)(12,0.25)(13, 0.22)
(14,0.22)(15, 0.38)(16,0.39) (17, 0.75
)

)(18,0.76)
(19,0.72)(20,0.72)(21,0.88)(22,0.89) and its MFTL
finds the global minimizers at 12 and 13.
starting from the interior of the simplex:

I
pi0) = pio >0, > pjo=1 2
j=1
It can be checked that

[t S gy

iOe( 0 e(t)) )
palt) = IM (= S by de) (3)

2 j—1 Hjoet 0 D
solves the system. Moreover, as Ot ﬁdt’ goes
to infinity as ¢t goes to infinity, the distribution
p(t) is concentrated at the set argmineg . )¢

ie., support(u;) C  argmineqi,.. ryc;. Note that
min;eqy,.. 1} G = min{xeAz_l}Zj:1 xzjc;  where
Ay = {z € R | 2 > O,Z§:1xj = 1} is the
(I — 1)-dimensional simplex of R’. This proves that
the softargmin distribution (also called Boltzmann-Gibbs

—(ci—minyg ci) fot ﬁ dt’

distribution)  ~ e converges

to the set of global minimizers of y — (y,c). Let
I* = {’i,Ci = mink Ck;} = {ihig, . ,ik}. Then,
<o if jeTI*

lim g (t) = { 2eeze 190 4)
t—00 0 otherwise

In learning, this means that the algorithm will tend to
escape local minima, local maximum, or saddle points and

converge towards the global optimum (see Figure 1 (a)-(b)-
(c)). The gap between the Boltzmann-Gibbs distribution cost
and the global minimum cost is

I I
Zui(t)ci - Z,u;*c* —0ase(t) =0
i=1 i=1

Example A typical example of application is in training a
mean-field-type transformer with sigmoid self-attention. The
obtained curve an Agent uses a mean-field-type transformer
to make decision using the algorithm.

3D Plot of cff(61,62,1,2)

crp(01,02,2,y)

Fig. 2: 3D Plot of cyf(61, 62, x,y)

As illustrated in Figure 2 with the function
6109a 2
crp(br,02,7,y) = % —y | , the cost function
TF[0, ]

0 — c¢(0,z,y) obtained from the transformer-based deep
neural network, is generally non-convex. For the non-convex
cost function 6 — ¢(6, z,y) obtained from the transformer-
based deep neural network, if the cost satisfies the above
assumptions with finitely many global minima, the resulting
Boltzmann-Gibbs measure pu(t,df) will have a support
concentrated only at its global minimizers. All the local
minimizers and local/global maximizers and saddle points
(if any) will not appear in the limiting support. We will use
this property to build a mean-field-type learning algorithm
for wu(t,df) for both convex and non-convex functions.
In Figure 1, subfigures 1b, lc we plot the behavior of
the unnormalized distribution 1(¢,df) when ¢ = 10 and
t = 400 with a properly designed Hurst index making a
subdiffusion. We observe that the distribution concentrated
very quickly to the set of global minima. Figure 1 illustrates
a typical example where the classical gradient fail but the
Boltzmann-Gibbs with high rationality is closer to the set
of global minimizer of the non-convex function (displayed
in Figure 1-(a)).

III. BUILDING A MEAN-FIELD-TYPE LEARNING
ALGORITHM

The mean-field-type learning does not have to be stochas-
tic depending on the tools in hand. One can work for
example with Fokker-Planck-Kolmogorov equation in the
simple cases to derive the evolution p(¢, df) over the horizon
[0,7] and estimates asymptotics as T  gets larger. How-
ever Boltzmann-Gibbs distribution can be extremely slow



if €(t) is not properly designed. Additive and fractional
Brownian motion yield stationary Gibbs measures pi.(df) o
e=2e(0)/(co®) g, guaranteeing global concentration. Other
processes lack this property. Fractional motion controls ex-
ploration via Hurst H: sub-diffusion (H < 1/2) allows
slower cooling; super-diffusion (H > 1/2) accelerates.

A. Mean-field-type learning with additive Brownian motion

Start with a initial measure density p(0,df) =
po(6)df and the partlal differential equation Oru(t,0) —
el el — o trace(jugo(t,0)) =

Using trace(,ugg(t 0)) = dive(u (t 0)(log u(t,0))e),
the latter equation can also be rewritten as p(t,0) —
div[u(t, 0) (28 + % (log u(t,0)))e] = 0.

We now explain why this Fokker-Planck-Kolmogorov
equation is related to the global minimization of ¢ in the
entire domain R? even for a non-convex function c.

For €(t) = ¢ we connect the stationary distribu-
tion to the set of measure satisfies in the weak sense

divg[ 11, (dO)(28) (1og 1«(6)))g] = 0 which means that

e(t)
if p is smooth the functlon C(e) %2 log 1+ (0) is constant on

every connected component of the set {u. > 0}. There is a
unique stationary distribution, it 1s Posmve everywherr% )and
Cle w2 dl, C = [,e o€

0) + log p]. One

it is given by u.(df) =
pe is a global minimizer of y +— [ p(df)[

has

€ (/ uﬁ(de)[@ + log,ue]> - i%f c(0) =0

as € goes to infinity.

Proposition: The measure p. is the global minimizer of
o ce(p) == f,u(d@)[@ + %log w(0)] even when c is
non-convex.

It’s used in [2] to prove convergence when €(t) depends
on time but with carefully designed €(t).

Unfortunately the dependence in time is crucial in order
to get a small error. We want €(¢) to be small as time
increases so that the error gap is reduced. A typical examples

_ 1 _ 1 :
are €(t) = ~7 or e(t) = T’ t > 0. In [4] it
is shown that the following mean-field-type learning with

multiplicative Brownian motion:

Mt(tv 9)

_dl"l)e[ (t 9) ( oo cte)(e) (5)

—(Zj 18 (0(9)0/(9))@')ie{l,...,d})]
—strace(o(0)o’ (0)u(t,0))e9 = 0,

converges to global minimizers of ¢ even with ¢ non-
convex but coercive and have elliptic properties outside a
certain compact set and c has finitely global minimizers
(07 )iez, |Z| < +oo, with cpy(f;) being positive matrix
at each of the these global minimizers. The algorithms with
multiplicative noise prove to be faster than the algorithm

with constant additive noise. The measure (¢, df) £, we =

1 S50 as €(t) — 0.
Yjez \/W ZIEI det(coo(07)) K )

B. Mean-field-type learning with fractional Brownian mo-

tion

1) Mean-field-type learning with penalty

We consider a generalized fractional mean-field-type
learning algorithm governed by the following time-
inhomogeneous partial differential equation:

(L, 60) = divg | ()
1(0,d8) = pio(6)d6,

where (t, 0) represents the probability density function at
time ¢t and position 6. The function ¢ : [0,+00) — R is
a convex, twice-differentiable function with ¢”(6) > 0 and
¢'(0) = —o0, ensuring strong regularization and preventing
densities from becoming zero. The parameter e(t) > 0
is a time-varying regularization parameter, and p(0,d6) =
1o (0)de is the initial distribution, assumed to be absolutely
continuous with respect to the Lebesgue measure and within
the domain of the regularization functional. The parameters
H and o are constants related to the fractional Brownian
motion.

This equation can be interpreted as a Wasserstein gradient
flow, which provides a powerful framework for understand-
ing the evolution of probability measures. To demonstrate
this, we introduce the Gateaux derivative, which, when
followed by a gradient, yields the variational derivative
Oop = V@%. We apply this concept in the distributional
sense.

Consider the regularlzed functional ¢ (1)

e(t) /HG t2H 1 2/1’ da /¢ @)

The first term, f % u(dy), represents a linear en-
ergy term (linear in the measure p ) associated with the cost
function c¢(y), scaled by the time-dependent regularization.
Minimizing this term with respect to y yields a constant c;y, 1.
The Wasserstein gradient of this term is given by:

_divy {u(t,o) (He(tc)igfl)_l(ﬁ)] , (8)

which is obtained by identifying the derivative in the sense
of distributions.

The second term, [ ¢(4(0))d6, represents a regularization
term that penalizes deviations from uniform distributions. Its
Wasserstein gradient is:

—divg [1(0) b (1(0))], 9)

While traditional gradient descent in R? may fail to reach
global minimizers, especially for non-convex functions,
Wasserstein gradient flows in the space of probability mea-
sures can often achieve them. This is because the Wasserstein
metric accounts for the geometry of probability distributions,
allowing for more robust convergence properties. Therefore,
fractional mean-field-type learning, when formulated as a
Wasserstein gradient flow, offers a promising approach to
reach global optima in both convex and non-convex settings.
The regularization term ¢ and the time varying regularization

(Frewiirs +00)] =0, )



parameter €(t) are crucial to guarantee the convergence and
the well-definition of the solution.

3D Plot of (61, 02) = exp(—c(6,02))

3D Plot of ca(61,0z) = 10 — log (21 — sin(61) sin(62) V4102

(a) Cost

3D Plot of 120 (61, 0)

(b) Fractional Mean-Field

3D Plot of r200(61,62)
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Fig. 3: 3D Plot of cy(61,6:) = 10 — 1og(21 -
sin(6) sin(ﬂg)\/ﬁlﬁg)

C. Building a multi-agent mean-field-type learning algo-
rithm

We consider I machine intelligence agents, each agent
equipped with a transformer-based neural network parame-
terized by weights and biases 6;. The cost function for agent
1, denoted ¢;(61,...,0r,z,y), maps the collective network
parameters to a scalar cost, reflecting the interdependence of
agent outputs. The objective for agent ¢ is to determine 6;
that minimizes c;, specifically:

0; € arg miHQ;E]Rd Ci(gl, vy Biq, 9;, Oiv1,...,05,2, y),
VieZ={1,...,I},

(10)
The increasing prevalence of collaborative or simultaneous
task execution by multiple agents necessitates the exploration
of inter-agent interactions. Given the non-convex nature of
cost functions derived from transformer-based neural net-
works with respect to 6;, standard gradient descent methods

are rendered sub-optimal.

D. Individual mean-field-type learning

We consider a generalized fractional mean-field-type
learning algorithm governed by the following time-
inhomogeneous partial differential equation:

(0, d6;) = pio(0;)db;,

pit (¢, 0;) — divy, [Hi(t7 0:) (%4—
bip,(11i(t,0:)) =0,

i€ =1{1,....1},

In the case where there exists a single function
V(01,...,0r,x,y) such that argming, ¢; = argming, V
and ¢;9,(01,...,0r,,y) = Vp,(61,...,0r,2,y) for all i

(an

one can relate to the best response of the potential game
with cost V(01,...,05,z,y). Global minimizers of V are
also equilibria of the game and the mean-field-type learning
algorithm can be used to reach them. Note that the difference
with the literature is it includes a class of non-convex
potential functions.

E. Collective mean-field-type learning

We consider a collaborative mean-field-type learning al-

gorithm with ¢ = Z]I-:1 c¢; governed by the following time-

inhomogeneous partial differential equation:

1(0,d0) = po(0)de,

pt,0) — dive [pu(1,0) (4 Ghssd +
&) (u(t,6) =0,

ieZT=A{1,...,1},

12)

IV. NUMERICAL EXAMPLE

As a numerical illustration of the proposed MFTL algo-
rithm, we consider a distributed power network (DIPONET)
with prosumers (producer-consumers) who charge their elec-
tric vehicles (EVs) while two competing electric cab com-
panies operate in the same town. The objective of the cab
companies is to optimize revenue while preserving battery
life through effective management of charging and deploy-
ment decisions.

A. Battery State-of-Charge Dynamics

The battery state-of-charge (SOC) quantifies the energy
stored relative to capacity. Its dynamics depend on charg-
ing/discharging currents, efficiencies, and self-discharge. For
a battery of type j with capacity C'U), the normalized SOC
SoCY)(t) e [0,1] evolves as

SOCY (¢) = SOCY) (to)+

t
1
/ Wﬁch(T(tl))lch(t/)ﬂch(t/)dt/
to
1

/ —LI (g () dt! (13
iy O (T (@)

¢
/ AT(t))SOCY) (¢")dt',
to

where 7en(T) and 9 (T) are temperature-dependent
charge/discharge efficiencies, and \(T") is the self-discharge
rate. Battery degradation is modeled through calendar and
cycle aging. For capacity CY)(t) of type j, the dynamics
are

dCOt) _ 1.0

7 e (TO) + k(T )|, (14

with kéQ given by an Arrhenius law and kg,)c dependent

on depth-of-discharge and operating current. The remaining
useful life (RUL) is defined as the minimum time 7 until the
state of health reaches an end-of-life threshold aCj.



B. Seasonal Operation Scenarios

We examine two representative regions: 1) Four-season
climate with winter (—40°C, —10°C), spring/fall (mild),
and summer (25°C, 32°C), each with distinct EV usage
frequencies. 2) Two-season tropical climate with rainy (mild)
and hot (high-degradation) periods. Cycle frequencies r(t)
and temperatures 7'(¢) are piecewise constant by season, and
capacity degradation is integrated annually to estimate RUL.

C. Data-Driven and Application to Competing Cab Compa-
nies

To improve remaining useful life (RUL) estimation, we in-
tegrate a knowledge-based transformer trained on the NASA
battery dataset [6], embedding electrochemical degradation
laws into the learning architecture for improved accuracy and
interpretability. Within the DIPONET framework, compet-
ing cab companies apply mean-field-type learning (MFTL)
to jointly optimize fleet deployment and charging deci-
sions, balancing short term revenue with long-term battery
health under seasonal variations and heterogeneous battery
chemistries.

1) Battery Specifications and Empirical SOH Data

To validate the proposed model, we consider 4 commercial
lithium-based cells with publicly available performance data.
These include: (i) a Li-ion polymer rechargeable cell, and (iv)
a high-power APR18650M1A cell. The specification sheets
report charge/discharge curves, cycle life, and temperature-
dependent discharge characteristics [7]-[10]. Representative
results are shown in Figs 4a, 5b. These datasets highlight the
impact of depth-of-discharge, C-rate, and ambient tempera-
ture on state-of-health (SOH) degradation.

2) SOH Modeling Framework

Our degradation model of battery behavior is modeled
using empirical manufacturer data capturing C-rate (0.5C,
1C) and temperature (—50°C to 25°C). Figures 6a illustrate
the model predicted degradation trajectories.

3) SOH of 2 batteries : data from some manufacturers

Li-ion Polymer rechargeable Battery specification sheet

This specification curves describe the basic performance,
technical parameters, testing methods [7]. Figure 4a displays
charge and discharge curve of Li-ion Polymer rechargeable
Battery. Figure 4b expresses the cycle life of the Li-ion
polymer battery at (23 & 2°C).

Cycle lfe of Li-ion Polymer Battery (23°C)

—~— 60

Charge and Discharge (23°C)

40
536
Faa

a2

o

(a) Charge and discharge
(23+£2°C) of Li-ion Polymer
rechargeable Battery

%0

(b) Cycle Life (23 £2°C) of
Li-ion Polymer rechargeable
Battery

High Power Lithium Ion APRI18650M 1A

A123Systems’ lithium ion rechargeable APRI8650MIA
cell is capable of very high power, long cycle and storage life,
and has superior abuse tolerance due to the use of patented
Nanophosphate™ technology [8]. Figure 5a displays the
discharge characteristics, room temperature, the currents are
5A, 104, 20A. Figure 5b represents the projected cycle life
100% DOD, 1C/1C, Room temperature.

Projected Cycle life

750 1000
Cycles

(a) Discharge characteristic (b) Projected cycle life
by room temperature for at 100% DOD, 1C/1C,
A123Systems’ lithium ion room temperature
rechargeable APR18650M1A  for A123Systems’
cell. APR18650M1A cell.

Fig. 5: Performance characteristics of A123Systems’ lithium-
ion rechargeable APR18650M1A cell.

4) SOH of batteries : model

Below, the plot of degradation from our model depends
on the cycle rate, the temperature and the current intensity.
We consider —50°C, —10°C, 0°C, 10°C and 25°C for the
temperature. The number of cycle 0.5C, 1C and the intensity
of charge 1A, 2A, 3A. Figures 6a, 6b below are illustrations
of the curve from our model for 0.5 cycle, 1 cycle. We
observe that the model captures the empirical data provided
by the manufacturers.

(b) Degradation for 1C gen-
erated by our model.

(a) Degradation for 0.5C gen-
erated by our model.

Fig. 6: Degradation curves generated by our model for
different C-rates.

5) Impact on RUL and Cab Company Application

A trivial optimization would minimize the cycle rate r(t)
to preserve RUL, yielding 7*(t) = 7min > 0. However,
such a strategy fails to meet operational demand. In the
cab company competition scenario, a trade-off emerges:
maximizing fleet service revenue requires higher utilization,
while preserving RUL favors conservative operation. The
proposed MFTL framework is then employed to balance
these conflicting objectives by coordinating deployment and
charging strategies across fleets.



Electric Cab Company Profit

Consider I > 2 cab companies operating in a dense city.
Each company ¢ € Z = {1, ..., I} operates n; electric cabs,
each equipped with two batteries managed by an Al system
monitoring SOC, SOH, and RUL. Due to intensive usage,
battery degradation is continuously tracked for predictive
maintenance. Each company aims to maximize its total profit.
For company ¢ :

Hi Jtotal —
7-year Revenue

T;=7x365 ni,¢t Dija,¢

Z Z Z Fijkdth{Eukd,tZEmm} (1= tax)

t=1 j=1 k=1

T;=Tx365 \Nit Dijka,t Criijk,t
B [( t=1 ijl k=1 Pey Eijrar + RULjk,t

2 Mgt
+ Z Z Sijkdt | — (n; - (Ce + 2Cy) (1 + tax))
d=1j=1 Initial Costs
Operating Costs
(15)
A simplified annual profit of the first year is:
I o = (Di - Flip>p,,,} - (1—1t)-365)
DAnnual Revenue
. C
— || D;pe- FE ") .365+2n,;-S
[( P +.RUL¢) e ] (16)
Operating Costs
—(n; - (Ce +2Cy))
%/_/
Initial Costs
n;: Number of electric cabs (n; = 10,000, no, =
20,000), etc. D: Total daily market demand (rides/day),
D; = ni‘+n;7++n? - D: Daily rides served by company

i, « is a positive parameter, F': Fare per ride ($), ¢: Tax
rate (decimal), p.: Electricity price ($/kWh), E: Energy
consumption per ride (kWh), c,: Battery replacement cost
($), RUL;: Remaining useful life of batteries (cycles), S:
Annual salary per driver ($), C.: Initial cost per cab ($), Cy:
Cost per battery ($). Iy Eijra.>Emin} indicates the condition
that there is a min energy in the electrical vehicle to serve the
customer for the ongoing trip. High upfront costs drive early
losses, with battery degradation (RU L;) and driver salaries
dominating expenses. Profitability improves as capital costs
are amortized. Company profits are interdependent through
customer demand D, electricity price p., and driver compe-
tition, leading to a Nash equilibrium problem.

max,, IT; ol (1)

ieT=1{1,2.. 1. an

Figure 7 represents the profit of companies 1 and 2 for
the following parameters: F' = 208, ¢t = 0.2, P, = 0.2
$/kWh, E = 0.5, ¢, = 0.00001, C. = 73000, S =
50000, C, = 20000, D = 164383, RU L = 8000, o = 0.025.
Figure 8 finds the corresponding equilibria using MFTL.
This application uses fractional Brownian motion (H <

Proft of Company 1 Profit of Company 2

Fig. 7: Profits of Companies.

Proft of Company 1

Proft of Company 2

Profit of Company 2

Fig. 8: Mean-field-type Nash equilibria.

1/2) to enhance exploration in non-convex, multi-modal cost
landscapes (Figures 3).

V. CONCLUSION

This paper proposes an adaptive method of multi-agent
machine intelligence: a mean-field-type learning for finding
global minima and mean-field-type equilibria in non-convex
cost functions. We validated the method on battery RUL in
competing cab fleets. Future work will include risk-sensitive
expectile agents.
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