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Abstract— Nonlinear electrical and electromechanical sys-
tems pose significant challenges for observer-based control
design. Conventional observer approaches require accurate
mathematical models, which often fail under physical irregular-
ities such as sensor noise, measurement delays, and parameter
variations. These changes decrease estimation accuracy and
degrade control action. This paper proposes a Hybrid ARX–
Observer framework to overcome these limitations. It combines
the stability of a traditional model-based observer with the
flexibility of a data-driven ARX estimator. To guarantee input-
to-state stability (ISS), observer gains are computed using a
matrix-multiplier technique based on linear matrix inequalities
(LMI). The ARX component employs Recursive Least Squares
(RLS) adaptation to attenuate measurement noise and capture
residual nonlinearities. Both estimates are then fused together
using a fusion gain α. This framework is tested on a robotic arm
and the results show that the hybrid framework improved the
robustness and reduced estimation error up to 4% compared
to the conventional observer based estimation, while remaining
computationally light compared to fully data-driven alterna-
tives.

Keywords— Hybrid estimation, ARX model, nonlinear
observer, recursive least squares, LMI-based observer design,
robust estimation.

I. INTRODUCTION

Estimation of states in a nonlinear system is a well-
known challenge. Systems such as robotic arms, autonomous
vehicles, and renewable-energy converters are all nonlinear
and are regularly affected by physical disturbances, which
makes the mathematical model unstable and lead to poor
estimation, which in turn degrades the control effort as the
controller receives inaccurate readings.

The accuracy of the mathematical model is crucial for
traditional observer-based methods [1], [2]. Consequently,
when random disturbances occur in the system, such methods
miscalculate the output. Many researchers have tried to find
solutions in neural-network-based observers and adaptive
observers to overcome these issues [3], [4]. A practical
compromise is offered by data-driven models such as ARX,
ARMAX, and NARX, which forecast the system output us-
ing historical measurements and inputs [5], [6]. Recent work
has shown that combining model-based observers with data-
driven techniques can achieve both stability and adaptability.
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In this study, the two approaches are unified. The observer
provides mathematical reliability while the ARX model
provides adaptive learning from measured data. Together,
they form an estimation framework for nonlinear systems
that is simultaneously stable, robust, and adaptive.

Unlike neural-network-based observers or EKF-based
adaptive estimators, the proposed framework achieves adap-
tive correction using an efficient ARX structure while pre-
serving LMI-based stability.

This work presents a fusion of an adaptive data-driven
model and a model-based observer, where both estimators
run in parallel and the final estimate is formed by a weighted
combination of their outputs, as shown in Fig. 1. The
value of alpha (fusion weight) is adaptive and depends on
the past RMSE (i.e if in past the ARX has performed
better then the fusion will prefer ARX). In contrast to pure
data-driven estimators or classical observers, the approach
combines an online RLS-ARX correction engine with LMI-
based ISS-stable estimation. Hybrid model-based and data-
driven frameworks exist, but the presented work focuses
on a lightweight ARX-observer fusion framework, which
does not require as much computation power as the purely
data-driven techniques (AI/ML) and also improves state
estimation accuracy beyond that of conventional observer-
based methods.

Fig. 1: Conceptual block diagram of the proposed Hybrid
Framework.



II. SYSTEM MODEL AND HYBRID ARX–OBSERVER
FRAMEWORK

A. Nonlinear System Description

Consider a nonlinear system described by

ẋ(t) = Ax(t) +Bu(t) + f(x(t)), y(t) = Cx(t), (1)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the control
input, and y(t) ∈ Rp is the measured output. We assume that
f : Rn → Rn satisfies the Lipschitz condition

∥f(x1)− f(x2)∥ ≤ Lf∥x1 − x2∥, ∀x1, x2 ∈ Rn, (2)

where Lf > 0 is the Lipschitz constant. This assumption
ensures that the system nonlinearities do not cause state
divergence, which is essential for observer convergence via
LMI-based stability [1], [2], [8].

Equation (1) is used as a simplified model of a single-link
robotic arm. The manipulator consists of a rigid arm with
moment of inertia J , damping coefficient b, and an external
torque input τ(t). The continuous-time nonlinear dynamics
are

Jθ̈(t) + bθ̇(t) + g sin(θ(t)) = τ(t), (3)

where θ(t) is the joint angle and g is the gravitational
torque coefficient. Defining the state vector x = [θ, θ̇]T,
the dynamics take the state-space form of (1) with

A =

[
0 1
0 −b/J

]
, B =

[
0

1/J

]
, C =

[
1 0

]
, (4)

and nonlinear term f(x) = [0, −(g/J) sin(θ)]T. Only the
joint angle θ is assumed to be directly measurable, so C =
[1, 0], and angular velocity θ̇ must be reconstructed by the
observer. For simulation, the parameters are J = 0.21 kg·m2,
b = 0.05 N·m·s/rad, and g = 9.81 N·m, representing a
smooth servo-driven manipulator. This model serves as the
testbed for evaluating the robustness of the proposed estima-
tor against parameter variations and measurement noise.

B. Observer Design Using LMI Stability Conditions

Reconstructing unmeasured states such as angular velocity,
which are often unavailable in real hardware due to sensor
cost or bandwidth limitations, is a primary motivation for
observer design. The proposed observer takes the form

˙̂x = Ax̂+Bu+ f(x̂) + L(y − ŷ), ŷ = Cx̂, (5)

where x̂ and ŷ are the estimated state and output, respec-
tively, and L ∈ Rn×p is the observer gain matrix.

Defining the estimation error e = x − x̂ and using (1)
and (5):

ė = (A− LC)e+∆f, ∆f = f(x)− f(x̂). (6)

Applying the Lipschitz condition (2) gives ∥∆f∥ ≤ Lf∥e∥.
Therefore, if there exists a symmetric positive-definite matrix
P ≻ 0 satisfying the LMI

(A− LC)TP + P (A− LC) + γ2P ≺ 0, γ > Lf , (7)

then the error dynamics (6) are globally asymptotically
stable [1], [9], and x̂(t) → x(t) as t → ∞, designed to

ensure ISS under Lipschitz assumptions in the presence of
bounded disturbances [8].

The observer gain L is determined using one of two
approaches:

1) Pole-placement: A fast, intuitive design method used
for baseline tuning, where the desired eigenvalues of
(A − LC) are manually selected to achieve sufficient
damping and bandwidth.

2) LMI-based optimization: A convex optimization
problem solved using YALMIP or MATLAB’s LMI
Toolbox, providing guaranteed convergence margins
for uncertain or time-varying systems.

Both methods were evaluated and the LMI-based solu-
tion produced dynamic characteristics comparable to those
obtained by pole-placement, confirming robustness of the
design.

C. ARX Modeling via Recursive Least Squares

Although the model-based observer provides stability, it
is sensitive to modeling errors and unmodeled nonlinearities.
To address this, a data-driven predictor is constructed using
an AutoRegressive eXogenous (ARX) structure that directly
learns the input-output relationship from measured data [5],
[6]:

y(k) = −
na∑
i=1

ai y(k − i) +

nb∑
j=1

bj u(k − j) + e(k), (8)

where {ai, bj} are the dynamic parameters and e(k) is
the prediction error (residual noise). This can be written
compactly as y(k) = ϕT

kθk + e(k), where

ϕk =
[
−y(k−1), . . . ,−y(k−na), u(k−1), . . . , u(k−nb)

]T
(9)

is the regression (regressor) vector, and θk =
[a1, . . . , ana

, b1, . . . , bnb
]T is the parameter vector. The

predicted ARX output is therefore

yARX(k) = ϕT
kθk. (10)

Using Recursive Least Squares (RLS) estimation, the
ARX parameters adapt in real time to provide a linear-in-
parameters representation of the nonlinear system behavior.
The RLS update equations are

θk+1 = θk +Kk

(
y(k)− ϕT

kθk

)
, (11)

Kk =
P kϕk

λ+ ϕT
kP kϕk

, (12)

P k+1 =
1

λ

(
P k −Kkϕ

T
kP k

)
, (13)

where Kk is the adaptive gain vector, P k is the covariance
matrix capturing parameter uncertainty, and λ ∈ (0, 1] is
the forgetting factor that reduces the influence of older data,
enabling the estimator to track slow variations in system
dynamics [5], [7].

This formulation enables the ARX model to continuously
update its parameters to reflect changing dynamics or dis-
turbances, effectively compensating for model uncertainty.



For example, in the robotic arm, changes in the inertia J or
friction b are automatically absorbed into the ARX model
coefficients without re-identification of the nonlinear plant,
making this structure well-suited for online correction and
adaptive control.

D. Hybrid ARX-Observer Fusion

While the observer ensures stability and the ARX model
provides adaptive correction, each has its own weaknesses,
which are complementary to the other’s strengths. The ob-
server can be sensitive to high-frequency measurement noise,
whereas the ARX predictor may lose physical interpretability
and stability margins when operating outside its training data.

To exploit the complementary strengths of both estimators,
the following fusion scheme is proposed:

yhyb(k) = α yARX(k) + (1− α) yobs(k), (14)

where yARX(k) is given by (10), yobs(k) = Cx̂(k) is the
observer-predicted output, and α ∈ [0, 1] is the fusion gain.
This convex combination allows smooth interpolation be-
tween purely model-based and purely data-driven estimation:

• α = 0: Observer-dominant (high stability, low adapt-
ability).

• α = 1: ARX-dominant (high adaptability, reduced
stability margin).

• 0 < α < 1: Hybrid estimation (balanced performance).
Stability of the Hybrid Estimator: Since the LMI-based

observer is input-to-state stable [8] and the RLS algorithm
guarantees bounded parameter estimates under a bounded
forgetting factor λ [7], the fused output yhyb is a convex com-
bination of two bounded signals. Therefore, yhyb remains
bounded for all α ∈ [0, 1], and the overall hybrid estimator
is designed to preserve bounded estimation behavior under
Lipschitz assumptions.

The fused estimate yhyb is used in feedback control to
update the control input:

u(k) = −Kx̂(k) + αGc

(
yARX(k)− yobs(k)

)
, (15)

where K ∈ Rm×n is the state feedback gain determined
through LQR or PID tuning, and Gc ∈ Rm×p is an output
correction gain matrix that maps the output-space correction
to the input space, ensuring dimensional consistency. For the
single-input single-output (SISO) robotic arm (m = p = 1),
Gc reduces to a scalar gain. The additive correction term
αGc(yARX − yobs) acts as a data-driven compensator that
adaptively suppresses noise and nonlinear residuals without
destabilizing the control loop.

E. Interpretation and Implementation Remarks

The hybrid framework integrates the theoretical soundness
of observer-based estimation with the practical flexibility
of data-driven learning. In steady state, the ARX model
provides low-variance, noise-filtered predictions while the
observer guarantees convergence and boundedness. During
transients, the fusion gain α adjusts the relative trust assigned
to each estimator.

The architecture, visualized in Fig. 1, operates both sub-
systems in parallel and blends their outputs through a tunable
fusion layer. This structure is computationally efficient, re-
quiring only matrix–vector multiplications per time step, and
is well-suited for real-time embedded deployment.

III. SIMULATION SETUP AND RESULTS

A. Simulation Environment

All experiments were conducted in MATLAB. The nonlin-
ear robotic-arm model described in Section II was discretized
using a zero-order hold at a sampling interval of Ts =
10 ms. The ARX estimator was configured with orders
(na, nb, nk) = (2, 2, 1). The input signal is a composite
of band-limited random noise and sinusoidal components
at multiple frequencies to ensure sufficient excitation across
the operating bandwidth. Parameter estimation employed the
RLS algorithm with a forgetting factor λ = 0.995 and initial
covariance P0 = 1000I (I = identity matrix), which provide
initial convergence while preventing numerical instability.

The observer gain L was first designed using pole-
placement at {−5,−6,−7,−8}, yielding a closed-loop band-
width of approximately 35 rad/s. An alternative design
based on the LMI condition of [1] was also validated
and showed comparable transient characteristics. The hybrid
fusion gain α was varied over {0.2, 0.5, 0.8} to examine
how performance changes with different levels of data-driven
integration.

B. Test Scenarios and Parameter Variations

To evaluate robustness, three main sources of uncertainty
were introduced:

• Parameter uncertainty: Inertia variations J ∈
{0.18, 0.20, 0.22, 0.24, 0.26, 0.28, 0.30} kg·m2 simulate
a ±20% deviation from the nominal inertia.

• Measurement noise: Gaussian noise
with standard deviation σn ∈
{0.005, 0.010, 0.050, 0.100, 0.15, 0.2, 0.3, 0.4, 0.5}
was added to the output to simulate realistic sensor
imperfections.

• Fusion gain: α ∈ {0.2, 0.5, 0.8} governs the weighting
between observer and ARX components.

Each configuration was simulated for 30 seconds, and the
output trajectories, control inputs, RMSE, and RMS(u) met-
rics were recorded.

C. Noise Robustness Analysis

Fig. 2 compares the RMSE of the observer and the hybrid
ARX-based estimator as measurement noise increases. As
measurement noise increases, the observer RMSE grows
considerably because the observer relies on an assumed
mathematical model that does not adapt to noise. In con-
trast, the ARX-based hybrid estimator shows smaller RMSE,
because the ARX adapts to the change in real-time using
the RLS mechanism that continuously updates the system
parameters. This confirms that the hybrid framework is more
resilient to sensor noise than a model-based observer alone.



Fig. 2: RMSE as a function of measurement noise standard
deviation σn for different inertia values J .

D. Parameter Robustness Analysis

As the system parameters change, the RMSE of the
estimator is affected. In Fig. 3, RMSE is plotted against
the fusion weight for different noise levels. Under low noise
conditions there is no major change in RMSE, but as the
noise level increases it is visible that the RMSE decreases
while maintaining similar control effort. Both estimators
remain stable within the ±20% inertia variation, confirming
structural robustness. However, the hybrid estimator with
α > 0 exhibits consistently lower RMSE, since the ARX
component absorbs the effects of inertia mismatch into its
adaptive parameters. Higher α values yield further RMSE
reduction through increased reliance on the data-driven com-
ponent.

Fig. 3: RMSE and control effort versus fusion weight α under
varying output noise.

E. Time-Domain Response Evaluation

Fig. 4 shows the control input given to the framework.
This input has noise added (white noise ±0.2%) to simulate
sensor noise. The output predictions by ARX, Observer, and
Hybrid framework are plotted in Fig. 5. From Fig. 5 it is
evident that the output prediction of the Hybrid Framework
is lower variance and improved estimation accuracy. This
reduces the control effort and leads to a more stable system,
as more accurate input states allow the controller to operate
more efficiently and accurately.

Fig. 4: Input signal given to the observer and ARX.

Fig. 5: Output estimation comparison: measured vs. ARX,
Observer, and Hybrid estimators

F. Computational Complexity Analysis

A main improvement in the proposed framework is re-
duced computation burden for real-time embedded deploy-
ment. Table I quantifies the per-step floating-point operations
(FLOPs) and memory requirements of the hybrid ARX–
Observer alongside representative data-driven and adaptive
alternatives.

TABLE I: Per-Step Computational Complexity of Estimation
Methods

Method FLOPs/step Memory
Hybrid ARX–Observer (proposed) O(n2)+O(d2) O(d2)≈O(1)

Luenberger Observer O(n2) O(n)

Extended Kalman Filter O(n3) O(n2)

Unscented Kalman Filter O(n3) O(n2), 2n+1 pts
Neural Network Observer O(W ) O(W ) weights
n: state dim.; d: ARX order (d ≪ n); W : network weights; N : training pts.

Here n is the state dimension, d = na + nb is the total
ARX model order [5], W is the neural-network weight
count, and N is the size of the training dataset used for
batch methods. For the robotic arm testbed (n = 2, d =
4), the hybrid framework requires approximately O(120)
scalar multiply-accumulate operations per time step: roughly
n2 = 4 for the observer correction [18], d2 = 16 for
the RLS covariance update [7], and a handful of additional



operations for the fusion step. This is two to three orders of
magnitude fewer FLOPs than a neural-network observer of
comparable estimation accuracy [20] and avoids the O(n3)
Jacobian factorization required by the EKF at each step [19].
Unlike neural-network-based estimators [21], the ARX–RLS
component requires no offline training data, no hyperpa-
rameter search, and no GPU acceleration; all parameters
are initialized to physically motivated values and updated
recursively with a fixed-size covariance matrix of dimension
d × d. The memory footprint is therefore O(d2), which for
d = 4 amounts to a 4 × 4 covariance matrix, a negligible
overhead on any microcontroller or FPGA platform [24]. In
contrast, Gaussian process regression scales cubically with
the number of training points, rendering it impractical for
real-time online adaptation without sparse approximations
that sacrifice accuracy [22], [23]. These properties make
the proposed framework suitable for resource-constrained
hardware such as embedded ARM cores, real-time PLCs,
and FPGA-based HIL test platforms [24], where the strict
cycle-time budgets prevent the use of deep-learning-based
state estimators [20].

G. Analysis of the Results
From Tables II and III it can be seen that under nominal

conditions the observer performs well, but under extreme
conditions the ARX performs better. Even though ARX
demonstrates improved adaptability under high-noise and
parameter-varying conditions; however it must be noted that
ARX can fail when operating outside its training data and
may destabilize the system. Therefore, a proper fusion of
both the adaptive data-driven component and the mathe-
matically robust model-based component is essential for
designing a reliable controller.

TABLE II: Best Performing Estimator Across Mass Varia-
tions (low noise)

Mass (kg) Lowest RMSE Improvement Over Next Best
0.18 ARX 1.04× 10−3 over Hybrid (∼ 1.02%)
0.20 ARX 2.44× 10−3 over Hybrid (∼ 1.02%)
0.22 ARX 2.64× 10−3 over Hybrid (∼ 1.02%)
0.24 ARX 2.04× 10−3 over Hybrid (∼ 1.02%)
0.26 ARX 1.50× 10−3 over Hybrid (∼ 1.02%)
0.28 ARX 2.08× 10−3 over Hybrid (∼ 1.01%)
0.30 ARX 2.01× 10−3 over Hybrid (∼ 1.01%)

TABLE III: Best Performing Estimator Across Noise Levels
(J = 0.18 kg·m2)

Noise Level Lowest RMSE Improvement Over Next Best
0.01 Observer 2.5× 10−4 over Hybrid (∼ 0.54%)
0.03 Hybrid Marginal (< 10−4) over Observer
0.05 ARX 1.47× 10−3 over Hybrid (∼ 0.73%)
0.07 Hybrid O(10−3) over ARX
0.10 ARX 3.75× 10−3 over Hybrid (∼ 1.85%)
0.15 ARX Significant (> 10−3) over Hybrid
0.20 ARX Significant (> 10−3) over Hybrid

TABLE IV: RMSE Comparison (mass variation with high
noise) (α = 0.5, Noise = 0.5)

Mass (kg) RMSEARX RMSEObs RMSEHybrid

0.18 0.519 0.540 0.516
0.20 0.519 0.540 0.517
0.22 0.519 0.540 0.517
0.24 0.519 0.540 0.518
0.26 0.519 0.540 0.518
0.28 0.520 0.541 0.519
0.30 0.520 0.541 0.519

IV. CONCLUSION AND FUTURE WORK

This paper has presented a hybrid framework for state esti-
mation that combines an ARX-based predictor with an LMI-
based model-driven observer. When tested on a nonlinear
single-link robotic arm with parameter changes such as vari-
ation in inertia and increase in sensor noise, an improvement
over the model-based observer was observed, as the latter
does not adapt to parameter changes in the system. The ARX
and Hybrid estimators generally achieved lower RMSE than
the conventional observer, particularly under high-noise and
parameter-varying conditions. Although the hybrid estimator
combines ARX and observer estimates, its performance is not
constrained to lie strictly between the two individual estima-
tors. Due to complementary error characteristics, partial error
cancellation, and altered closed-loop estimation dynamics,
the hybrid framework can achieve lower overall RMSE than
either standalone method, as seen in Table IV. The proposed
framework offers a practical intermediate solution between
purely model-based observers and computationally inten-
sive artificial-intelligence-based estimation methods. While
AI/ML-based observers and adaptive controllers are expected
to play a significant role in the future of control systems,
their practical deployment currently remains limited by high
computational requirements, large data dependencies, and
implementation complexity. The proposed hybrid approach
addresses this gap by providing adaptive, data-assisted esti-
mation without requiring extensive computational resources,
making it suitable for real-time and resource-constrained
applications. In future work, this framework will be extended
to power systems and microgrids with renewable integration.
The estimator can be used to compute controller set points,
govern governor action, and contribute to system stability.
Further, to obtain more accurate estimates, an adaptive fusion
factor will be implemented where the fusion factor changes
at each computation step based on previous results, giving
more robust and accurate estimations.
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