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Abstract—CubeSats are widely used in space missions due
to their low cost and versatility, but their lack of propulsion
severely limits orbital control. As a result, passive control
strategies are commonly adopted, with drag-based control being
the most prominent. This approach exploits attitude maneuvers to
modulate the spacecraft’s effective surface, defined as the cross-
sectional area exposed to the atmosphere—spacecraft relative
velocity. This paper proposes a novel attitude-control framework
for tracking a desired effective-surface profile. First, the effective
surface and its dynamics are formally defined. Then, an attitude
control law based on the integrator backstepping technique is de-
veloped to achieve effective-surface tracking. Finally, simulation
results show the effectiveness of the proposed method.

Index Terms—Attitude control, surface control, aerodynamic
control, optimization

[. INTRODUCTION

Passively controlling a single satellite or a group of satellites
via aerodynamic forces is a well-established research area
spanning several closely related yet distinct topics. In Low
Earth Orbit (LEO), atmospheric interaction can be exploited
to control a spacecraft’s orbit with inherently low control
authority. This makes the approach suitable for missions with
coarse accuracy requirements and, as an auxiliary method, for
large spacecraft needing minor corrections. The current shift
from single spacecraft to distributed CubeSats further increases
the relevance of aerodynamic-based techniques—especially
differential drag—as a primary means of control.

When multiple satellites are involved, distinction must be
made between constellations and formation flying. Formation
flying typically involves intersatellite communication to per-
form cooperative maneuvers, whereas constellations may not
require as tight coordination. Although many aerodynamic-
control techniques are applicable to both settings, they gener-
ally require mission-dependent adaptation.

Aerodynamic forces are lift and drag. Lift is usually small
and is mainly useful for minor out-of-plane adjustments [1],
[2]; accordingly, it is often neglected (as in this study). Drag-
based control—particularly differential drag—is widely used
for station-keeping [3], docking, constellation establishment
and maintenance [4]-[7], and formation-flying management.

Drag-based control is formulated in terms of variations in
the ballistic coefficient (mass divided by drag coefficient times
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cross-sectional area). For a propulsionless CubeSat, mass is
effectively constant; moreover, the drag coefficient is typically
constant for a given vehicle and often similar across multiple
spacecraft with comparable geometries. Thus, the practical
control lever is the modulation of the exposed area.

This paper introduces the concept of the spacecraft’s ef-
fective surface (ES), i.e., the surface that can generate a net
drag force per unit mass to alter orbital motion. Depending on
the platform, this can be achieved through dedicated hardware
(e.g., tiltable drag panels) or, more commonly for CubeSats,
through attitude maneuvers.

Although aerodynamic orbit control is a coupled six-
degrees-of-freedom problem [8]-[12], attitude dynamics pri-
marily act as the mechanism to vary the ES. Hence, as a first
approximation, it is reasonable to separate orbital dynamics de-
sign (translational motion) from attitude dynamics (rotational
motion): first, synthesize a desired ES profile that yields the
required orbital behavior, then derive the rotations and control
torques needed to realize that profile.

Early differential-drag formation-keeping was pioneered by
Leonard et al. [13]. Under the assumptions of uniform at-
mospheric density and initially equal velocities and ballistic
coefficients, they proposed an on—off strategy that varies the
drag-panel angle of attack between 0 — 90 deg to generate
differential drag. Their two-part control law drives the relative
position to a target value and minimizes the eccentricity of the
relative-motion ellipse in the Hill frame.

Kumar et al. [14] further assessed the feasibility of nano-
satellite formation control by identifying suitable altitude
ranges and proposing a surface-modulation strategy based on
orbital energy comparisons. For a two-spacecraft formation,
they designed a proportional-integral-derivative controller that
commands ES changes to either the leader or the follower
based on the sign of the orbital energy difference.

Shouman and Atallah [15] designed a linear quadratic reg-
ulator (LQR) for relative positioning based on modified Hill’s
equations that account for both drag and Earth’s oblateness.

The above works primarily determine the required ES from
an orbital-control perspective, without explicitly addressing
how the vehicle should realize that surface. For small satellites
where attitude maneuvers are preferred over tiltable panels,
Ivanov et al. [2] modeled differential drag for two identical



spherical spacecraft with thin solar panels. They expressed
the differential-drag force in terms of physical parameters
and two unit vectors (the panel normal and the incoming
flow direction), and then reparameterized it as a function
of four attitude angles (two latitudes and two longitudes).
Their approach uses LQR for orbital control and then solves
nonlinear equations at each time instant to recover the attitude
angles. A key limitation is that the nonlinear system may admit
no solution, a unique solution, or two solutions depending
on the LQR command magnitude, and the solution can be
computationally demanding.

An alternative coupled orbital-attitude approach is proposed
by Harris et al. [6], [16], [17], using modified Rodrigues
parameters. They derive a linear system that couples relative
orbital dynamics with attitude dynamics and then design an
LQR controller for the combined model.

Against this background, this paper proposes a new solution
to the ES tracking problem. It first defines ES dynamics as a
function of spacecraft angular velocity and the orbital state
vector, then applies integrator backstepping to compute the
angular-velocity command needed to track a desired ES profile
and the corresponding control torque.

The core idea is to enforce an angular-velocity that yields
the desired ES while allowing the attitude to evolve accord-
ingly, in contrast to standard attitude control, which drives
both angular velocity and attitude to prescribed references.

II. PRELIMINARIES

This section introduces the reference frames, the scientific
notation, and the fundamental equations used in the work.

Referring to Fig. 1, we use two reference frames: the Earth-
Centered Inertial frame (ECI), denoted by F; (quantities with
superscript 7), and the spacecraft body frame, denoted by F;
(quantities with superscript b).

Fi is a nonrotating right-handed inertial frame, with the
xi-axis aligned with the vernal equinox, the x’—y’ plane
coincident with the Earth’s equatorial plane, and the z‘-axis
pointing northward along the Earth’s rotation axis [18].
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Fig. 1. Reference frames.

Fp is a right-handed body-fixed frame centered at the
spacecraft center of mass and aligned with the principal inertia
axes. Its orientation with respect to F; is described by the
rotation matrix R? € SO(3), such that 2 = Rlx'.

For {x,y} € R3, the cross product can be expressed as
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For a LEO orbiting spacecraft, the drag acceleration is
af, = —pBS|w'|w’, where w' = v' — S(wh)r', B =
pCp/(2M), r* and v* are the spacecraft’s position and
velocity vector, S is the ES, Cp is the drag coefficient (=~
2.2 [19]), M is the mass, p(h) is the atmosphere density,

= ||7%||-Rg is the altitude, Rg = 6371 km is the Earth’s
radius, and wi = [0,0,7.292115486 x 107°]" rad/s is the
Earth’s angular velocity. Thus, the two-body problem is [18]
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where 1, = 398600 km?/s? is the Earth’s gravitational constant.
Let I3 € R3*3 be the identity matrix, we define & and & as

S(wé)vi + ”,r.iHBr

Finally, the attitude kinematics and the Euler equations are

R; = ~S(w")R! 3)

(2

Jo’ = S(Jw)wb 4 ub “)

where w is the spacecraft’s angular velocity, J is the sym-
metric and positive definite (SPD) inertia tensor, and u is the
control input. For notational simplicity, the superscript b is
omitted hereafter, as all these quantities are expressed in Fy.

ITII. EFFECTIVE SURFACE AND ITS DYNAMICS

The ES is the spacecraft cross-sectional area projected along
& and directly relates to the drag force. Detailed derivations
based on molecular—surface interaction models are provided
in [20], while for complex spacecraft geometries, the ES can
be evaluated using advanced methods [21]. In this paper, we
adopt the model presented in [19], where the ES is defined as

n
S=> n"niS;, n=RE¢ ©)
j=1
where n is the number of surfaces, and an) is the unit vector
normal to the j-th surface S;. The standard CubeSat setup is
summarized in Table I. Because only positive terms in (5)
must be summed up, we rearrange the equation as

6
1
S = 3 Z(bjsj’ ¢; = nTnz? [1+ sgn (nTng’)] (6)
=1



By splitting the summation in (6) and using Table I, we get
1 1
T T
6= 52%‘5} =3 [s'n+m'on]
i=

6
1 1
Sy = 3 ;:4 $;S; = 3 [—s"n+m'on

with s = [S1,52,53]T, o = diag(s), and m = sgn(n),
where we used the operator signum of a vector defined as

sen(n) = [sen(n1),sgn(n2),sgn(nz)] . Hence, using (3), the
ES and its dynamics become

S=6,+6,=m'on (7
S=m'on+m'oS(n)w+m'oRE. (8)
TABLE 1

CUBESATS SURFACES AND NORMALS.

Surface Value Unit Vector
1 S1 n} =[1,0,0]7
2 Sa nb =1[0,1,0]7
3 S3 n$ =[0,0,1]7
4 S4 =51 ni = —nl{
5 S5 = Sa ng = fng
6 Sg = S3 ng = —'n.g

Note that (7) defines S as a continuous but non-
differentiable function at n; = 0, implying that S involves
m, i.e., Dirac delta terms. This issue is addressed in the next
section. To the authors’ knowledge, such a general ES matrix
formulation has not been previously reported in the literature.

IV. SPACECRAFT CONFIGURATIONS

The main issue with (8) is the non-differentiability in
n; = 0. This fact makes Lyapunov theory, strictly speaking,
inapplicable. This problem may be solved in two ways. The
first is to assume that the spacecraft always remains in one of
the configurations of Table II during the control operations,
where m is fixed and S is a class C? function. The second is
to treat the problem as a hybrid system and prove asymptotic
stability accordingly [22], [23].

In this work, we choose the first option and, thus, we state
the following configuration-belonging requirement:

Requirement 1. If the spacecraft at t = ¢t > 0 is in a
configuration defined by m = sgn(n)|,_; then, Vt > t, the
rotation profile R must be such that m = mVt > t, ie.

diag(m)n = diag(m)RE >0 Vt>1>0. ©)

This requirement mandates that the spacecraft uses only the
three surfaces “active” at ¢ = ¢. Although this requirement
restricts maneuverability, it is practically feasible and enables
the design of configuration-based Lyapunov controllers.

Table II shows that there are eight possible configurations.
Let s,, = om, then (7) and (8) can be rewritten as

S=s'n S=s!Snw+s RE. (10)

TABLE 11

POSSIBLE SURFACES CONFIGURATIONS.
Config. | Surfaces | m = sgn(n)
I 1,2,3 m=[1,1,1]T
II 1,2,6 | m=][1,1,-1]T
111 1,53 m=[1,-1,1"
v 1,56 | m=[1,-1,-1]T
v 4,2,3 | m=[-1,1,1]T
VI 42,6 | m=[-1,1,-1]T
VII 4,53 m=[-1,-1,1]T
VIII 4,56 | m=[-1,-1,-1]T

The goal is to track a desired rotation profile w, that ensures
the spacecraft satisfies (9). In this work, wy is not determined
a priori, but it is an output of the integrator backstepper.

V. INTEGRATOR BACKSTEPPING CONTROL

This section presents a proposition for the attitude-based
ES tracking. Let S, be the desired ES profile and assume that
S4(t) and Sg(t) are bounded functions. We define the ES error
and its dynamics as

Se=8-S84, Se=f+g'w (11)

with f = sT RE — Sy and g = —8(n)s,,. From this, we now

m
state our main result:

Proposition 1. Assume m = m Yt > t as per Req. I.
Moreover, let w, = w — wy and wq be the solution of the
consistent-underdetermined linear system

f+9 was=—ksS.. (12)

Then, the equilibrium point (Se,w.) = (0,0) of the error
dynamics {Se,w.} is asymptotically stable, if the dynamics
(4) is in closed-loop with the control law

u=-S8Jw)w + Jw; — gS. — K, ,w, (13)

with K, € R3*3 SPD and k, > 0 feedback gains.

Proof. The proof follows classical steps of the integrator
backstepping technique —cf Khalil [24]. Let V: R — R
be a continuously differentiable Lyapunov function such that
V(0) =0 and V(S.) > 0 in R — {0} defined as V = S2/2.

By taking the time derivative, we get V = So(f + g ' w).
Thus, by choosing w = wy such that f + g'wy = —k,S.
with k, > 0, we end up with V = —k,S2. Since V(0) = 0,
V(S.) > 0VS. # 0, and V(S.) < 0VS, # 0, the origin
Se = 0 of (11) is asymptotically stable.

To perform the backstepping, we define w, = w — wy. By
taking the time derivative and using (4), we get

Jwe = S(Jw)w — Jwg + u. (14)

Finally, let V,.: RxR3 — R be a continuously differentiable
composite Lyapunov function such that V.(0,0) = 0 and
Ve(Se,we) > 0 in R x R3 — {0,0} defined as V., =



S2/2 + wlJw./2. By taking its time derivative, we get
Vo= —ksS? +w] [gS. + S(Jw)w — Ty + ul.

By defining ©v = —S(Jw)w + Jwy — gSe. — K, w, with
K. SPD, we end up with V, = —kyS? — wJwae.

Hence, since V.(0,0) = 0, Vo(Se,we) > 0V(Se,we) #
(0,0), and V,.(S.,w.) < 0Y(S.,w,) # (0,0), the equilibrium
point (Se,w.) = (0,0) of the system (I11) and (14) is
asymptotically stable [24]. O

VI. CONSTRAINED MINIMIZATION PROBLEM

The main issue of Prop. 1 is solving (12) to get w,. Since the
latter is one equation with three unknowns, it admits infinitely
many solutions forming a two-dimensional solution space,
according to the Rouché—Capelli theorem [25]. In addition,
the solution wy must satisfy Req. 1.

Our solution strategy is a constrained minimization. Given
the nature of the constraints (9), the solution is obtained via
quadratic programming (QP), with constraints expressed using
control barrier functions (CBFs). The required background is
briefly reviewed before applying the methodology.

Following Ames et al. [26], the safe set C is defined as the
superlevel set of a continuously differentiable function h: D C
R™ — R such that

C={zxeDcCR": h(z) >0}
dC ={xz € D CR": h(z) =0}
Int(C) = {z € D C R": h(z) > 0}.

We now introduce the following definitions and theorem:

Definition 1. Let x € R™ and f: R™ — R"™. Then, the set C is
said to be forward invariant for system & = f(x) if Va, € C,
x(t) € C for x(ty) = xg and Vt > tg > 0.

Definition 2. Ler j =1,...,m, x € R", f: R" — R", and
h: D C R"xRs>¢ — R a continuously differentiable function.
Moreover, let Yo(x,t) = h(z,t), ;: D CR" xRy — R
defined as ;(x,t) = ¥;_1(x,t) + a;(¢;_1(x,t)), and C; C
D C R” defined as C; = {x € R": ¢;_1(x,t) > 0}. Then,
the function h is said to be a High-Order Control Barrier
Function (HOCBF) of relative degree m for the dynamics x =
f (@) if there exist differentiable class K functions «; such that

’L/Jm(il:,t) > OV(iL',t) e Cin,...,NCp, X R>o .

Theorem 1. Let x € R™, f: R — R™, and h: D C R™ x
R>o — R a continuously differentiable function. Then, the set
CiN,...,NCy, xR>q is forward invariant for system & = f(x)
if h(x,t) is an HOCBFE.

In our notation, R>( is the set of positive real numbers.
Def. 1, Def. 2 and Theorem 1, taken from [27], provide
forward invariance conditions based on HOCBFs, applicable
when the constraint has relative degree greater than one. In
the CBF case, the iteration stops at m = 1. For (9), we get

h(n) = diag(m)n — € = ¥o(n) = h(n)
P1(n) = o(n) + o (yo(n))

where € > 0 is a safety margin. Hence, for Def. 2, it must be
diag(m)S(n)w’ + diag(h)RE + ay(h(n)) > 0.
Thus, the minimization problem formalizes into

. 1+ P o
—w,; H =0
iBegs WA H@WaT g
subjected to  Acqwq = beq + 0

Acprwg > beyy

5)

with A, = g', beq = —ksSe—f, Acpy = diag(m)S(n), and
by = —diag(m)RE — ay (h(n)). Moreover, H is any SPD
matrix, and ¢ is a slack variable weighted by p > 0 to ensure
QP feasibility. Introducing slack variables on the equality con-
straints allows temporary relaxation of stabilization objectives,
while the safety constraints remain strictly enforced.

VII. SIMULATION AND RESULTS

This section assesses the tracking accuracy of the control
law derived in Section V through a simulated case. The
simulation parameters and initial conditions are reported in
Table III and Table 1V, respectively.

The spacecraft is initially orbiting on a 450 km-altitude
quasi-circular polar orbit of period 7" = 1.5831 h. Control is
initiated after detumbling w(0) = 0 rad/s and in configuration
I of Table II.

According to the literature [28], two ES profiles are com-
monly adopted. A periodic profile, Sq(t) = S sin(vt+¢)+ S5,
generates bounded relative motion, yielding closed elliptical
trajectories in the Hill frame. An exponentially damped profile,
Sa(t) = Sexp(—(ut)sin(vgt+¢)+S, is instead used to drive
the intersatellite distance toward a fixed equilibrium. The latter
was used in the simulation because it allows us to study both
the oscillatory and steady-state profiles simultaneously.

Simulations were performed over 27" with a sampling time
of 0.1 s, using Simulink and a 4th-order Runge-Kutta integra-
tion scheme. The minimization problem (15) was solved using
the quadprog solver with the interior-point-convex algorithm.

The function a; was assumed to be a(vg) = y1po with
~ > 0, and the penalty p was chosen high to make the equality
constraint hard and test the numerical robustness.

Fig. 2 shows two attempts of transition at the locations
indicated by the dashed lines, first from configuration I to
IT at approximately 0.117" and later from configuration I to III
at about 0.67', occurring when the S, oscillation amplitudes
are the highest. In these instances, the CBF constraints become
active, modifying the angular velocity to enforce safety. As the
oscillation amplitude subsequently decreases, the QP yields
a wy profile that no longer drives the system toward the
configuration boundaries. This behavior is also inherent to the
CBF formulation, which intrinsically reshapes the admissible
set near the configuration boundary.

It is worth noting that the angular velocity w does not
converge to zero. As shown by (10), an additional perturbative
term—negligible during the transient—must be compensated
at steady state. This term is related to £ and reflects the fact



that, in general, a constant ES is not a natural equilibrium and ACKNOWLEDGMENT
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Finally, Fig. 3 shows that the composite Lyapunov function
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the theoretical results established in Section V.
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