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Abstract—This paper investigates the problem of design-
ing iterative learning control laws based on input and state
measurements collected during an open-loop experiment. Dis-
turbances corrupt the measured data, and we have a set of
dynamics that could have generated the collected data. The
problem considered is control law design to achieve robust con-
vergence of the tracking error in the trial-to-trial direction. It is
shown that the design problem can be formulated in a repetitive
process setting, as it is required to consider the interaction
between the trial-to-trial error and the transient response along
the trials. The stability analysis for linear repetitive processes
is used to develop conditions for the existence of a control law,
and the computation of the required control law matrices is
linear matrix inequality-based. Finally, comparative simulation
results show the effectiveness of the new design.

I. INTRODUCTION

Iterative learning control (ILC) applies to systems or pro-
cesses that perform the same finite-duration task repeatedly.
The aim is to improve the accuracy by using data from
previous executions to update the control action for the next
one. Early literature is covered in, e.g., [1], [2]. A literature
review indicates that ILC has attracted considerable research
attention since it has been used for improving the control
performance in many practical problems such as industrial
robotics, see, e.g., [3] and wafer stage motion systems, see,
for example, [4]. Additionally, see, e.g., [5], [6], ILC can be
directly applied in the chemical process industries and, in
particular, batch processes.

In practical implementations, the development of ILC
schemes predominantly relies on model-based strategies that
incorporate the dynamics of the controlled system [1], [2].
However, recently, there has been a noticeable trend toward
employing increasingly imprecise models, a trend that stems
from the enhanced robustness properties of modern ILC
design methodologies. Despite this trend, the fundamental
objective in ILC synthesis remains the same: to ensure
tracking-error convergence across successive trials and the
preservation of system stability, particularly under condi-
tions of significant model uncertainty. A widely recognized
framework in the ILC literature is the two-dimensional (2D)
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or repetitive process representation of the learning dynam-
ics [7], [8], [9]. This formulation enables explicit modeling
of the coupling between inter-trial error evolution and trial
transient behavior. Importantly, it facilitates the derivation
of control design conditions in the form of Linear Matrix
Inequalities (LMlIs), applicable to both continuous-time and
discrete-time systems. Ensuring stability along the trial axis
within the repetitive process framework imposes tracking-
error convergence of the controlled system.

In recent years, data-driven control synthesis has emerged
as a prominent paradigm, primarily due to the widespread
availability of high-capacity, low-cost digital storage tech-
nologies. These advancements facilitate the acquisition and
retention of extensive datasets, which may include mea-
surements collected during experiments on controlled ob-
jects. Unlike traditional model-based approaches, data-driven
methods do not require identifying the parameters or building
a model of the system first. Instead, the control algorithm
is derived directly from the available measurement data,
allowing the controller to be designed without an explicit
modeling step.

This paper explores the application of recent advances in
data-driven control (specifically those accommodating addi-
tive process noise) to the synthesis of ILC schemes. While
the proposed methodology builds on existing results [10], it
extends their applicability to more complex control scenarios,
notably those in which ILC is formulated as a repetitive
process. The adopted framework enables the construction
of an ILC design procedure that guarantees robust stabil-
ity of the closed-loop system in both the time and trial
domains. Crucially, the controller synthesis is formulated
as a convex optimization problem over LMI constraints.
The effectiveness of the proposed approach is demonstrated
through a numerical example, which confirms that the data-
driven design achieves performance comparable to that of
established benchmark methods.

Throughout this paper, the null and identity matrices with
compatible dimensions are denoted by 0 and I, respectively,
and the notation of P = 0 (P < 0) means that P = PT
and that P is positive (negative) definite. In addition, p(P)
denotes the spectral radius of P and the superscript * denotes
the complex conjugate transpose of a matrix.

The proofs of the results in this paper make use of the
following result (Petersen’s lemma).

Lemma 1: [10], [11] Consider matrices C € R"*"™, ]_l*; S
R"*P, F € R?*9, G ¢ R"”*" withC=C" and F=F >



0, and let F be
F:={FecRP*":F'F=<F}. (1)
Then
C+EFG+G'F'E" <0forall Fe F )
if and only if there exists a scalar A > 0 such that
C+AEE' + M 'G'FG <0. 3)

II. PRELIMINARIES

Let ¢t € [0, « — 1] be the sample index or time instant over
the finite trial duration o and & > 0 be the trial number. Then
discrete-time systems over a finite time interval ¢ € [0, « —1]
described by the following state-space model are considered

i (t + 1) =A$k<t) + Buk(t) + dk(t),
yk(t) :ka(t), (4)
Ik(O) =Zo,

where x(t) € R™ is the state vector, y(t) € R™ is
the output vector, ug(¢t) € R™ is the control input vector
and di(t) € R™ is the external disturbance vector. {A, B}
are unknown system matrices with compatible dimensions
and C' is known output matrix.

Assumption 1: After each trial is complete, the system
resets to the same initial value xg, and there is no loss of
generality in assuming that zy = 0.

Remark 1: As seen, the output equation is not subject
to any noise or disturbance matrix. Also in many practical
cases C' directly indicates which internal state variables are
observed and hence we assume that the matrix C' is known.

Since the matrices {A, B} in (4) are unknown, an ex-
periment on the system is performed by applying an input
sequence u(tp), w(t1), ..., u(ty—1) of N samples. The
state response x(to), (1), ..., x(tn—1), the shifted state
response z(t1), x(t2), ..., x(ty) and the output response
y(to), y(t1), ..., y(tny—1) are measured. Moreover, the
disturbance sequence d(tg),d(t1),...,d(ty—1) affects the
system’s evolution and remains unknown, which implies that
the collected data are noisy. This means that following data
vectors are available after performing the experiment

Uo = [u(to) u(t) u(tn-1)},

Xo=[z(to) x(t1) - =x(tn-1)l, )

Yo=[ylto) y(t1) -+ yln-1)]

Xi=la(t) a(t) - a(tw)):
Disturbances are unknown but can be collected as

Do = [d(to) d(t1) d(tn—1)]- (6)

This paper uses a certain disturbance model where the
disturbance sequence Dy has bounded energy. This means
that Doy € D where, for some matrix A

D:={Dy e R™*N : DD < AAT}. (7

Therefore, based on measured data the system (4) can be
expressed as
X1 =AXo + BUy + Dy,

8
Yo =CXo. ®

With data (5) and set D in (7), introduce the set C of matrices
that are consistent with the data

C:={(A,B): Xy = AXy + BUy + Dy, Dy € D} (9

i.e., the set of all pairs (A, B) of dynamical matrices that
could generate data X;, Xy and U, based on (4) while
keeping the disturbance sequence in the set D. Next, observe
that C can be rewritten as

C :{(A,B) : X1 = AXO +BUO +D07

s w5 )=o)

Furthermore, substitute Dy = X7 — AXy — BUj in the last
matrix inequality and collect [/ A B] on the left and its
transpose on the right of the matrix inequality. Finally, one
can find that C can be equivalently written as

c={@B):[1 4 B].[%]?TT] W7 =0} (10)

and then
C={[AB]=2"C+B"Z+Z"™B+Z"AZ <0}, (11)

where we rearrange (A, B) as the matrix [A B] from (10)
[X 1 X —AAT

to (11) and define
-
[l |
C BT UO
[B A }:: - (12)
_ [ Xo| x| [Xo| [¥Xo
Up| 1 Uop| |Up

XO} has full row rank.
Uo

The set C in (11) can be regarded as a matrix ellipsoid
and hence enables a final simple reformulation of C as

Assumption 2: Matrix [

C={[A B|=2":(Z2-2)"A(Z-Z)=Q}. (13)
Since A = 0 one can define

Z.:=—A"'B, Q:=BTA"'B-C. (14)

To derive the main result from Lemma 1, a final reformula-
tion of C is needed. Let us define

&= {Z.+A72TQY2: 7| < 1}, (15)

where T is an unknown matrix to be found and then for
A > 0and Q = 0, C = & (see Proposition 1 in [10] for
further details). Therefore Lemma 1 allows us to eliminate
the matrix Y which will be shown when the main result will
be provided.



III. EMBEDDING ILC INTO A REPETITIVE PROCESS
SETTING

In this section, we formulate the ILC problem and in-
troduce the LMI condition to compute the gain matrices
for the assumed control law. We assume that the process
is represented by (4) but no direct disturbances are present.
Any disturbances arising during the measurement experiment
will instead appear as uncertainty in the estimated process
matrices, i.e. A and B are unknown.

Given the desired trajectory 4, the tracking error on trial
k, i.e., the difference between the desired and actual process
outputs, is

er(t) = ya(t) —yr(t), t € [0,a —1].

The objective of this paper is to use the tracking error to
construct a control sequence {uy } >1 such that the uncertain
process output yy, tracks the desired trajectory y4 as precisely
as possible as k — co. In this case, the tracking error in k
converges to zero (or within some specified tolerance), and
the tracking performance along the trials (in ¢) is improved.
These requirements are represented mathematically as

Jm ey () =0, lim {luy(-) —ueo ()] =0,
—00 k—oo
where ||-|| denotes the norm on the underlying function

space and u(+) is termed the learned control. To achieve
the (robust) convergence of the unknown linear iterative
process (4), an ILC law is used to compute the subsequent
trial input as the sum of the previous trial input plus a
correction, i.e.

uk+1(t) = uk(t) + Auk+1(t),

where the update Auy1(t) is computed after the end of trial
k and used in (16) to compute the input to trial k + 1, using
known data. In particular, suppose that

(16)

T T (t)
Aug(t—1) = [ K; KQ]{ e () ] 17)
where the incremental variable Ty (t) is

Tr1(t) = Tpga (t — 1) —ap(t — 1). (18)

Since this paper uses repetitive process theory to design a
control law some transformations are needed. In particular,
to write the dynamics as a repetitive process observe that

€k+1(t)—€k(t) = —CATk+1(t) — CBAuk+1(t — ].) (19)
Secondly, one can find that

Trr1(t+1) = ATpy1(t) + BAug(t — 1) (20)

and hence the controlled dynamics can be written as

Tin (t+ 1) =(A+BK) T (t)+ BKaeg(t),
er+1(t) =(—CA—CBK{)Tin (t)—l—(I—CBKg)ek(g).
2D
The above set of equations has the form of a linear repetitive
model where Ty (t) plays the role of process state vector
and ey (t) plays the role of the trial profile (output) vector.

Hence repetitive process stability results can be applied for
computing K7 and Ky which ensure both trial-to-trial error
convergence and along the trial performance - see [12]
for further details. Several sets forms of stability have
been developed for linear repetitive processes together with
associated tests [12], [13]. From the practical standpoint,
the most important are those which guarantee asymptotic
stability or stability along the trial (pass). Asymptotic stabil-
ity guarantees that a bounded initial trial profile produces a
sequence of trial profiles (i.e. output signals) over the finite
and fixed trial length «, whereas stability along the trial is
stronger since it requires this property uniformly, i.e., for all
possible values of the trial length. Hence it is not surprising
that asymptotic stability is a necessary condition for stability
along the trial.

The following result is a direct extension of the analysis
in [13] and characterizes stability along the trial of systems
described by (21).

Lemma 2: A discrete linear repetitive process described
by (21) is stable along the trial if and only if there exist K
and K5 such that

i) p(I-CBK,) <1,
i) p(A+BK;) <1,
iii) all eigenvalues of

G(e") =((-CA-CBK,)(e/*1 — (A+BK,)) ' BK,
+ (I-CBK))), Vw € [—7, ]

have modulus strictly less than unity.

In terms of checking the conditions of the above result, only
the third condition is a problem because it requires to check
if all eigenvalues of G(el“), i.e., the characteristic loci, lie
inside of the unit circle Vw € [—m, 7. Instead, this paper
uses a sufficient condition for stability along the trial. The
following result can be established where the existence of
K7 and K> are given in terms of LMIs.

Theorem 1: Let v be a positive scalar satisfying 0 <
v < 1. Then an ILC scheme described as a discrete linear
repetitive process of the form (21) is stable along the trial
and hence trial-to-trial error convergence occurs if there exist
matrices W7 = 0, Wy > 0, N; and N, of compatible
dimensions such that the following matrix inequality holds

~W, 0 —AW,-BN; —BN,
0 —Wp CAW;+CBN; —Wz+CBN,
() @) i 0 <0. (22)
(*) ) 0 W2

Furthermore, if the above inequality is feasible, the required
K, and K> are given by

Ky =NWt Ky = NoWyt (23)

Proof: Assume that (22) is feasible for some W7 > 0,

Ws > 0. Next, pre- and post-multiply the last inequality by
diag{I, I, W;*, W, '} and then apply the Schur’s comple-



ment formula to give

{A+BK13K2}T[P1 0 HA+BK1 BKQ}

I 0 0 —P, I 0
—C(A+BK,) I-CBK,]" [P, 0
0 I O —’}/QPQ
" {—C(Aa—BKl) I—CIBKg] 0,

where P; = Wl_l, P, = Wz_l. Next apply the Kalman-
Yakubovich-Popov lemma (see Theorem 2 in [14]), which

yields
{G(?'“)T [1;2 —ngJ {G(?%] <0,

where G(e)“) is defined by iii) in Lemma 2. Feasibility
of the above inequality guarantees that condition #ii) of
Lemma 2 holds. Furthermore, feasibility of (22) implies that
conditions 4) and i) of Lemma 2 hold and the proof is
complete. [ ]

Remark 2: The scalar parameter v can be minimized to
increase the convergence rate of the tracking error.

The matrix inequality in Theorem 1 cannot be directly
solved since A and B are unknown. However, by using a
particular set of transformations, the inequality (22) can be
converted into an appropriate form for computing K; and
K5 as detailed next.

IV. DATA-DRIVEN DESIGN OF ILC LAWS IN REPETITVE
PROCESS SETTING

Since the matrices A and B are unknown, the condition
proposed in Theorem 1 poses difficulties in solving of
controller design problem. To solve this problem, observe
that

— AW, — BN, —BN,
CAW, + CBN, —Ws + CBN?2

“(p ][] s ) o)
g RN I

Next, introduce the notation

W =diag{Wy, Wy}, U=diag{0, Wy}, W =[Wy, 0]

. 9 T (24
N =[Ny, N3], A=diag{W;, v W3}

and then the result of Theorem 1 can reformulated in
the form that depends on the parametrization of C through
A, B, C given in (10) to obtain an LMI characterization
for the existence of ILC law represented by (17) for which
the resulting ILC scheme is convergent. This enables the
direct use of noisy experimental data for ILC controller
design, as stated in the theorem below.

Theorem 2: Let v be a positive scalar satisfying 0 <
v < 1. Also, suppose the experiment has been made and
data given in vectors Uy, Xp, X1 as in (5) and satisfy the

Assumption 2. Then if there exist Wy > 0, Wy > 0, N; and

Ny such that
i e e M A e
(%) —A | [-WT —NT]
I (*) (%) —A
(25)

holds. This implies that the inequality (22) holds too, the
resulting repetitive process (21) is stable along the trial and
hence trial-to-trial error convergence occurs. Moreover the
required K; and K5 are computed as (23).

Proof: 1t is sufficient to show that feasibility of (25)
ensures feasibility of (22). To proceed observe the LMI (25)
can be equivalently rewritten as

T
—1I —I
weelele] v
(%) —A
o -
S |47 ple ] R e
—-N
Using the notation introduced in (14), the last inequality can
be rewritten as

wfZJafe] 2]l

o il

U

<0

+ Al

=<0.

(26)
On the other hand, in view of (15) we know that

[AB]=(2+ A‘l/QTQ1/2>T

and then

— AW, — BN —BN;
CAW, + CABN; —W3 4+ CBN>

_ 100 —1 —1/2vvy1/2) 7 [W1 0
—[OWJ—I—[C}(ZC—FA Q) N |-

Additional matrix manipulations yields

[—Ww7 0 — AW, — BN, —BN,
0 —Wy CAW; + CABN; —W5 + CBN>
(*) (%) —Wh 0
L () (%) 0 —2 W
- T
|-w _U+[C ] 7 {N]
L (%) —A
g o o
+1||C YT [0 A3 { H
L N
|0
- 0 »
N T 1| =
+ W] A 1 T [QZ [C :| 0]
L[V




Finally, we use the result of Lemma 1 to obtain the
inequality (26), that is, performing the elimination of the
unknown matrix Y such that || Y| < 1. Obtaining (26) is
ultimately achieved by absorbing the unknown scalar A in
the matrix variables W, Wy, Ny, and Ny (i.e. Wy = AW,
Wy = AWsy, N1 = AN, and Ny = AN,). |

V. NUMERICAL CASE STUDY

The example given in this section is based on a model
of a single axis of a gantry robot, which has been used to
experimentally validate existing ILC algorithms. It should
be emphasized that the model presented below will only
be used to generate data. This means that the collected
data is the only available information and the underlying
system parameters remain unknown within the data-driven
framework.

The modeling of each axis was carried out using the
frequency response function approach. Since the axes are
orthogonal, it was assumed that the interaction between
them is negligible. Based on this methodology, the studies
reported in [15], [16], identified the following continuous-
time transfer function for one of the axes

15.8869(s + 850.3)
s(s2 4 707.65 + 3.377 x 105)

G(s) =

Discretization performed using the zero-order-hold method at
a sampling frequency of 100[Hz] yields the following transfer
function in the z-domain
G(2) 0.00036482(22 + 0.09791z + 0.005951)
Z) =

(z — 1)(22 + 0.005922z + 0.0008451)

and hence in (4)

0 1 0 0.3648 x 1073
A= 0 0 1 |, B=]0.3984 x 1073/,
0.0008 0.0051 0.9941 0.4000 x 1073
cC=[1 0 0]

The system is assumed to be subjected to non-repeating
disturbances of the form

d(t) =5x 107% - sin(27 - B(2)),

where each state is affected independently, and 3(¢) repre-
sents a realization of a uniform random variable in [0, 1].

Furthermore, the collection of data X, X; and U, was
achieved through the implementation of a uniform random
variable in the range [—0.01,0.01] as the input. The mea-
surement data collection process involved a sample length of
N = 200 and a sampling time of 0.01 seconds. The resulting
open-loop output is shown in Figure 1. The range of the
input signal used for data generation is similar to that of the
reference trajectory (Figure 2), which the system is intended
to track using the ILC law. For the assumed interference
signal, it can be observed that d satisfies |d|> < 2.5 x 10711,
Hence, the disturbance sequence D satisfies then the bound
DDT < 2.5 x 10"''N1. Finally, the bound on d can be
convert into A :=5 x 10~6+/NT.
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Fig. 1: Displacement of the considered axis in an open loop
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Fig. 2: Reference trajectory for the considered axis

Applying Theorem 2 for v = 0.9, gives the ILC law
matrices in (17) as

K, =[—59.1378 —367.984 —772.4510], K2 = 365.4361.

A simulation of the controlled system was conducted over 50
trials. Upon completion of each trial, the Root Mean Square
(RMS) of the tracking error was computed using

RMS(ex) = ex(t)

TN

and plotted in Figure 3 as a function of the trial number.
Simulations of the controlled system confirm that the system
remains stable throughout each trial. Moreover, the results
clearly demonstrate that the implemented control law allowed
for a significant reduction in the tracking error, even in the
presence of non-repetitive disturbances (see Figure 4).

VI. CONCLUSIONS AND FUTURE RESEARCH

This paper explores a data-driven methodology for design-
ing ILC schemes directly from measurement data obtained
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Fig. 3: RMS(eg) values of the error over 50 trials

Displacement [m]

088 o
anifypunty
usnsigauitiye
TS

Time [s] 0 o

Fig. 4: Axis displacement during 50 trials

during open-loop experiments, thereby eliminating the need
for explicit plant model identification. Furthermore, by re-
formulating the control problem to one of stability along
the trial for a discrete linear repetitive process, the required
ILC law matrices are derived with LMI-based computations.
Application of this data-driven approach ensures that these
controllers guarantee acceptable performance during the trial
dynamics and that the tracking error converges trial-to-trial.
A simulation study based on the gantry robot verifies the
effectiveness of this design method. Future research will
focus on extending this framework to design ILC laws
for continuous-time systems in a repetitive process setting
and on more complex control laws that rely solely on
input-output measurements, without requiring access to state
variables.
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