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Abstract— We address the tracking control problem of
second-order systems under the effect of friction, faults, and
saturation, which are inherent to most physical systems. Our
main contribution is an adaptive controller that ensures conver-
gence of the tracking errors despite input loss of effectiveness.
The designed control explicitly considers the system maximum
admitted input, effectively preventing saturation during op-
eration. Additionally, the controller incorporates viscous and
Coulomb friction terms. By integrating these features, the
controller maintains robustness even under conditions where
parameter uncertainty or input limitations would otherwise
degrade performance. The stability of the closed-loop system
is analyzed using Lyapunov’s theory, achieving demonstrating
uniform global stability and convergence of the tracking error.
The effectiveness of the proposed controller is further validated
through simulations, demonstrating its capability to maintain
stable performance despite the real-word considerations made.

I. INTRODUCTION

Motivation. To guarantee efficient operation, real-life sys-
tems must meet high standards of reliability and safety. To
achieve these requirements, control techniques must account
for physical phenomena affecting system behavior in real-
world scenarios. For instance, undesirable effects may appear
when control commands exceed the capabilities actuators are
able to provide, leading to input saturation. Driving the actu-
ator beyond its intended operation range may cause increased
power consumption, decreased performance, and a shortened
actuator lifespan, among other issues [1]. Another common
actuator related issue is loss of effectiveness; in which the
effectively provided input is reduced in comparison to that
calculated by the control algorithm. If the loss is significant,
this phenomenon degrade performance and may compromise
stability. Additionally, friction must be considered, as it can
introduce undesirable behavior, particularly when operating
at low velocities due to the Stribeck effect [2], [3]. Dry
friction can cause abrupt starts, poor response, or even stall
the actuator if the applied force fails to surpass the friction
level. The Coulomb component of dry friction, on the other
hand, can cause variations in the actuator speed, degrading
the system’s accuracy and stability, potentially leading to
stick-slip motion [4].
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Literature review and open problems. One of the key
challenges to compensate the friction effects is that being
a highly non-linear and uncertain phenomenon is difficult
to model. For instance, an approach using the LuGre fric-
tion model compensates the undesired effects with dynamic
surface control [5]; later in [6] a data-driven strategy was
adopted by integrating sliding mode control with neural net-
work to improve the system performance. Adaptive control
strategies based on continuous friction models have been
proposed, e.g. in [7], [8], [9], [10]. The introduced smooth
friction models, simplify the Lyapunov stability analysis,
as they avoid discontinuities and ensure that the system
dynamics is well-defined. In this context, adaptive parameter
estimation schemes that adjust to changes in the system
dynamics, including frictional effects, were developed [9],
[10]. Both the robust integral of the sign of the error (RISE)
feedback term, as well as the neural network approximation,
strength system robustness against modeling uncertainties
and external disturbances.

Nevertheless, in most of the works mentioned above it is
assumed that the actuator is able to deliver any control input
computed by the controller. In practice, actuators operation
range is restricted, demanding beyond this limit leads to
input saturation, which can affect performance and stability.
Only few studies address saturation explicitly while also
considering friction effects. For instance, robotic manipula-
tors with non-linear static friction and input saturation were
studied in [11] and [12], achieving semi-global stabilization
via adaptive control. However, one limitation of semi-global
stability within a bounded input framework, is that while
the region of attraction can be expanded by adjusting the
control gains, if the gains are set too high, they may cause the
actuator to reach their saturation value. In addition, actuators
may suffer from loss of effectiveness, this effect differ from
input saturation, as the control input is attenuated rather
than reaching hard bounds. Existing works provide some
solutions based on different control approaches, for instance
[13] and [14] address parametric uncertainties and nonlin-
earities in electro-hydraulic systems combining backstepping
with adaptive control, but only few simultaneously consider
friction, loss of effectiveness, and actuator saturation.

Contributions. To overcome the problems mentioned
above, the developed work presents analytical tools that
ensure the tracking control objective is achieved globally
while maintaining system performance in the case of a loss
of effectiveness. As far as the authors are aware, no other
work guarantees uniform global stability while addressing
input failure, input saturation, and viscous and static friction



in the dynamics. This paper tailors an adaptive control
methodology (developed for robot manipulators with un-
known parameters [15]) to address input failure, specifically
loss of effectiveness. For simplicity, our analysis focuses on 1
dof systems, but it may be extended to multivariable systems.
The proposed control method accounts for input saturation
and friction, ensuring that the actuator signal stays within its
prescribed limits.

The paper is organized as follows: In Section II we
provide a precise problem statement. Our main results are
presented in Section III, and we provide some illustrative
simulation examples in Section IV before concluding with
some remarks.

II. PROBLEM FORMULATION
A. The plant model

Let us consider an actuation element modeled as a spring-
damper system under the influence of both Coulomb and vis-
cous friction. Electro-magnetic, pneumatic, and other types
of actuation can be represented by a similar model [16], [17].
The motion of the system can be described by the following
equation:

T =mi + fui + ftanh (82) + ag() (1

where m > 0 represents the moving mass, f, > 0 and f. >
0 are the damping coefficients associated with viscous and
Coulomb friction, respectively, 3 is a parameter that defines
the tolerance for velocity variations, ag(x) represents the
restorative force term, where o > 0 and g : R — R. The
function g may take different forms depending on the system
under consideration. For instance, g(z) = x for a 3-element
pneumatic-muscle system, whereas g(z) = sin(z) for an
actuated simple pendulum.

The viscous friction component f, is proportional to the
velocity &, representing the resistance to motion that in-
creases with speed. In contrast, the term involving Coulomb
friction, f.tanh (8&), models the static friction component
that must be overcome to initiate movement. This smooth
Coulomb friction model, which uses the hyperbolic tangent
function tanh(.), is selected specifically to avoid the dis-
continuities typically introduced by more conventional dry
friction models, which can make the analysis and control
design more challenging. In [18], a smooth model using
tanh (84) was reported to emulate discontinuous friction
under certain conditions.

The smoothness introduced by tanh (84) provides a grad-
val transition as the system moves from static to dynamic
friction states, which is advantageous for the theoretical
analysis and the practical applications [7], [19]. To ensure
the desired boundedness of the proposed control law, the
following assumption is essential.

Assumption 1: The restoring force term «g(x) is known and
bounded for all t € Ry, i.e., there exists a positive constant
Bpgr such that |ag(z)| < Bgp for all t € Ry. O

Assumption 1 is not conservative; it is satisfied by many
practical systems. For instance, magnetic actuators often
exhibit saturation effects [20], where the force increases with

displacement until it reaches a maximum value. This results
in a naturally bounded restoring force.

B. Unknown parameters

It is assumed that m, f,, f., and « in (1) are unknown.
For the sequel, these are generically referred to as 67, with
je{l,...,4}, then we assume the following:
Assumption 2: The unknown parameter 67 satisfies

‘0;| < Baj \V/j S {17 27 37 4} (2)

where B,; are known.

For the sequel, we define 6* £ [9{ -+ 05|, Bg
[Ba1 -+ Baa] ' and © £ =By, Bay] % - -+ X [~ Bas, Baal.
Hence, we have 6* € O.

Property 1: The system dynamics are linear with respect
to parameters; i.e., they can be expressed as

>0

]T

mi + foi + fotanh (8#) 4+ ag(z) = Y(z, &, &) 0*
where T : R — R* is a known regressor function. O

C. Input fault and input saturation

It is assumed that the actuators are affected by a loss
of effectiveness, which may be modeled using a piecewise
constant function A : Ry — (d,,, 1], with &,,, € (0, 1]. More
precisely, it is assumed that the actual control torque 7 in
(1) corresponds to

T=A(t)u

where u represents the computed control input. Thus, u is
known, while A is not. However, we assume the following.
Assumption 3: The loss-of-effectiveness function ¢t — A is
piecewise constant on the intervals ¢t € (ty, tx11]. Moreover,
the jump discontinuities at the points t; are uniformly
bounded, i.e., there exists ¢ > 0 such that

IA(te) — A=) < ¢ VEk

Additionally, there exists a minimum inter-event time 74 > 0
such that
thy1 —th > 79 VE

O

To prevent the control input from exceeding the saturation

limits of the actuator, its natural real-life limits are modeled

through a saturation constraint i.e., |7| < T, where T > 0

stands for the maximum admissible actuator output. Accord-
ingly, the control input is defined as

7(t) = Tsat (A(jf)“)

3)

where sat(s) = sign(s) min{|s|, 1}.

Under the conditions described above, we address the
problem of designing a state-feedback control law u, such
that, defining the position Z £ z — x4 and tracking errors
i 2 i — &4 we have

lim z(t) =0

t—o00

lim z(t) =0

t—o0



for any given reference trajectories satisfying the following
assumption.

Assumption 4: The reference trajectory zq : R>9 — R
is twice continuously differentiable and there exist positive
constants By, By, and Byg, such that

|zq(t)| < Bap, |£4(t)| < Baw, |£4(t)| < Byq,

for all t > 0. |

III. GLOBAL TRAJECTORY TRACKING

A. Proposed adaptive controller

For a given bounded desired trajectory, as described in
Assumption 4, consider the following control law:

U =—01 (Kli‘) — 09 (KQ.’Z’) + mi‘d(t) + fvid(t)
+ fetanh (B2q(t)) + ag(z),

where K3, Ko € R, are, respectively, the proportional and
derivative control gains, and o; : R — R, i € {1,2},
are globally Lipschitz saturation functions; they are strictly
increasing, o;(s)s > 0 for all s # 0, 0;(0) = 0, and there
exists M > 0, such that |o(s)] < M for all s € R.

In the presence of loss of effectiveness, i.e., if 7 = A(t)u,
Eq. (4) can be rewritten using Property 1 as

A(t)u = — A(t)01 (Klif’) — A(t)O'Q (Kgif)
+ X (2, 4, Za) 0(t)

where § € R* is 07 () = [61(t) 62(t) 63(t) 64(t)], with
01(8) 2 A(tym, 0(t) 2 A(t)fon 05(t) 2 A(0) 0 Oa(t) 2
A(t)e, and X (z,8q,iq) = [iq @q tanh(Biq) g(a)).
Since 6 is unknown due to the loss of effectiveness, an
adaptive mechanism is introduced to estimate # online. Let
6 € R* denote the estimate of 6. The adaptive subsystem is
given by:

“4)

S

é 5a(®)
6 = —KoX (2,dq,ia) " [&+co1 (K17)]

(6a)
(6b)
where sq(z)" = [O’al(l'l) Oa2(x2) 0a3(x3) 0a4(x4)},
with o4;, j € {1,2,3,4} being saturation functions as
described above, K, = diag[ka1, ka2, ka3, kaa] € R*** with
kq; > 0 for all j € {1,2,3,4}, and ¢ as described below
o 40 fy
€ < min , ) .
- Ko,  mKyoh,, 4mé, Kioh, + C3
@)
Proposition 1: The closed-loop system is uniformly glob-
ally stable (the origin is uniformly stable and the solutions
are uniformly globally bounded) and the tracking errors (Z,
x) — 0 as t — oo, for all gains satisfying the condition in
(7). Furthermore, the trajectories evolve without surpassing
the actuator capacity. O
Proof: The proof is presented in two parts. First, input

boundedness is established, followed by the demonstration
of the closed-loop stability properties.

mom fo

Bounded Input

Since A(t) <1 for all ¢ > 0, the control input in the case
of failure can be upper bounded as follows:

—A(t)O’l (Kli‘) — A(t)O'Q (Kgi‘) + X(t, T, T4, xd)O
< M + M, + HX (!L‘7i'd,(.E.d) ||H6‘|| <T
Choosing z4(t) and its derivatives such that
X (@, &a,Za) |10 <T — My — My,

by Eq. (3), the input is concluded to be upper bounded by a
value lower than its saturation bound.

Stability analysis

Subtracting mZq + foZq + fotanh(Bi4) + ag(z) to the
right-hand side of eqs. (1) and (5), the closed-loop system
takes the form:

mi + foi + foor(E) = — At)or (Kuiz) — A(t)os (Kak)
+ X(2,84,%q)  5a(P) (8a)
b= K X (2,84, %4) " [ +e01 (K1) ]

with 67(%) 2 tanh (8(& + 4)) — tanh(Biq), ¢ = ¢ — ¢*,
and

(8b)

Sq = Sa((g + ¢*) - Sa(¢*) (9)

with ¢* = [ ¢35 ¢% ¢5]" such that o4(¢)) = 6, € R
since on the time interval (¢, t;11] every ¢; is constant, for
i€{l,...,4}; 04; and 57(%) are strictly increasing.

Remark 1: Strictly speaking, Eq. (8b) is valid only for
almost all ¢. This is because, since ¢* is piecewise constant
and ¢ £ ¢ — ¢*, where ¢ is defined in (6b) and ¢*(t) = 0
for almost all ¢. However, this does not affect the unicity and
existence of Carathéodory solutions of (8). °

Next, we construct a Lyapunov function that is indepen-
dent of any constant value 6 € [0y, 1], that A(t) could
possibly take, and therefore serves as a common Lyapunov
function for all subsystems associated with different values
of the loss of effectiveness parameter. Let

~ ¢
Vz(t,gz,f,¢)=vl(t,jz,f)+/ s) (r)K, Ydr,  (10)
0

T

. 1 . .
Vilt.2.8) = gmi oo (Ka)ity | (i,

0
with € > 0 complying with inequality (7), 7 € (0, &+ 0m)»
and

é 4 b
/ s)(r)K; tdr = Z/ Gailri)k,; dr;. (12)
04 =170

In view of the fact that the function on the right-hand side
of (12) is locally quadratic, for Vo we have

¢
Wi(z,7) +/ sq (MK, Ydr < Va(t, 7,7, ¢) <
0 (13)

&
Wy (z, %) +/ st (rV K Ydr
0



. 1 7 !/ _ / =
woted)2 5 3] [ ] [
for any ¢ in compliance with Eq. (7) and v € (6, € + 0um)-
Moreover, Wy and Wy are positive definite and radially
unbounded, since so is the function on the right-hand side
of (12). Thus, the Lyapunov function V5 is positive definite
and radially unbounded.

On the other hand, the derivative of V5 in (10), along the
trajectories of the system (8) yields, for almost all ¢,

Va(t,7,%,9)
= CLC[— Aoy (K1T) — Aoy (Ka) — foo — fear(T)
+ 2 X (2,89, %q) " 5a(P) + vor (K 1T)T
+e01(K12) { — Aoy (K T) — Aoa (KaZ) — fo
— foor(#)] + eo1 (K1) X (2,0, 0) T 50(0)
+ emo) (K1) K1 22
— 80 (D)X (z,%a,3q) " [ + 01 (K1T)]
= — Aoy (Koit) — & feor (i) — fu7° — Aoy (K12)°
—efyo1(K1Z)T — eAc1 (K1) o (K2)
—ef.o1(K12)ar(2) + emoy (K 17) K, 22
+(y = A)oy (K17)7.
Since A(t) € [0,,,1] for all ¢ > 0 and all the saturation
functions are globally Lipschitz and zero at zero, the right

hand side of the last equation above may be upper bounded
as

‘/2(ta jv‘%7 é) < - 6mi0—2 (KQ:E) - i'fca'T(i') - fvi‘2
— E(smO'l(Klff)Q + EO’;MK2|O'1(K1E')||ZLL'|
+ efeBarp|on(EK1z)|[2] + e folor (K12)| ||
+ emay K17 + ¢lo1 (K17)||Z).
In turn, we have
VQ(tv 7afa QE) S - 6mi'0'2 (KZi') - j.fca-T('f)
o (K@) e (K 7))
|: |i‘| WD2(1'71') |i‘| )
where

E0m

. _lC
Wpa(z, &) = 22
et = | %, |

/
fy — EmKlalM

and Cy 2 Koohy, + feBoly, + fo + 1.

It follows from (7) that Wpo(Z,z) is positive def-
inite. Therefore, we conclude that Vi(t,Z,&,¢) < 0,
Y(t,Z,7,0) € Ry x R x R x R, with V5(t,%,%,¢) = 0
holding if and only if (Z,z) = (0,0). As a result, the trivial
solution (Z,¢) = (0,0) is shown to be uniformly stable
[21, Theorem 4.8]. Moreover, the fact that Vs (t, Z, &, ¢) < 0
and V5 is positive definite and radially unbounded, implies
the uniform global boundedness of all the solutions. That

is, the origin is uniformly globally stable [22]. Furthermore,
integrating on both sides of (14) along the trajectories, from
to to oo, for any t, > 0, we obtain that o1 (K1Z), z € Ls.

Since, in turn, 01(K1T), & € L, it follows, from [23,
Theorem 4.3.1], that

tlirgo o1 (K1z(t)) = tlggo x(t) =0.
In view of the properties of oy it follows that Z(t) — 0 too.
The result follows. ]

IV. SIMULATIONS

Two different dynamic models were used to evaluate the
performance of the developed adaptive control. The first sim-
ulation example aims to show the performance on a system
were the restorative force term is not present, depending
only on friction forces to dissipate energy. The second, is
a comparison against an adaptive controller designed for
robot manipulators explicitly taking into account viscous and
Coulomb friction. A 1-dof manipulator is considered and
hence, the restorative force term takes the form asin(x).

A. Example 1

The first example was carried out using the dynamics of
an asynchronous motor gearbox [24]. The system can be
represented by eq. (1), whose parameters are listed in Table
I, and the maximum allowed torque is 9.5 N-m.

TABLE I
GEARBOX PARAMETERS

Parameter Value Units

m 13x10 % kg-m?

fo 17x10 * N-m-s/rad

fe 0.478 N-m

Jé] 10.78 x10 *

« 0

The simulation also accounts for unknown parametric
values. The saturation functions involved in the control law
Egs. (5) and (6) were chosen as follows:

O’l(Klf) = 5tanh(K1f) UQ(KQ.’,LE) = Ztanh(KQ:E)
04j(z;) = 2tanh(z;) 0ga(x4) = Otanh(zy)
with j € {1,2,3}. The loss of efficiency is defined as

1, t < 30,
A(t) =407, 30<t<T70, (14)
1, t>170

the gain matrix K, = diag[20, 15,20, 0], ¢ = 0.25!,
K, =75, Ky = 0.1, and z4(t) = § + sin (%t). The initial
conditions were set to z(0) = 0 #(0) = 0.

The results are shown in Figs. 1 and 2, the angle position
error is shown in Fig. 1; observe that the error is small, and
that when the input failure occurs from ¢ = 30s to ¢ = 70s,
the performance is maintained. The computed control input

IThe value of e considered here, exceeds that obtained from Eq. (7).
Nevertheless, this bound corresponds to a worst-case scenario; therefore
larger value may still guarantee uniformly stability.
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Fig. 2. Computed input versus actuator output

u 1s shown alongside the output from the faulty actuator in
Fig. 2. It can be observed that, in order to maintain an output
torque level 7 capable of driving the trajectory tracking error
to zero, the calculated control input v must increase when
the loss of effectiveness occurs. Notice in the small inset
figure that the signal never reaches the saturation limit.

Example 2

For comparison purposes, the control law proposed by
[12], in the following referred to as Z00, was implemented
using the Pendubot platform designed and identified in [25]
configured as a single pendulum. The dynamics are given by

mL?i + foi@ + f.tanh(B&) + mgLsin(z) = 7

where m = 0.55kg, L = 0.3m, f, = 0.093N-m , f. = 0.01,
B=1and g =9.81 kg-m/s?.

The controller Z00 was designed for robot manipulators
with parametric uncertainties; however, the considered dy-
namics account for static and dynamic friction terms. The
control law, for a 1-dof manipulator, has the form:

7 =Y — Kitanh(z) — K, tanh(i) (15a)
& = proj() (15b)
O =-K,Y(x,&) (¢ + e tanh(z)) (15c¢)

where K, Ko, K, and ¢ are positive constants, the pro-
jection function as defined in [12], and qAb representing the
approximation of the unknown f.. For the SP-SD algorithm
the saturation functions are the same as in Experiment 1. The
design parameters shown in Table II were selected to perform
the simulation. The control gains were empirically adjusted
to achieve the best response for each control algorithm, we
set

1, t < 10,
0.5, 10<t <30,
At) = (16)
0.8, 30 <t <40,
1, t > 40
TABLE II
DESIGN PARAMETERS
Parameter 700 SP-SD
Zq sin (%'t) + /2 sin (Q%t) + /2
z(0) 0 0
K, 30 15
Ko 3 5
K, 20 diag{6.5,10,8,5}
€ 0.5 0.38
0.9 . . . .
0.6 SP-SD | |
— — — 700
h
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)
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M
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Fig. 4. Computed input versus actuator output



As shown in Figure 3, both algorithms make the positions
stay close to the desired trajectory. However, the proposed
algorithm results in smaller errors and provides a smoother
response. Figure 4 compares the commanded input 7(¢) with
the actual input delivered w(t), for the SP-SD and Z00
algorithms. The small figures on the right show the first
seconds of the inputs, observe that the Z00 algorithm reaches
saturation, while the proposed algorithm operates within the
actuator saturation limit (£12 Nm).

V. CONCLUSIONS

An adaptive algorithm was introduced to accurately track a
desired trajectory in the presence of loss of efficiency affect-
ing the input, while explicitly taking into account the actuator
natural saturation limits. The control scheme compensates for
dry friction by employing a friction model formulated with
an hyperbolic tangent function. To illustrate the efficacy of
the proposed adaptive control law, simulations with different
mechanical systems were conducted, demonstrating robust
performance under varying conditions and confirming the
system ability to sustain stability and achieve the desired
tracking objectives despite frictional and saturation effects.
Current work is devoted to extending these preliminary
results to handle additional uncertainties in systems of higher
order.
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