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Abstract— This paper formalizes and addresses the diag-
nosability verification for discrete event systems modeled with
Petri nets under unknown initial markings, where part or
all of the places are unobservable at an initial marking. A
minimal initial marking model is constructed to verify the
diagnosability of the original system. Specifically, the model
contains the least initial total number of tokens and allows
that any transition can be potentially fired. This procedure
employs a nondeterministic finite state automaton, called an
extended verifier, that is derived from the reachability graph
of the proposed model. We prove that a plant under unknown
initial markings is diagnosable if and only if the verifier does
not contain some particular paths. Examples are presented to
demonstrate the proposed method.

Index Terms— Diagnosability verification, discrete event sys-
tem, Petri net, unknown initial marking

I. INTRODUCTION

Ensuring the timely detection and accurate identification
of faults is essential for the reliable functioning of discrete-
event systems (DESs) [1]. Such systems are commonly
encountered in a variety of application domains, including
automated manufacturing environments, electrical power net-
works, and urban transportation infrastructures. In Petri nets,
the initial marking may be unknown or uncertain, which can
lead to difficulties in analyzing and verifying the behavior of
the system [2]. The objective of diagnosis, as studied in [3]—
[6], is to determine whether unobservable fault events take
place in a system based on the observations available to an
external observer. A partially observed discrete event system
is considered diagnosable if every fault can be identified
within a finite observation delay after its occurrence.

Related problems of diagnosability verification in DESs
have been extensively studied over the past decades [7]—
[11]. As far as we know, the works in [7]-[8] first verify
diagnosability in DESs by designing a diagnoser. However,
the structural complexity of establishing a diagnoser is
exponential wrt the state size of the considered plant. In
order to reduce the computational burden, the studies in
[9] and [10] propose a structure, called a verifier, to test
the diagnosability, which has polynomial complexity wrt the
state size of a plant. In contrast to the above graph-based
analysis [7]-[10], diagnosability in DESs can be tested by
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constructing and solving an integer linear programming (ILP)
[11].

Since the structural analysis and abstraction techniques
can reduce computational overheads and facilitate system
development, the diagnosability verification problem is usu-
ally considered in Petri nets. Diagnosability [12] and prog-
nosability [13] are studied in unbounded Petri nets by
establishing a basis coverability graph. The work in [14]
tests diagnosability in time Petri nets by constructing an ILP
problem with polynomial complexity wrt the size of a plant.
The work in [15] diagnoses a stochastic Petri net by com-
puting its probabilities of consistent trajectories. Moreover,
diagnosability verification has recently been generalized to
address a variety of challenging settings, including attack-
related scenarios [16], observation delay and loss [17], and
decentralized frameworks [18].

For Petri nets under unknown initial markings, as far as
we know, there are few results that solve the diagnosability
verification problem in such Petri nets. In this way, one needs
to decide diagnosability for all initial markings in a Petri net
under unknown initial markings. In the framework of Petri
nets under unknown initial markings, the authors in [19] and
[20] deal with the problem of initial state opacity verification
by using a graph-based approach and constructing an ILP
problem, respectively. The research in [21] achieves marking
estimation by calculating a set of minimum initial markings.
The study in [22] touches upon the problem of structural
sequence detectability in interpreted Petri nets by using the
output information and structural analysis.

This paper develops a minimal initial marking model to
achieve diagnosability verification in Petri nets under un-
known initial markings, which avoids testing diagnosability
for each initial marking. The main contributions of this paper
are summarized as follows.

o We generalize the notion of diagnosability to Petri nets
under unknown initial markings. To avoid testing diag-
nosability for each initial marking, this paper proposes
a minimal initial marking model to verify diagnosability
for the original system. Diagnosability analysis at a
minimal initial marking is addressed in [21], requiring
that considered plant does not contain unobservable
transitions. However, the proposed method can be ap-
plied to Petri nets with unobservable transition cycles.

o This paper proves that a plant under unknown initial
markings is diagnosable iff the extended verifier estab-
lished from the minimal initial marking model does not
have a basis fault path. In this way, we do not need to
calculate (basis) reachability graphs of the original Petri
net for all initial markings.



The rest of this paper is organized as follows. Section II
reviews the basics of Petri nets. Section III articulates the
definition of unknown initial markings and diagnosability.
Section IV proposes a structure called an extended verifier
to test the diagnosability of a Petri net under unknown initial
markings. Section V concludes this paper.

II. PETRI NET

A Petri net is a four-tuple N' = (P, T, Pre, Post), where
P (resp. T') is a finite and non-empty set of places (resp.
transitions), graphically represented by circles (resp. bars)
with PNT = 0. Pre: PxT — N and Post: PxT — N
are the pre- and post- incidence functions that specify the
arcs directed from places to transitions and transitions to
places, respectively, where N = {0,1,2,...} is the set
of non-negative integers. Functions Pre and Post can be
represented by matrices indexed by P and 7. Let C =
Post — Pre be the incidence matrix of a Petri net N.
A Petri net is called an ordinary net if for all (x,y) €
(T x P)U (P xT), Post(xz,y) # 0 = Post(z,y) = 1
and Pre(z,y) # 0 = Pre(z,y) = 1; otherwise, a Petri net
is called a generalized net.

A marking of a Petri net is a mapping M : P — N, and
M (p) denotes the number of tokens (graphically represented
by black dots) in place p at marking M. (N, M) is a
net system, where M, is called an initial marking. Given
a sequence o € T™, y, indicates the firing vector of o, i.e.,
Yy, (t) = n if the transition ¢ appears n times in ¢. By a slight
abuse of notation, write ¢ € ¢ if o contains the transition t.
We use [0] ={t € T |t € o} to denote the support of o.

A transition ¢ in a net system is said to be en-
abled at a marking M if M > Pre(-,t). An enabled
transition ¢ can fire, yielding a marking M’ = M +
C(-,t), denoted by M]Jt). Given a transition sequence
o = titoty---t, € T*, o is said to be enabled at a
marking M if there exist markings Mj, Ms, ..., M, such
that M[t1) M[ta) My ... My _1[tn)M,, holds, denoted by
Mo)M,. In this case, M, is said to be reachable from
M. The set of all markings reachable from M, denoted
by R(N, My), defines the reachability set of (N, M), i.e.,
R(N,My) = {M € NPl | (30 € T*)My[o)M}. The
set of all sequences that are enabled at the initial marking
My is defined as L(N,My) = {0 € T* | My[o)}. Let
L(N,My)/o ={c" € T* | o0’ € L(N,My)} be the post-
language of L(N, My) after o € T*.

Given a net system (N, M), a non-empty set P; C P is
a siphon if *P; C P?. A non-empty set P, C P is a trap if
P? C *P,. A siphon (trap) is minimal if there is no siphon
(trap) contained in it as a proper subset. Let J € 2F be the
set of all minimal siphons and traps.

Given a net system (N, My), the set of transitions 7" can
be partitioned into two disjoint sets T, and T,,, representing
the collections of observable and unobservable transitions,
respectively, i.e., T = T,UT,,. The set of unobservable
transitions 7, can be further partitioned into two disjoint
subsets, i.e., Ty, = TfUTreg, where T} is the set of

fault transitions and 7.4 is the set of regular unobservable
transitions.

Given T7,,T,, C T with T = T,UT,,, the natural
projection P is a function P : T* — T defined as
(1) Ple) = e 2 Pt) =tift € T,; 3) Pt) = ¢
if t € Tyo; 4) P(ot) = P(o)P(t), where ¢ € T and
t € T. The inverse projection of P, P! : 270 — 277
can be accordingly defined. Specifically, given A € 277,
P~HA) = Usea{t € T* | P(t) = s}. By a slight abuse
of notation, given s € T, write P~({s}) as P~1(s) for
simplicity.

Net system (N, M) is said to be deadlock-free if for all
M € R(N, M), there exists t € T" such that M[t). (N, My)
is said to be reversible if for all M € R(N, My), My is
reachable from M. (N, My) is said to be bounded if for all
places p € P there exists a positive integer b € N such that
for all M € R(N, My), M(p) < b holds.

IT1I. PROBLEM STATEMENT
A. Petri nets under unknown initial marking

Given a net system (N, M), some places are assumed
to be unobservable at the initial marking M,. Specifi-
cally, the sets of observable and unobservable places at
the initial marking are respectively denoted as P, =
{Po1sPogs -+ P0, } € P and Py = {PuysPugs -+ Pu } ©
P, where n,m € N. Let on; be the number of initial tokens
in place p,, and b be the upper bound of the tokens in any
place p € P. The net system under unknown initial markings
is denoted as (N, Mg), where Mo = {M, € NIPI|(Vi =
L...,n)(Vj=1,...,m) My(po,) = oni, Mo(py,) < b} is
the initial marking set. If none of the places at the initial
marking is observable, the initial marking set reduces to
Mo = {Mo € NIPI|(¥j = 1,....,|P|) Mo(p,) < b}.

B. Diagnosability

Consider a net system with uncertain initial markings,
denoted by (N, Mg). The set of fault transitions T can
be partitioned into h disjoint subsets Ty, (¢ € 1,2,...,h),
each corresponding to a distinct fault category, where h € N.
To simplify the presentation, we restrict our attention to the
single-fault-class case (i.e., b = 1). Nevertheless, following a
similar line of reasoning as in [23], the proposed framework
can be extended to handle multiple fault classes with trivial
adjustments. Given an initial marking M, € My, define the
set of admissible transition sequences that terminate with a
fault transition t; € Ty as ¥(Ty) = {oty € L(N, M) |
S L(N, M()),tf S Tf}

In order to deal with the diagnosability verification prob-
lem in Petri nets under unknown initial markings, the con-
sidered system (N, M) satisfies the following assumptions.
(A1) (N, My) is bounded and reversible for all My € M.
(A2) N is an ordinary net.

Assumption (Al) guarantees that for all My € M, the
set of reachable markings R(N, M) is finite and does not
enter deadlocks. Assumption (A2) is used to simplify the
representation of the results. For the sake of brevity, this
paper assumes that any transition ¢ € 7' can be potentially



fired in (N, M) for all My € M,. However, by simply
removing the set of transitions that cannot be fired from the
considered plant, our approach can be extended to verify
diagnosability under such a condition.

The definition of diagnosability in Petri nets on the
premise that all places are observable at the initial marking
is proposed in [12]. Based on this notion, we generalize the
diagnosability in Petri nets under unknown initial markings

Definition 1: Let (N, My) be a net system under un-
known initial markings and My, € M, be a given initial
marking. (N, My) is diagnosable w.r.t. T if

(Vs' € W(Ty))(Vs" € LIN,My)/s") 3K € N) |s"| > K
= (Vs e P7Y(P(s's"))) (3ty € Tf) ty € s.

(N, M) is said to be diagnosable if it is diagnosable for
any My € M. O

Definition 1 is a classical notion of diagnosability if
Mo = {Mp}. In other words, to verify diagnosability for
a net system under unknown initial markings, one needs to
test the diagnosability for any My € M.

IV. SOLUTION PROCEDURE
A. Minimal initial marking

In this paper, we propose a minimal initial marking (MIM)
to verify the diagnosability in Petri nets under unknown
initial markings, which avoids testing diagnosability for any
marking My € M. A similar notion of MIM is developed
in [21]. However, we will shortly see that for the purpose of
diagnosability, the notion of MIM proposed in this paper is
more reasonable.

Definition 2: Given a Petri net N, an initial marking
Mg € NPl is said to be a minimal initial marking for A" if
the following two conditions hold: (1) any transition ¢t € 7" in
(N, M}™) can be potentially fired; (2) there does not exist
an initial marking M € NI satisfying condition (1) and
> pep M(p) < 3 ,cp MG (p). A Petri net under an MIM
is called a minimal initial marking model, i.e., (N, M{™). O

In simple words, for all transitions ¢ € 7', there exists a
marking M € R(M, MJ") such that M|[t) holds and the
total number of tokens in places p € P at the marking Mj"
is minimal. The work in [21] represents an MIM based on
a given observation sequence. However, the notion of MIM
proposed in [21] is not applicable if the considered plant
contains unobservable transitions.

Fact I: Let M € R(N,M,) be a reachable marking,
where My € M, is a given initial marking and P, C P
be a trap. If M(P;) > 0, then for all M’ € R(N,M),
M'(P) > 0.

Proposition 1: Given a reversible net system under un-
known initial markings, the set of places P is a trap.

Proof: By contrapositive, suppose that the set of places
P isnotatrap,ie., P* Q ¢ P. Then there necessarily exists a
transition ¢t € P*® such that ¢ ¢ *P. For any M, € M, there
exists a reachable marking M € R(N, My) such that M|t)
since for all ¢’ € T, there exists a marking M € R(N, M)
such that Mt’). Further, by firing sufficiently enough times
of ¢ from M, the system reaches a state M’ € 07! However,
since (A, My) is bounded, My ¢ 0/*'!. Thus, (A, M) is not

necessarily reversible, which is inconsistent with Assumption
(A3) and thus completes the proof. [ ]

Fact 1 states that if a trap is marked at a given marking,
then it will remain marked in all markings that are reachable
thereafter. Proposition 1 implies that any transition ¢ €
T may be potentially fired under an initial marking if a
transition can be fired under the initial marking.

In this paper, an MIM can be established by solving an
integer linear programming problem (ILPP). Assume that
there exist k¥ € NT distinct minimal siphons and traps in
J,ie., Pj e Jforalliec {1,2,...k}. In the following, a
set of linear inequalities C for any element in J to calculate
MIM can be established:

Mo(p;?l) + Mo(pé%) + Mo(pg%) o>

where places p§17p2'27p3‘3 € P]? for all i € {1,2,...,k}.

Given a Petri net N, there may exist a set of MIMs
satisfying Definition 2. An MIM is established by solving
the following ILPP:

min Z My (p) subject to constraint set C (1)
peP

Proposition 2: Given a net system under unknown initial
markings (N, My), any transition ¢ € T' can be potentially
fired in the minimal initial marking model (N, M[™).

Proof: By contradiction, suppose that for all transitions
t € T, there exists at least a place p € °f such that
M{"(p) = 0. By Proposition 1, there necessarily exists a
minimal trap P. Thus, there at least exists a place p; € P
such that M{"(p;) > 0 by the set C. Then there necessarily
exists another place p; € P with p; # p; and p§ Np§ # 0
such that M{*(p;) = 0. Since (N, My) is reversible, there
must be a transition t; with Post(t;,p;) = 1 by Assumption
(A2). Then there is a new trap P, C P with p; € P, and
P,n *t; # (. By the set C, M{"(p;) + M{"(°t;) > 1.
The transition ¢ € pf N p§ can be fired if Mg"(p;) = 1;
the transition t; can be fired otherwise. By Fact 1 and
Proposition 1, we conclude that any transition ¢ € T can
be potentially fired in (N, MJ"). [

Example 1: Consider the net system under unknown ini-
tial markings (N, My) in Fig. 1, where T, = {t1,t2,t4,t5}
graphically presented by black bars and T,, = {t3,%s}
presented grey bars. There exists a fault class Ty = {ts}.
The sets of observable places and unobservable places at the
initial marking are P, = {ps} graphically represented by
white circles and P, = {p1,p2,p3,P4,p6} represented by
grey circles, respectively. The initial marking set is My =
{Mo € N°|(Vp € P\ {ps}) Mo(ps) = 4, Mo(p) < 10}.

There are two minimal siphons or traps, ie., P, =
{p1,p2,p3,p4} and Py, {ps,p6}. By the set C, we
have M"(ps) + M{"(ps) > 1 and My"(p1) + My" (p2) +

2
M (p3) + MJ*(p4) > 1. Thus, an MIM can be given by



M§* = pa + ps. By Proposition 2, any transition ¢ € T
is potentially fired in (N, M{"). Note that there are other
MIMs, ie., MJ" = p1 + ps and MJ"? = py + pe. [ ]

ta Ps @\EZQ D6
P1 E—»g—»g—»m /t/(D D4

Fig. 1: Net system under unknown initial markings (A, M)
of Example 1.

B. Extended verifier

For a bounded net system (N, My) with My € My, its
reachability graph can be represented as a deterministic finite
automaton (DFA). Based on this observation, a structure de-
rived from the DFA, referred to as a verifier, was introduced
in [6] to check diagnosability with polynomial complexity.
Consequently, the problem of verifying diagnosability for
a net system can be equivalently reduced to analyzing the
corresponding verifier.

Let © = |R(N, My)| be the total number of reachable
markings from a given initial marking My, € M in a
net system with uncertain initial states. According to [6],
the constructed verifier contains no more than 4z states.
Later, an unfolded verifier was proposed in [23], which
reduces the state size to at most 222 + 1, thereby improving
computational efficiency. This improvement is achieved by
eliminating redundant symmetric paths during the construc-
tion process. However, the approach requires generating two
(basis) reachability graphs, corresponding to the original net
and an auxiliary non-failure net.

Motivated by the above development, this paper introduces
an extended verifier via Algorithm 1, which also guarantees
an upper bound of 222 + 1 states, while avoiding the need
to explicitly construct a non-failure net system.

Definition 3: Given an MIM model (N, M), the reach-
ability graph is a DFA G = (M, T,Tr, M§*), where
M = R(N,M}") is the state set, T is the event set,
Tr = {(M,t, M) | M,M’' € RN, M), M[tyM'} is the
transition relation, and M{" is the initial state. O

Definition 4: Given a reachability graph G, an extended
verifier G, = (V, X, A, V) is a DFA, where

o My =M x M x {N,F} is the set of states,

o B = {(t1,t2)|tn, 12 € (TUED\TU{ (83, 1)t € T,

ts € (Treq U {e})} is the set of event pairs,

e A CV x X xV is the transition relation, and

o Vo= My, M§*; N) is the initial state. O

Given an extended verifier G,, a state of the form
(My,Msy;q) € V is referred to as a g-state, where ¢ €
{N,F}. A cycle in the extended verifier G, is defined as
a g-cycle if all states along the cycle share the same label
q. Furthermore, an N-cycle is considered uncertain if there
exists at least one state on the cycle from which an F'-state
is reachable through some event sequence o € >*.

Algorithm 1: Construction Procedure of the Ex-
tended Verifier G,
Input: A net system (N, M) under unknown initial
markings and ILPP (1).
Output: An extended verifier G, = (V, X, A, Vp).
1 Determine an MIM M{" by solving the ILPP (1);
2 Initialize the label set ¢ € {N, F'};
3 Set V= {(MJ",Mj*;N)}, A:=0, X :=0, and
leave (M{", MJ™; N') unlabeled;
while there exists an unlabeled state in )V do

4
5 choose an unlabeled state V = (M;, Ms;q) € V;
6 for each ti,t; € (T U{e})\ T do
7 construct V' := (A(My, 1), A(Ma, t2); q);
8 if V' ¢ V then
9 update V :=V U {V'};

Y=XU {(tl,tg)};

10 A= AU{V, (t1,t2),V'};

1 mark V' as unlabeled.

12 end

13 end
14 for each t, € T,cg U{c} and ty € Ty do
15 construct V' := (A(My,t1), A(Maz, ta); F);
16 if V' ¢ V then
17 update V := VU {V'};

Li=XU{(t1,t2)}:

18 A= AU{V, (t1,t2),V'};

19 mark V' as unlabeled.

20 end

21 end

22 end

23 Remove all state labels.

The research in [23] shows that a Petri net under a given
initial marking is diagnosable if and only if its verifier
established from the basis reachability graph does not contain
any F'-cycles. This conclusion also holds by simply replacing
the basis reachability graph with the reachability graph.

Corollary 1: [23] A net system (N, M), with My € M
is diagnosable iff the extended verifier established from the
reachability graph of (N, M) has no F-cycles.

Based on Corollary 1, to verify diagnosability for a net
system (N, M) under unknown initial markings, one needs
to establish an extended verifier for any initial marking M, €
M and determine whether there exists an F'-cycle for all
unfolded verifiers [23].

In the framework of diagnosability verification for (N,
M), to avoid the additional computational burden caused
by constructing extended verifiers for all My € My, this
paper proposes a notion called a basis fault path composed
of uncertain N-cycles and F'-cycles.

Definition 5: A path 6§ = My (t1,t) M (ta,t5) ... My
(tr,ty, )My € (V- X)* of G, where V- X is the catenation
of V and %, is called a basis fault path if, defining o, =
t1t2...tr, Oq = tr+1...ts, g = ts...tk, 0'/ = tll...t;,

P
Oq =trq1 .-t and o = t{ .. .1}, the following statements



hold:

() Ac(My,0,) = M, A(M',oy) = M and
AE(M/, O'j) = M" with ]\4/7 M" e {]\407 My, ..., Mk};

(2) Ac(Mo,0,) = M!, Ae(Ml,oé) = M! and A.(M*,
0}) = M? with MY, M? € {My, M, ..., My};

3) tf € tity ... tg;

4) P(op) = P(op)’, Plog) = P(og)' and P(o;) = P(0;)";
(3) op, 0'1/), o; and 0';- can be empty;

(6) no prefix of ¢ satisfies items (1)—(5). O

Equivalently, a basis fault path is defined as a path that
originates from the initial state of GG, and terminates either
at the first occurrence of a repeated F'-state, or at the first F'-
state reached after traversing an N-cycle. In addition, such a
path is regarded as an F'-cycle when it satisfies the condition
specified in item (5) of Definition 5.

Given a set of sequences 7™, define Z : T* — T*
recursively as follows: Z(e) = ¢, and for any s € T™* and
a €3, Z(sa) = Z(s)a if o ¢ [Z(s)], and Z(sa) = Z(s)
otherwise. That is, Z(s) is obtained by retaining only the
first occurrence of each symbol in s, while preserving their
order of appearance. For example, given s = SafSvya, we
have Z(s) = fary.

Proposition 3: A net system (N, M) under unknown
initial markings is diagnosable if the verifier constructed by
the reachability graph of the minimal initial marking model
(N, M{™) does not contain basis fault paths.

Proof: By contrapositive, suppose that the system
under an initial marking My, € My, ie., (N, M), is
nondiagnosable. It follows that there exist two sufficient
sequences o1 = ty1ty--- and o9 = tith--- in LN, My)
such that their projections are identical, i.e., P(o1) = P(02).
Moreover, the fault transition ¢y € Ty appears in o1 but does
not occur in os.

If all transitions in o7 and oy are distinct, except for the
pairs (t1,t,) and (},%),), then o1 = s10},02 = s205 €
L(N, M{") by Definition 2. Thus, by Definitions 3 and 4,

G, has an F-cycle, ie., (M,M'; F) Lr.72), (M,M'; F),
where (M, M'; F) = A((MJ", M§"; N), (s1, s2)). Actually,
an F'-cycle is a basis fault path by Definition 5.

If some transitions in either oy or oo occur more than
once, i.e., there exist ¢,¢' € T such that yo;(t) > 1 or
yoa(t') > 1, then one can derive two transition sequences
Z(g1) = so,1 and Z(og) = §'o,9. If there are two
sequences Z(o1) € LN, M{") and Z(o3) € LN, M),
by Definition 4, there exists an F'-cycle in G,, ie.,
(M, M'; F) 2272 (MM, F), where (M, M F) =
A((M, MJ";N), (s,s")). By Definition 5, there exists a
basis fault path in G,,.

It Z(o) ¢ LN, MP) or Z(o2) ¢ LN, M),
there necessarily exist four sequences o3, $404,0%, $j0) €
LN, Mg") with y, (tr) > 0, ¥y,0,(tr) = ¥ (ty) =
Ve (ty) = 0. P(03) = P(%) and Plssor) = P(si0%)
such that [o3] N [s404]N [Z(01)] # 0§ and [o5] N [shoy] N
[Z(02)] # 0 by Definition 2. Hence, an N-cycle must exist
in G,, that is, there is a state (M, M’; N) that can reach
itself via (04, 0)). This state is reachable from the initial state

(MEr, M{*; N) through (s4, s}y) as defined in Definition 4.
Moreover, one can identify a pair of sequences (s1, s2) with
s1 € [o3]N[o4] and sy € [05]N[oy] such that M [s1ts) and
MG§*[s2), where t; € Ty by Definition 4. Thus, there exists
a basis fault path in G, by Definition 5. This contradicts the
initial assumption, thereby concluding the proof. [ ]

Proposition 3 offers a criterion for checking diagnosability
of a net system (N, Mo) under unknown initial markings
that may contain unobservable transition cycles without es-
tablishing its reachability graphs for all My € M. However,
the absence of basis fault paths cannot be directly concluded
from the diagnosability of (N, My). Under an additional
assumption, Proposition 3 can be reversed. Specifically,
consider the following condition:

(A4) For any My € My, there does not exist a transition
cycle o € L(N, My) with for all t; € Ty, ty ¢ o such that
for all ¢’ € W(T), o cannot be fired at the marking Mjy[o”).

Theorem 1: Given a net system (N, Mg) under un-
known initial markings that satisfies Assumptions (Al)—
(A4), (N, M) is diagnosable iff G, constructed by the
reachability graph of (N, M{") has no basis fault paths.

Proof: (Only if) By contrapositive, suppose that there
exists a basis fault path in G,. If it is an F-cycle, i.e., the
condition in item (5) of Definition 5 holds, we have two
transition sequences 01,02 € L(N, MJ") with ty € Ty, ty €
o1, ty ¢ o2 and P(o1) = P(o2) by Definition 4. If M €
My, then (N, M{") is nondiagnosable by Corollary 1. If
MY ¢ My, then for all My € Mg, My = M§*+ I holds by
Definition 2, where I € NI¥I. Thus, 01,09 € L(N, M) for
all My € My. By Definition 1, (N, M) is not diagnosable.

If the basis fault path is not an F'-cycle, we have two
transition sequences (s1,s2) € X* and two sequences o3 =
$354,04 = S5Sg € L(N,M(}n) with tf € S4, YSg(tf) =
Yoo (t) = ¥oo(tf) = 0, 53 € [s1], 55 € [52], P(s3) = P(s5)
and P(s4) = P(s¢) by Definition 4. Since for all My € My,
My = Mg* + I holds by Definition 2, where I € N'P‘, S1,
S, 03,04 € L(N, M) for all My € Mg. By Assumption
(A4), we have two sufficiently long sequences sio3(s1)”,
s004(s2)™ € L(N, My), where n € N. By Definition 1,
(N, M) is not diagnosable.

(If) This is a special case of Proposition 3. |

According to Theorem 1, the diagnosability verification
problem for a net system (N, M) with unknown initial
markings reduces to checking whether the corresponding
extended verifier G, constructed from the reachability graph
of (N, M), contains at least one basis fault path.

Example 2: Consider the net system again under unknown
initial markings (N, M;) shown in Fig. 1. By Example 1,
we have an MIM M{" = p>+ps. In this way, the reachability
graph of the MIM model (N, M) is depicted in Fig. 2(a),
where Mo = pa + ps, M1 = p3 + ps, Ma = p1 + ps,
Ms = ps + ps, My = p2 + ps and M5 = py + ps.

By Definition 4, the initial state is Vy = (Mo, Mo; N). By
firing the event (t2, t2), it reaches a state (M1, My; N). Then,
we have an N-state (M, My; N) if the event (t4,t4) has
occurred. Thus, we find an N-cycle, i.e., from (Mg, Mp; N)
through (M, My; N) and (Msy, My; N), the plant reaches



again (Mo, My; N). By Algorithm 1, the extended verifier
G, is shown in Fig. 2(b). There exist two basis fault
paths since the state (Mj, M;; N) belongs to an N-cycle
and reaches the F'-states (My, Ms; F) and (My, Mo; F).
Therefore, (N, M,) is nondiagnosable by Theorem 1. W

My

[Mo, Mo; N |—>{t2’ t2\| My, M N |—>/t3’ t3\| My, Ma; N |—>{t5’ t5\| Ma, My N|

(t1,1) (ta, ta) (e, ts) (e, t6)

LM, My; N| [ M, Ms; F | [ My, Mo; F |
(b)
Fig. 2: The extended verifier G, of Example 2.

C. Computational complexity

In this section, we analyze the computational complexity

of each step in the proposed framework.

 Construction of an MIM M{": To derive M{", all min-
imal siphons and traps must be computed. In the worst
case, this step has complexity of O(2/”'!). Nevertheless,
in practice, this computation can be efficiently carried
out using the open-source tool INA.

o Construction of the extended verifier GG,,: The size of
the state space of G, depends on the reachability graph
of (N, M{"). In general, the complexity of reachability
graph construction is determined by the net structure
and the initial token distribution. Since M{" corresponds
to the minimal total number of tokens among all pos-
sible initial markings, the resulting reachability graph
is expected to be smaller, and thus less expensive to
compute, than that obtained from any M, € M.

o Construction of all basis fault paths: Let z = |[M)]
denote the number of reachable markings of (N, M{").
In the worst case, G, contains at most 22241 states, and
each state enables at most |T'|? — 1 event pairs according
to Algorithm 1. Consequently, the total number of basis
fault paths is bounded by O((|T]? — 1)2*"+1).

V. CONCLUSION

In this paper, we propose a minimal initial marking model
to verify diagnosability for Petri nets under unknown initial
markings without testing diagnosability for each initial mark-
ing. It is shown that the original system is diagnosable if and
only if the extended verifier established from the reachability
graph of the minimal initial marking model has no basis
fault paths. Finally, we formally discuss the complexity of
the proposed approach.

Our future research under this framework will focus on
diagnosability enforcement in Petri nets under unknown
initial markings. Furthermore, it would be interesting to
consider extensions to timed Petri nets.
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