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Abstract—This work presents a novel adaptive control
architecture for vertical take-off and landing (VTOL) vehicles
to reduce reliance on model-based knowledge. To accomplish
trajectory-tracking tasks, we first merge the recursive stability
of Backstepping with the robustness of sliding-mode control
(SMC) laws. Additionally, an Immersion & Invariance (I&I)-
based update law drives the error estimation to an invariant
manifold for enhanced disturbance rejection. Subsequently,
relying entirely on the quaternion representation for dynamics
modeling, we detail an adaptive I&I control law for attitude
stabilization. Closed-loop stability is proven by means of
Lyapunov’s theory. Finally, the overall strategy is assessed
through numerical simulations of a unmanned aerial vehicle
(UAV) performing a trajectory-tracking mission exposed to a
limited-knowledge model and unknown disturbances.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) have become indis-
pensable tools in civil, industrial, and defense applications,
including inspection, mapping, surveillance, and autonomous
navigation. Multirotor Vertical Take-Off and Landing (VTOL)
platforms, in particular, offer high maneuverability, me-
chanical simplicity, and the ability to operate in cluttered
environments. However, these vehicles are inherently non-
linear and under-actuated, and their performance is strongly
affected by parametric uncertainties, unmodeled dynamics,
and time-varying disturbances. Ensuring reliable operation
under such conditions requires control strategies that go
beyond classical linear approaches [1].

Linear controllers such as PID and LQR remain widely
used due to their simplicity and ease of implementation [2],
[3]. Nevertheless, their effectiveness is restricted to a narrow
operating region, and their robustness degrades significantly
when the system deviates from nominal conditions or when
aerodynamic parameters vary during flight. To address these
limitations, numerous nonlinear control strategies, such as
backstepping, sliding mode control (SMC) or adaptive variants
of these methods have been proposed, [4], [5]. Backstepping
has been extensively applied to multirotor stabilization due to
its recursive structure and its ability to handle strict-feedback
dynamics [4], while SMC is well known for its inherent
robustness against matched disturbances and modeling errors
[5]-[7]. Adaptive extensions of these controllers have also
been developed to compensate for unknown parameters
or external perturbations [8], although they may introduce
chattering or require accurate model structures.
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A sophisticated alternative for an adaptive method is the
1&I framework, proposed in [9]. By immersing the system into
a lower-order stable target system, it ensures that estimates
converge on an invariant manifold. Its advantages for the
control of VTOL systems have been presented in [10].

Despite these advances, many existing works rely on
Euler-angle parametrizations, which suffer from singularities.
In this sense, quaternion-based formulations provide a globally
valid alternative and have been successfully employed in geo-
metric and nonlinear control frameworks [11], [12]. However,
fully quaternion-based nonlinear adaptive controllers remain
relatively scarce, especially featuring hybrid robust-adaptive
properties.

In this context, this work proposes a full-quaternion inner-
outer loop architecture for a rotorcraft UAV, integrating
adaptive I&I principles for both subsystems. First, the
position controller adopts a backstepping methodology to
exploit the natural cascade structure of the translational
dynamics. To enhance disturbance robustness, reduce precise
model dependency, and mitigate typical SMC chattering,
a sliding mode term is hybridized with an adaptive 1&I
formulation, yielding a disturbance-resilient, switching-free
controller. Second, an inner adaptive I&I attitude control law
is formulated using unit-quaternions. This compensates for
unknown parameters and time-varying disturbances while
avoiding Euler angle singularities, ensuring globally valid
attitude control. To our knowledge, simultaneously integrating
a full-quaternion formulation, adaptive I&I principles, and a
backstepping-SMC hybrid strategy addresses a gap in current
nonlinear UAV control literature.

The effectiveness of the proposed control laws is demon-
strated through a rigorous stability analysis and a detailed
simulation involving stabilization and trajectory tracking of a
UAV under unknown and time-varying disturbances.

The remainder of the paper is organized as follows. Section
IT presents some theory related to quaternions. Section III
describes the dynamic model of the rotorcraft. The robust
backstepping—SMC-I&I position controller and the adaptive
1&I attitude controller are explained in Section IV. Section V
reports simulation results validating the proposed approach.
Section VI concludes the paper and outlines future research
directions.

II. THEORETICAL PRELIMINARIES

A. Unit Quaternion Representation

Consider a body fixed, main coordinate frame with the
orthonormal right handed basis B(xy, yp, 2), and an inertial
frame with basis N (%, Yn, 2n), see Fig. 1. The rotation of
B w.r.t. N can be parameterized in terms of a rotation 5 € R



Fig. 1: Free-body scheme: VTOL rotorcraft

about a fixed axis e, € S?> C R? by the map U : R x S —

SO(3), defined as
U(B,e,) = I3 +sin BleX] + (1 — cos B)[e}]? (1

where I3 € R3*3 is the identity matrix and [*] is used to
map a vector to a skew-symmetric matrix. Therefore, a unit
quaternion q € S3 ¢ R4, is defined as:

g:= (cosB/2.e,sinB/2)" = (w.a7)" @

where g, = (q1,92,93)T € R3 and go € R are known as the
vector and scalar parts of the quaternion, respectively.

Let w = (wy, w2, ws3)” be the angular velocity vector of the
body coordinate frame B, relative to the inertial coordinate
frame N, the kinematics equation is given by

o -1 —qu = 1:
<qv>_2<h%+mm)W—24mw 3)

A rotation matrix R(q) related to the unit quaternion g,
allowing to rotate a vector from B to N, can be written as:

R(q) = (4§ — g2 9,)Is + 29,9, +2qlq)] 4

Given a desired quaternion g,; and an actual quaternion
q, q. is the quaternion error, computed as the quaternion
multiplication of the conjugate of the desired quaternion g,
and q:

~ ~ = T\T
7:=q;9q= (9,9, ) )
where ® denotes the quaternion multiplication and q}; =
T
(q0d7 —q, ) .
III. MATHEMATICAL MODELLING

An aerial system can be modeled as a rigid body, see
Fig. 1. Then, the six degrees of freedom model (position and
orientation) of the system, considering the quaternion repre-
sentation, can be separated into translational and rotational
motions, defined by

L p=w
ET'{i;:—geg—f—UT (qg)e —%v—i—d—T ©
. 1=
J a=3E(qw
ZR'{ Jo = —w*Jw 4T — IKygw+dn

where p and v € R? are linear positions and velocities
in the inertial frame, m is the mass of the aerial system,
g is the gravity acceleration, e3 € R3 is a unitary vector
along the z axis, R(q) is the rotation matrix given in (4),
Ur € R is the total thrust generated by the four rotors
and dy € R? corresponds to a disturbance, bounded as

ldr|| < drmaz. J € R3*3 is the inertia matrix, I' € R3
is the vector of applied torques and dr € R? stands for
time-varying external disturbances, such that ||dr|| < drmaz-
Finally, K4, Kqr € R3*3 are drag coefficients and [ is the
quadrotor radius.

IV. CONTROL DESIGN

This section presents two control strategies: the position
and attitude control laws. The first one is synthesized to
achieve trajectory-tracking objectives under unknown time-
varying disturbances. Then, the attitude controller ensures
attitude stabilization of the multi rotor system.

A. Position Control Strategy for the VTOL System
Let the VTOL system dynamics (6) be rewritten as
N
EW{P ®)

K, d
v =—ge3+u, + Lo+ L

where u, = YZ R(g)e3. Now, let two variable errors ei7 €
R3 and ey € R? with their respective time derivatives be
expressed as

€T =P —Pq )
exT = é17 + peir
éiT = exr — peir (10)

éxr = —gez +u, + Ap — g — péir

such that eor denotes the filtered position tracking error and
p > 0 € R3*3 is a diagonal constant matrix. Furthermore,
Ap = —Barv 4 41 ang e = (el el)T. With this, an
error manifold z7 '€ R3 is defined as

2r = Ap — A+ By (11)

where Ap = (A, Agr, Asr)T € R3 is the estimate of A
and B, = (B1(er), B2(er), Bs(er))T € R? is a correction
function. Assuming a nominally slowly-varying disturbance

(A7 ~ 0) for the estimator design, the time derivative of
(11) reads as

9B . OB .
—A + ———(—ges + + Ap —
ZT T Do ?T eir + aeg«T( ges + up T — V4 (12)
— péir)

where Ar = A_T + By — zp. Thus, based on (12),

the adaptive law A7 and the correction function B are
synthesized as

A 9Br . 0Br
Ar = — — + A,
’ delr - desr (mges +uy T b (13)

— péir)

exr
Br = / Ardear (14)
0
where A, = Arp+B; and Ar € R3*3 is a tuning diagonal
matrix. Then, substituting (13) and (14) in (12), renders this
one as

ZT = —/\TZT (15)

Now, in order to design the control law, let us adopt the
backstepping methodology.



Step 1: By recalling (9), let a CLF related to e;7 and its
time derivative be given as

Vieir) = %e?TelT (16)
Vieir) = elrear (17)

Then, a virtual controller for es7 is chosen as
exr = —7eir (18)

where v > 0 € R3*3 is a diagonal constant matrix. Then, by
substituting the latter in (17) yields V(elT) = —el veir <
0. Thus e;7 is stable and asymptotically convergent to the
origin.

In the subsequent analyses, the following properties have
been considered

« PLafa =370 of = |3

o P2 x|z < |||y
P3. lzfly = 320 |l

o P4 |z;| = wTsizgn(w) .

o P5. 2Ty < Izl 4 lul
for any vectors « and y with length equal no n.

Step 2: Let an error variable be defined as s =
(Spa» Spys spz)T € R3. Then, considering (18) as a reference,

i.e. egor = —yejr, allows to express s as
S = egr — €qor = €1 + Yeir (19)
Hence, the time derivative of (19) considering (10) is
§=—ges+u,+ A — g — péir + year (20)

In order to design the control strategy, let the next CLF
and its time derivative be expressed by

1 1 1
V= §elTTelT + §STS + QZ%)\;IZT 2D
V =ei s — elTT’yelT + sT(—963 +up,+ Ar — g )

— pérr + veor) — ZpEr

To guarantee s = s = 0, the control input u,, is composed of
the equivalent ., and the switching u,, control components.
Then, according to (22) the control law is designed as follows

U, =ges + vg — AeT — (p2 + I3)eir — (v — p)ear

thea 23
—Q1sign(s) — Q25 2

Usw

where A.r = Ar + Bp. Likewise, Q; > 0,Q, >
0 € R3%3 are constant diagonal matrices and sign(s) =
(sign(sps), sign(spy), sign(s,.))T € R3. Then, by inserting
the control strategy (23) in (22) yields

V= —elTT'ye1T — sTleign(s) — sTQgs — z%zT
< =Amin{7}Hlerrl3 — Qullsll — Amin{Q2} sl — ||Z|g4)

where P1-P4 have been applied. Hence, provided that all
terms on the right-hand side are negative implies that V' < 0,
demonstrating asymptotic stability.

Remark 4.1: For implementation purposes, the set
(13,14,23) is rewritten as

Ar =— Ar(—ges + up + Ar + Apdesr — bg — péir) (25)

Bt =Arear (26)

up =ges + vgq — Ar — Arear — (p2 + Is)eir

— (v = p)ear — Qusign(s) — Q28

Remark 4.2: By tuning the switching gain Q; > ||Ar],
robustly rejects the unmodeled disturbance derivative. Further-
more, to eliminate chattering, the sign(s) term is implemented
via a continuous boundary-layer approximation tanh(s/«).
Together, these design choices guarantee practical sliding
mode, confining the residual tracking errors to a compact
neighborhood around the origin.

@n

B. Reference Generation for the Attitude Controller

The position control strategy (23) can be used to generate
the desired quaternion g, for the attitude control law. Thus,
inspired by the method in [12], the main goal is to define a
desired rotation matrix as

Ra = (2,95, 2,)" (28)

where Rq € R**3, and i ,yl ,z] € R® are desired

directions for the body-fixed axes, such that
2l =u,/Ur (29)

where u,, is the controller (23) and Ur = m||u,||. Further-
more,

T T
T _ Zby X,l/de,

by = (30)
=g, % Py ||
T =yl x 2, (31)

where ¢§; = (cos1)g,sin1pg,0)T € R? with 14 the desired
heading angle for the aerial system. Hence, in order to obtain
g, from Ry, it is possible to apply the methodology in [13].
To avoid singularities in (30), we assume standard flight
avoiding free-fall (Ur # 0) and extreme horizontal thrust
(90° tilt), guaranteeing zg; X ¢§; #0.

C. Attitude Control Design

The attitude controller is intended to ensure attitude
stabilization of the aerial vehicle, i.e. to the asymptotic
conditions g — (1,07)7, w — 0 as t — oco. While
stabilizing g, — 0 guarantees convergence to one of two
equilibria that physically represent the same orientation
in SO(3), this can lead to the unwinding phenomenon.
To achieve Almost Global Asymptotic Stability (AGAS)
and prevent unwinding, the initial error is restricted to the
hemisphere §o(0) > 0, ensuring convergence to the unique
equilibrium +1. For our case study, it is assumed that g is
constant. Taking the time derivative of the error quaternion
given in (5), the attitude kinematic error is

a, = T(q)w (32)

where T'(q) = 5(I3Go+[q,]). To stabilize the kinematics, we
design a virtual velocity controller as w, = —aq,,, where o >



0 € R a constant tuning parameter. Accordingly, we define
the tracking error variables e1r = (e11R, €12Rr, €13r). € R3
and esr = (e21R, €22R, €23r)T € R as

eir = q,

_ (33)
ER =W — W, =W + g,

where esr is the filtered tracking error. By using the
quaternion kinematics (32) and considering (7), the time
derivative of (33) is computed as

éir =T1(q)(e2r — aeqr)

. 1 B (34)
éor=J (—w*Jw+T+ Ag) + ag,

where ep = (elj,el,)T and Ar = —IK4w + dg. Now,
let an error manifold zp = (21r, 22r, 23r)T € R3 be defined
as

zp = AR — Ar+Bp (35)

where Ar = (Air,Asg,Asp)T € R3 is the online
estimation of Ay and B = (B1(er), f2(er), B3(er))’ €
R3 is a correction function designed later.

Assumption 4.3: The disturbance Ap is slowly varying

relative to the attitude dynamics, implying A = 0.
By finding the time derivative of (35), we obtain

. A 9Br . 3] _
2r =AR+ ’Bf é1r + Bf (J ' (—w*Jw+T + Ag)
Oelp Oesp,
+ai~1v)

(36)

where Ap = A + Br — zr. By applying Assumption 4.3
and seeking to express the latter as
,-ZR = _)\RZR (37)

we select the adaptive update law Anp, the correction function
Br and the torque control input I" as follows

A 7_818R- _85}2 -1, X 2
Agr = 9eT, 1R aegR(J (—w Jw+T+ Acg) + aq,)
(38)
ear
By = / AnJdesn (39)
0

T'=w* Jw — Acr — J(OzT(f])’w + KQRBQR) — Kireir
(40)

where A.p = AR + Br. Furthermore, K1 > 0 € R a
scalar tuning parameter and Ag > 0, Kop > 0 € R3*3 are
constant tuning diagonal matrices. Now, by substituting (40)
and (35) into (34), this one becomes into

éir =T(q)(e2r — aeir)

] 1 1 41
ésr = —Kogeop —J "Kigeir —J zgr

Theorem 4.4: Consider the closed-loop dynamics de-
scribed in (37). If the adaptation law A R, the correction
function Sr and the control law I are respectively designed
as in (38), (39) and (40), then the tracking-error ep is almost
globally asymptotically stabilized to the origin, i.e. eg — 0
as t — oo.

Proof: Let a Candidate Lyapunov Function (CLF) be
given as

1
V(zg) = §z£/\R1zR (42)

q dg, dr
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Fig. 2: Block diagram of the overall system

The time derivative of V(zg) considering (37) yields
(43)

Hence, zr converges exponentially. For full closed-loop
stability, the composite CLF is:

V(zR) = zg)\}}lzR = fzng = —2V(zRr)

- T~ 1
V(er,2zr) = Kir((1 — )+ q.q,) + 562TRJe2R +V(zr)
- 1 1 _
=2Kir(1 —do) + 5e2TRJeQR + izg)\RlzR
(44)

The time derivative of (44) considering (37) and (41) is
computed as

V(er,zr) =Kipelp(esr — aeir) — elnJKoresr

T T T
— 62RK1R61R — €3RZR — RRZR

< - KlRa”elR”% - egRJKQREQR (45)
—elpzr — |zrl?
where we have used P1. Now, considering P5 yields
V(en2) <~ Kiralewnl
—Amin{JKor — %Is}\lemné B @ (46)

with A, {-} being the minimum eigenvalue. It follows that
V(eR, zgr) <0if JK3p > %Ig ensuring AGAS, completing
the proof. [ ]

Remark 4.5: To avoid numerical noise, the attitude ref-
erence is treated as quasi-static (wgy = 0). The resulting
unmodeled reference kinematics and time-varying distur-
bances (||Ag| < dg) act as bounded disturbances. This
relaxes asymptotic stability to Uniform Ultimate Boundedness
(UUB), where high-gain tuning keeps residual tracking errors
negligibly small.

Remark 4.6: In order to implement the control law, the
set (38-40) is rewritten as

AR:—)\R(—wXJw+I‘+AR+)\RJ€2R+01(L]U) 47
Br = ArJez2r (48)
X AL . -
I'=w”"Jw— Agr — ArJezr — J(aT(q)w 49)

+ Kzre2r) — Kireir ] ) )
An overview of the entire control architecture is presented in

Fig. 2.

V. SIMULATION RESULTS

To asses the proposed approach, the current section presents
simulation results. This one considers a multi-rotor system
performing a trajectory tracking mission under unknown and
time varying disturbances.



A. Simulation Scenario and Results

The numerical simulation to validate the proposed control
architecture was performed using the Matlab/Simulink®
environment. The physical parameters of the multi-rotor and
the parameters for the control laws are provided in Table I.

System Description Value Units
Mass (m) 650 g
Distance (d) 20 cm
Quadcopter  Inertial moment x,y (Jg, Jg)  0.0075 Kg- m?
Inertial moment z (Jy,) 0.013 Kg-m?
Attitude >‘r¢,r0,rw 1
controller « 0.5
Kir 6
Ksp,20 45
Koy 33
Position ATa, Ty, T= 1.2
controller Px,y,z 0.1
Yz,y,z 1.2
le,ly,lz 1.6
Q2z,2y,22 0.2

TABLE I: VTOL system and control parameters

The initial conditions for the system are (¢, 0o, Vo) =
(2°,-2°,—15°)T and p, = (1, —2,0)"'m. Then, the vehicle
is sent to the position p; = (1,—1,2)Tm. At time ¢t = 30s,
it performs a trajectory-tracking task, which corresponds to a
periodic 3D square: p,(t) = C; + (C;31 — C;)s(7), where
t, = mod(t — 30,80), i = [t,/20] +1, 7 = & —i+1,
and s(7) = 1073 — 157* + 67° is a C? quintic profile. The
vertices are defined as C; = (1,—-1,2)T, Cy = (5,-1,4)7
Cs = (5,3,2)T, Cy = (1,3,4)T, and C5 = C;. Finally,
at t = 15s, inaccurate physical parameters are provided to
the controllers and unknown time-varying disturbances are
generated, which are the consequence of the Dryden spectral
wind model. The latter models turbulent fluctuations added
to a static mean flow, see [6] for more details.

The generated wind profile and the tracking performance
are reported in Fig. 3, where a comparison between the
proposed strategy, a quaternion-based integral SMC (QISMC),
a PID controller and a robust adaptive backstepping controller
(RABC, [14]) is conducted. The results of such comparison
are more evident in Fig. 4 and Fig. 5, which present the linear
positions and velocities, respectively. The zoom-in-views
permit to see how fast the proposed approach compensates
for disturbances, as well as for system uncertainties through
the adaptive I&I term. A clear example is shown by p, in
Fig. 4, where, in addition to the disturbances, an incorrect
mass m is provided to the controller. Behavior of the adaptive
term is depicted in Fig. 6, showing rapid adaptation to both,
disturbances and uncertainties.

Pursuing with the comparison, Fig. 7 depicts the angular
positions during the simulation. We can see that, by applying
the proposed adaptive 1&I controller, faster convergence is
ensured. For example, in the case of 1, it can be observed
that for ¢ € [0, 2]s, faster convergence is ensured with our
approach. Fig. 8, shows the torques I', as well as the total
thrust Ur, applied to the system. It is shown how I' generates
a signal opposite to the disturbance in order to compensate
for it. 'The superiority of the combined control techniques
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Fig. 3: Trajectory-tracking in 3D.
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Fig. 4: Linear positions during the simulation
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Fig. 5: Linear velocities during the simulation.

(47-49) and (25-27) is reaffirmed through the Table II, which
presents the root mean square (RMS) errors during the
simulation.



05 —f—d, designed to overcome model uncertainties and external distur-
--d] SN bances. Merging &I adaptation with a Backstepping-based
SMC framework established a synergy balancing recursive
stability, robustness, and smooth disturbance compensation.
Moreover, quaternion formalism is used to derive the overall
N P equations of motion, ensuring a singularity-free rotational rep-
,' resentation. The controller’s analytic viability is demonstrated
h - -d, via Lyapunov stability theory, and its effectiveness assessed
o 50 100 150 through numerical simulations tracking a time-dependent
\ trajectory under dynamic uncertainties. Results exhibited that
F N\ 4&1 rji the proposed controller outperforms conventional trajectory-
' oo tracking approaches in accuracy and disturbance rejection,
i h rendering it a viable scheme for complex UAV missions in
Time [seq] unpredictable environments. Forthcoming research includes
experimental implementation and an extension to multi-agent
systems control.
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Fig. 6: Disturbance estimation during the simulation.
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VI. CONCLUSIONS
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